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Abstract

In this paper we introduce a new class of quasilinear elliptic equations driven by the so-called double
phase operator with variable exponents. We prove certain properties of the corresponding Musielak-Orlicz
Sobolev spaces (an equivalent norm, uniform convexity, Radon-Riesz property with respect to the modular)
and the properties of the new double phase operator (continuity, strict monotonicity, (S )-property). In
contrast to the known constant exponent case we are able to weaken the assumptions on the data. Finally
we show the existence and uniqueness of corresponding elliptic equations with right-hand sides that have
gradient dependence (so-called convection terms) under very general assumptions on the data. As a result
of independent interest, we also show the density of smooth functions in the new Musielak-Orlicz Sobolev
space even when the domain is unbounded.
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1. Introduction

Given a bounded domain  C RY, N > 2, with Lipschitz boundary 9€2, this paper is con-
cerned with a new double phase operator with variable exponents given by

div (|Vu|1’<x)*2w + M(x)|Vu|q(X>*2w) (1.1)

with p,q € C(Q) such that 1 < p(x) < N, p(x) < q(x) forall x € Q and 0 < u(-) € LY(Q).
This operator is the natural extension of the classical double phase operator when p and g are
constants, namely

div (|W|"—2w + ,u(x)qulq_ZVu). (1.2)
It is clear that when infg i > 0 or u = 0, then the operator in (1.1) becomes the weighted (g (x),

p(x))-Laplacian or the p(x)-Laplacian, respectively. The energy functional 7 : WS’H(Q) - R
related to the double phase operator (1.1) is given by

V[P V90
1(u)=/<| S AL )dx, (13)
Q

p(x) q(x)

where the integrand H (x, £) = ﬁmpm + g§—§§|g|q<X> for all (x, &) € Q x RY of I has unbal-
anced growth if 0 < u(-) € L*(R2), that is,

bilEIPY < H(x,&) < by (1 + |5|W>) fora.a.x € Q and for all £ € RN with by, by > 0.

The main characteristic of the functional / is the change of ellipticity on the set where the
weight function is zero, that is, on the set {x € Q : u(x) = 0}. Indeed, the energy density of /
exhibits ellipticity in the gradient of order g (x) in the set {x € Q2 : u(x) > ¢} for any fixed ¢ > 0
and of order p(x) on the points x where 1 (x) vanishes. So the integrand H switches between
two different phases of elliptic behaviors. This is the reason why it is called double phase.

Zhikov [70] was the first who studied functionals whose integrands change their ellipticity
according to a point in order to provide models for strongly anisotropic materials. Function-
als of the form (1.3) have been studied by several authors with respect to regularity of local
minimizers (also for nonstandard growth). We refer to the works of Baroni-Colombo-Mingione
[6-8], Baroni-Kuusi-Mingione [9], Byun-Oh [16], Colombo-Mingione [20,21], De Filippis [22],
De Filippis-Palatucci [24], Harjulehto-Histo-Toivanen [42], Marcellini [51,52], Ok [54,55],
Ragusa-Tachikawa [62,63] and the references therein. Moreover, recent results for nonuniformly
elliptic variational problems and nonautonomous functionals can be found in the papers of Beck-
Mingione [11,12], De Filippis-Mingione [23] and Hast6-Ok [43].

In general, double phase differential operators and corresponding energy functionals given in
(1.2), (1.1) and (1.3), respectively, appear in several physical applications. For example, in the
elasticity theory, the modulating coefficient x(-) dictates the geometry of composites made of
two different materials with distinct power hardening exponents g (x) and p(x), see Zhikov [71].
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We also refer to other applications which can be found in the works of Bahrouni-Radulescu-
Repovs [3] on transonic flows, Benci-D’ Avenia-Fortunato-Pisani [13] on quantum physics and
Cherfils-II’yasov [18] on reaction diffusion systems.

In this paper we study first the corresponding function space related to the given double phase
operator with variable exponents given in (1.1). This leads to Musielak-Orlicz Sobolev spaces
which turn out to be reflexive Banach spaces. Under the condition that the weight function ()
is bounded we also show that

) . [Vul p(x) |Vl q(x)
inf{A>0: —_ +pux) | — dx <1
A A
Q

is an equivalent norm in WO1 ’H(Q) under the additional assumption that
g(x) < p*(x) forallx € Q.

This condition (taking constant exponents) is weaker than the usual one for the constant exponent
double phase setting, namely w(-) is Lipschitz continuous and

9 4] (14)
_< —7 .
p N

see Colasuonno-Squassina [19, Proposition 2.18(iv)]. In this direction we also make use of its
natural extension
9+ 1

S 1.5
p_< ty (1.5)

with ¢, being the maximum of ¢ and p_ being the minimum of p on Q, in order to prove another
compact embedding result and the density of smooth functions. Condition (1.4) was used for the
first time by Baroni-Colombo-Mingione [6, see (1.8)] in order to obtain regularity results of local
minimizers for double phase integrals, see also the related works [7] and [8] of the same authors
and Colombo-Mingione [20], [21]. The condition is needed for the density of smooth functions.
We are able to prove the same result under the condition (1.5) and Lipschitz continuity on p, g
and p in this variable exponent setting, see Theorem 2.23. Since the proof of Theorem 2.23 does
not need the boundedness of €2, the results hold true for unbounded domains, see Theorem 2.24.
In addition, we give a different proof for the density for unbounded domains under weaker condi-
tions, namely, the exponents p, g are bounded, log-Holder continuous satisfying the log-Holder
decay condition and ¢ is ;L_-Hélder continuous while p is o-Holder continuous such that

90y e

px) ~ N

In this case we do not need to suppose Lipschitz continuity on p, g and w, see Theorem 2.28.

After having the functional setting, we prove the properties of the new variable exponent
double phase operator. It turns out that the operator is continuous, bounded, strictly monotone and
satisfies the (S )-property which is an important property when dealing with existence results of
corresponding equations.
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In particular, we extend the results of Colasuonno-Squassina [19] concerning the properties
of the function space as well as the related embeddings and of Liu-Dai [48] with respect to the
properties of the operator to the variable exponent case and we are able to weaken the conditions
on the data. So the results in [19] and [48] hold now under weaker assumptions.

Finally, we consider the existence and uniqueness of the following quasilinear elliptic equa-
tions

—div (qu|p(x)_2Vu + ,u(x)|Vu|q(x)_2Vu) — f(x,u,Vu)  inQ, 6
(1.
u

=0 on 0%2,

where f: Q x R x RY — R is a Carathéodory function, that is, x — f(x, s, &) is measurable
forall (s,&) € R x RY and (s, &) — f(x,s, &) is continuous for a.a. x € Q. Due to the gradient
dependence of f (often called convection term), problem (1.6) does not have variational struc-
ture, so variational methods cannot be applied. Under a typical growth rate and a minor coercivity
condition of f we show the existence of at least one nontrivial weak solution to problem (1.6)
which depends on the first eigenvalue of the p_-Laplacian. Under an additional hypothesis we
are also in the position to show uniqueness of the solution in case 2 = p(x) < g(x) for all x € Q.
To the best of our knowledge, this is the first work dealing with the variable exponent double
phase operator given in the general form (1.1). Let us mention some relevant papers in this direc-
tion. In 2018, Zhang-Radulescu [69] studied the following variable exponent elliptic equation

—divA(x, Vi) + V()P 2u = £(x, u), (1.7)

where A satisfies p(x)-structure conditions different from the double phase operator. Under ap-
propriate conditions it is shown that problem (1.7) has a pair of nontrivial constant sign solutions
and infinitely many solutions, respectively. A similar setting can be found in the paper of Shi-
Rédulescu-Repovs-Zhang [64]. Existence of a solution for the Baouendi—Grushin operator with
convection term has been recently proved by Bahrouni-Radulescu-Winkert [4] who studied the
problem

—AGyu+ A, Y)(u| SO 4w FED = f ((x, y),u, V) in Q,
u=0 on 0%2,
with
Ax,y) =|ViG(x,y)|+ |x|V|VyG(x, y)| forall (x,y) € Q.
Here, G: Q — (1,00) is supposed to be a continuous function and Ag(y,y) stands for the
Baouendi-Grushin operator with variable coefficient, see also the work of Bahrouni-Radulescu-
Repovs [3].

Very recently, Arora-Shmarev [1] (see also Arora [2]) treated a parabolic problem of double
phase type with variable growth of the form

u; — div (|Vu|1’<x)*2w +a(x)|Vu|‘I<X>*2vu) —F(x,u) inQr=Qx (0,T)
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with
2N < p) <q(@) < p) +
i S < T
N2 p =pWx)=qx px 3
and
4p-
0<r<r*=;, p~ =min p(x).
2N+ p~ (N +2) Or

Under certain conditions on the right-hand side the existence of a unique strong solution with a
certain kind of regularity is shown. Finally, we refer to some works dealing with existence results
for variable exponent problems defined in usual Sobolev spaces with variable exponents, see,
for example, Cencelj-Radulescu-Repovs [17], Gasinski-Papageorgiou [36] and the references
therein.

Existence results for double phase problems with constant exponents have been shown by
several authors within the last five years. The corresponding eigenvalue problem of the dou-
ble phase operator with Dirichlet boundary condition has been studied by Colasuonno-Squassina
[19] who proved the existence and properties of related variational eigenvalues. Perera-Squassina
[59] showed the existence of a solution by applying Morse theory where they used a cohomolog-
ical local splitting to get an estimate of the critical groups at zero. Multiplicity results including
sign-changing solutions have been obtained by Gasinski-Papageorgiou [37], Liu-Dai [48] and
Gasifiski-Winkert [40] via the Nehari manifold treatment due to the lack of regularity results for
such problems.

Other existence results for double phase problems based on truncation and comparison
techniques can be found in the papers of Fiscella [34] (Hardy potentials), Fiscella-Pinamonti
[35] (Kirchhoff type problem), Gasiniski-Winkert [38,39] (parametric and convection problems),
Papageorgiou-Radulescu-Repovs [57] (ground state solutions), Zeng-Bai-Gasinski-Winkert [67,
68] (multivalued obstacle problems) and the references therein. For related works dealing with
certain types of double phase problems we refer to the works of Barletta-Tornatore [5], Biagi-
Esposito-Vecchi [14], Farkas-Winkert [33], Liu-Winkert [49], Papageorgiou-Réadulescu-Repovs
[56] and Radulescu [60].

The paper is organized as follows. In Section 2 we introduce the new Musielak-Orlicz Sobolev
space, prove its properties already mentioned above and we will recall some basic facts about the
spectrum of the r-Laplacian (r € (1, 00)) as well as definitions from the theory of monotone
operators. Section 3 is devoted to the properties of the new double phase operator and finally, in
Section 4, we present our existence and uniqueness result for problem (1.6).

2. A new Musielak-Orlicz Sobolev space and some preliminaries

In this section we recall some known results and introduce a new function space needed in
our approach providing some of its properties.

In the study of equations with variable exponent double phase phenomena we need to recall
the definition of Lebesgue and Sobolev spaces with variable exponents. Most of the results can be
found in the book of Diening-Harjulehto-Hésto-Ruzicka [25], see also Fan-Zhao [32], Kovacik-
Rékosnik [50] and Rédulescu-Repovs [61]. We will present them in a less general setting that

matches our purpose.
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Suppose that € is a bounded domain in RY with Lipschitz boundary 99 and let r € C, (),
where

C+(Q)={heC(Q) :1<h(x)forallx € Q}.
For any r € C(2) we define

r—=minr(x) and r4 =maxr(x).
xXeQ xeQ

Let M (£2) be the space of all measurable functions u: & — R. We identify two such functions
when they differ only on a Lebesgue-null set. Then, for a given r € C4(£2), the variable exponent
Lebesgue space L") (Q) is defined as

L@ ={ueME) : /|u|r<” dx < 0o
Q

equipped with the Luxemburg norm given by

r(x)
lluell )y =inf A >0 : /(%') dx <1

Q

It is clear that (L7 (), || - llr¢.y) is a separable and reflexive Banach space. Let ' € C (Q) be
the conjugate variable exponent to r, that is,

1 1
—+

=1 forallx e €.
r(x)  r'(x)

We know that L") (Q)* = L ©)() and Holder’s inequality holds, that is,

1 1
/ luv|dx < [— + r—,] lwllry vl < 2lullro Tl
Q

r—

forall u € L™ () and for all v € L"O(Q). B
Ifr1,rp € C4+(2) and r(x) < rp(x) for all x € €2, then we have the continuous embedding

L?O(Q) — L"O(Q).

The corresponding variable exponent Sobolev spaces can be defined in the same way using
the variable exponent Lebesgue spaces. For r € C(€2) the variable exponent Sobolev space
Wr0(Q) is defined by

whrOQ) = {u eL"(Q) : |Vule Lr(‘)(Q)}
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endowed with the norm

lwllereoy = lullro) + 1Vullro.

where |Vl = I [V [lrc.
Moreover, we define

Wol,r(.) (Q) — m”'”l,r(-) ]

The spaces whrO(Q) and W(;’r(')(Q) are both separable and reflexive Banach spaces, in fact

uniformly convex Banach spaces. In the space Wé ) (£2), the Poincaré inequality holds, namely
lullr) < collVull) forallu e Wy ()

with some ¢g > 0. Therefore, we can consider on WO1 ’r(')(Q) the equivalent norm
lulltrcy.0=IVul,c, foralluew,” ().

For r € C, () we introduce the critical Sobolev variable exponents r* and r, defined by

£a(x) if N <r(x),

Nr(x) f N _
Ffx)={ N 1 r(x) <N, forall x € Q
£1(x) if N <r(x),
and
W-Dr(e) N B
Fe(x) = { Nor r) <N, for all x € ,

where £1, £, € C () are arbitrarily chosen such that 7 (x) < £;(x) forall x € Q and r (x) < £»(x)
forall x € Q. :

Furthermore, we denote by CO’ Mozt (Q) the set of all functions #: © — R that are log-Holder
continuous, that is, there exists C > 0 such that

C — 1

Now we can state the embedding from whrO(Q) into L” *(')(Q) under condition (2.1), see
Diening-Harjulehto-Hést6-Ruzicka [25, Corollary 8.3.2] or Fan [29, Proposition 2.2] and Fan-
Shen-Zhao [31].

1 - J— —
Proposition 2.1. Let r € ¢ g () NC4(Q) and let s € C(2) be such that
1 <s(x)<r*(x) forallxeQ.
Then, we have the continuous embedding
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whrO(Q) & L*O(Q).

IfreCy(Q), s eC(RQ) and 1 <s(x) < r*(x) for all x € Q, then the embedding above is com-
pact.

In the same way we have the embedding into the boundary Lebesgue space, see Fan [29,
Proposition 2.1] and Ho-Kim-Winkert-Zhang [45, Proposition 2.5] for the continuous and Fan
[27, Corollary 2.4] for the compact embedding.

Proposition 2.2. Suppose that r € C(Q) N WLV (Q) for some y > N. Let s € C(Q2) be such
that

1 <s(x) <ry(x) forallxeQ.

Then, we have the continuous embedding
whrO(@Q) — L*O0Q).

IfreCy(Q), s e C(Q) and 1 <s(x) < ry(x) for all x € Q, then the embedding above is com-
pact.

Remark 2.3. Note that for a bounded domain & C RY and y > N we have the following inclu-
sions

— N 1 —
@ cw'r @ cc™ @ ccme ).

Finally, we recall the relation between the norm and the related modular function which is
defined by

0r() () = / lul"™ dx  forallu € L™ (Q) with r € CL(Q).
Q

Proposition 2.4. If r € C.(Q) and u € L") (Q), then we have the following assertions:

@ lullry=2 <= or¢ (%) =1withu+#0;
(1) llullr¢y <l(resp.=1,>1) <= orW) <1 (resp.=1,>1);
@) full,ny <1l = IIMIIQ_) <or() < IIMII:(.);
) fulroy>1 = luliy <oro@ < lullt,;
™ lunllrcy >0 <= or¢)(us) = 0;
(Vi) lun ||r(~) — 400 < Qr(-)(”n) — 400;
vii) (lunlly(y > 1 = or¢)up) > 1;
(vili) up > uin L"O(Q) = 0,¢)(n) = 0r() ().
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Now we recall some definitions and properties concerning Musielak-Orlicz spaces which are
mainly taken from the book of Musielak [53]. We also refer to the books of Diening-Harjulehto-
Histo-Razicka [25] and Harjulehto-Histo [41] as well as the papers of Colasuonno-Squassina
[19] and Fan [26].

We start with the following definition.

Definition 2.5.

(i) A continuous and convex function ¢ : [0, o0) — [0, 00) is said to be a ®-function if ¢ (0) =
Oand ¢(¢) >0 forall t > 0.

(i) A function ¢: Q x [0, 00) — [0, 00) is said to be a generalized ®-function if ¢(-, ) is
measurable for all # > 0 and ¢(x, -) is a ®-function for a.a. x € 2. We denote the set of all
generalized ®-functions on 2 by ®(£2).

(iii) A function ¢ € ®(R2) is locally integrable if ¢ (-, ) € LY(Q) forall t > 0.

(iv) A function ¢ € ®(€2) satisfies the A,-condition if there exist a positive constant C and a

nonnegative function & € LY(Q) such that

@(x,2t) < Co(x, 1) + h(x)
fora.a. x € Q and for all t € [0, 00).

(v) Given ¢, ¥ € ®(2), we say that ¢ is weaker than v, denoted by ¢ < i, if there exist two
positive constants C1, Cy and a nonnegative function 4 € L! (€2) such that

px, 1) < C1¥(x, Cat) + h(x)
fora.a. x € Q and for all ¢t € [0, 00).

For a given ¢ € ®(£2) we define the corresponding modular p, by

ot = [ ¢ (e luly . 22)
Q

Then, the Musielak-Orlicz space L?(S2) is defined by
L?(Q) :={u € M(Q) : there exists & > 0 such that p, (cu) < +00}

equipped with the norm

) u

lully ::mf{a >0: py (—) < 1} .
o
The following proposition can be found in Musielak [53, Theorem 7.7 and Theorem 8.5].

Proposition 2.6.

(1) Let ¢ € ®(S2). Then the Musielak-Orlicz space L?(2) is complete with respect to the norm
I llg, that is, (LY (), || - o) is a Banach space.
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(i) Let ¢, € ®(R2) be locally integrable with ¢ < . Then
LY(Q) < LY(Q).

Next, we recall the unit ball property, see the books of Musielak [53, Theorem 8.13] and
Diening-Harjulehto-Hést6-Ruzicka [25, Lemma 2.1.14].

Proposition 2.7. Let ¢ € ©(Q2).

(1) If ¢ satisfy the Aa-condition, then
L?(Q)={u e M(Q) : py(u) < +00}.

(ii) Furthermore, if u € LY (), then py(u) < 1 (resp. =1; > 1) if and only if ||lull, <1 (resp.
=1,>1)

Now we are in the position to give the definition of a N-function.

Definition 2.8. The function ¢: [0, c0) — [0, 00) is called N-function if it is a ®-function such
that
@(1) @(1)

Iim — =0 and Ilim — =00
t—0t t—o00 f

We call a function ¢: 2 x R — [0, 00) a generalized N-function if ¢(-,#) is measurable for
all t € R and ¢(x, -) is a N-function for a.a. x € Q. We denote the class of all generalized N-
functions by N (2). Note that ¢* € N (£2) whenever ¢ € N (£2).

Definition 2.9. Let ¢, v € N(®). The function ¢ increases essentially slower than v near infin-
ity, if for any £ > 0

¢ (x,kt)

m
=00 Y (x,1)

=0 uniformly for a.a.x € Q.

We write ¢ << .
Let ¢ € ®(R). The corresponding Sobolev space W1#(Q) is defined by
Whe(Q) = {ue LY(Q) : |Vul € LY(Q)}
equipped with the norm
lulli,e = llully + [IVully

where ||Vully, = || |Vu| ||, We denote p,(Vu) = p,(IVul) as well. If ¢ € N(2) is locally inte-
grable, we denote by W(}"p(Q) the completion of CJ°(2) in W1 (Q).
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The next theorem gives a criterion when the Sobolev spaces are Banach spaces and also re-
flexive. This result can be found in Musielak [53, Theorem 10.2] and Fan [28, Proposition 1.7
and 1.8].

Theorem 2.10. Let ¢ € N(2) be locally integrable such that

inf p(x,1) > 0. 2.3)
xeQ

Then the spaces W-¢(Q) and WOl "Y(Q) are separable Banach spaces which are reflexive if
L?(R) is reflexive.

Let us now come to our special double phase N-function. To this end, let : Q x [0, o0) —
[0, 00) be defined as

H(x, 1) =P 4 (x)r1™  forall (x,1) € Q x [0, 00),
where we suppose the following:

QC RN , N > 2, is a bounded domain with Lipschitz boundary 9€2,
p.q € C4(Q) such that 1 < p(x) < N and p(x) < g(x) forall x € Q, 2.4)
and 0 < () € L1(Q).

It is clear that H is a locally integrable, generalized N-function which satisfies (2.3) and it
fulfills the A,-condition, that is,

H(x,2t) = 20)PD + w(x)(26)4Y < 29+H(x, 1). (2.5)

Recall that the corresponding modular to H is given by

pH(u>=/H<x, ) d.
Q

Then, the corresponding Musielak-Orlicz space LH(Q) is given by
LM(Q) ={ue M(Q) : py(u) < +oo},

see Proposition 2.7, endowed with the norm

el =inf{r ~0:py (ﬁ) < 1} .
T
Similarly, we can introduce the spaces W () and W(} ’H(Q) equipped with the norm

lully 3 = llullge + 1Vl
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We recall the following definition which is needed for the reflexivity of the spaces LH(Q),
WL () and Wy Q).

Definition 2.11. A function ¢ € N(2) is said to be uniformly convex if for every € > 0 there
exists § > 0 such that

¢ 1 :
It —s| <emax{r,s} or (p(x, +S>5(1—5)W

forall ¢, s > 0 and for a.a. x € Q.

Now we can state the following result which is inspired by the work of Colasuonno-Squassina
[19].

Proposition 2.12. Let hypotheses (2.4) be satisfied. Then, the norm || - || defined on LH(Q) is
uniformly convex and hence the spaces LH(Q), WL (Q) and W(} ’H(Q) are reflexive Banach
spaces. Furthermore, for any sequence {un}nen S L™ () such that

up —uin L"(Q)  and  pyy(un) — ppy(u)
it follows that u, — u in LH(Q).

Proof. First note that by Propositions 2.6 and 2.10 we know that LH(Q), wiH(Q) and
WOI’H(Q) are complete. For the first part we only need to show that L™ (2) is uniformly convex,
then L*(Q) is reflexive by the Milman-Pettis theorem, see, for example, Papageorgiou-Winkert
[58, Theorem 3.4.28]. Applying Proposition 2.10 then shows that whH(Q) and Wé ’H(Q) are
reflexive as well.

In order to prove the uniform convexity of the space L7(), it is enough to show that the
N-function H is uniformly convex, see Diening-Harjulehto-Histo-RidZicka [25, Definition 2.4.5,
Theorems 2.4.11 and 2.4.14]. Furthermore, the second assertion also follows by the results in
Diening-Harjulehto-Hést6-Ruzicka [25, Lemma 2.4.17 and Remark 2.4.19]

To this end, let ¢ > 0 and let ¢, s > 0 be such that |t — s| > & max{¢, s}. Since the function
t + t* is uniformly convex whenever £ > 1, see Diening-Harjulehto-Hist6-RiZicka [25, Remark
2.4.6], there exists 6, =8, (¢, p—) > 0 such that

r+s\" tP- + 5P~
<(l=8)——.
(15 20

)
Thus, using also the convexity of t — ¢ - for x € Q, we get

p(x)

¢ px) +P- P—\ po P p(x)
()< (o)

Analogously we have
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t+s q(x) tq(x) + Sq(X)
<(1-=-6,))———

for some §; = 4, (¢, g—) > 0. Finally, we reach

t+S p(x) t+s q(x)
( . ) +M(x)< : )

tPO) () 9™ 4 gPO) 4 (x) 5™
> .

< (I —min{$p, d4})

This completes the proof of the uniform convexity of L"(Q). o

Next, we want to check the relation between the modular p3; and its norm || - |4, see also
Harjulehto-Hésto [41].

Proposition 2.13. Let hypotheses (2.4) be satisfied and let p3; be defined by

o (W) =/ <|u|p(x) + ,u(x)lulq(x)> dx forallu € L"(Q).
Q

() Ifu #0, then ||ully = A if and only if py(5) = 1;
1) flullyg <1 (resp. > 1, =1) if and only if py(u) <1 (resp. > 1, =1);
(iid) If lullpg < 1, then |lullg] < pp(u) < |lully; ;
(V) If lullz > 1, then |lully, < pp(u) < llull?;;
(V) llullz — O if and only if py(u) — 0;
(vi) llullyg — o0 if and only if py(u) — +o00;
(vii) |lullyy — 1ifand only if py(u) — 1;
(viii) Ifu, > uin LH(Q), then pyy(uy) — py(u).

Proof. (i) First note that, for u € L* (), the function o2 (Au) is continuous, convex and even

in the variable A and it is strictly increasing when A € [0, 400). So, by definition, we directly
obtain

lullyg =1 ifand only if py (%) =1,

which proves (i) and (ii) follows from (i). Let us show (iii). For u € LH(Q) we have the inequal-
ities

bP=py(u) < py(bu) <b%* py(u) ifb>1, 26)
(2.
bt py(u) < ppy(bu) <bP~py(u) if0<b<1.

Let |lull3; = » with 0 < & < 1. Then, we have py, (%) = 1 from (). Since 1 > 1 we can apply
the first inequality in (2.6) in order to obtain
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P () u P (1)
AP- = PH <_> =l= Ad+

This shows (iii). The same argument can be used in order to show (iv) by using the second
inequality in (2.6). Moreover, (v) follows from (iii), (vi) follows from (iv) and (vii) follows from
(iii) and (iv). Finally, when u,, — u in LH(Q), by (v) and as both addends are positive, it follows
that ¢ () (u, —u) — 0, hence by Proposition 2.4 and the usual embeddings [lu, —ull,_ — 0, so
u, — u a.e. through a subsequence (still denoted by u,). On the other hand, as

1P g (0l 799 = 295 (Jaty = P04 1l P gl — 1)+ (o)l

and by (v) there holds py(u, — u) — 0, we know that {|u,,|p(x) + /L()c)lu,,lq(x)}nGN is a uni-
formly integrable sequence, which furthermore converges a.e. to |u|? O o) |u|e™ by the
a.e. convergence of u,, — u. By Vitali’s Theorem (see Bogachev [15, Theorem 4.5.4]) it follows
that p3;(u,) — p3 (u) through this subsequence. One can recover the whole sequence by the

subsequence principle and this proves (viii). O

We now equip the space W!-7(Q) with the equivalent norm

e . Vu
lull5,, :=1inf {2 >0 -
Q

where the modular pyy is given by

px)
+ p(x)

Vu
A

u

A

a0y p)
+ ‘)\‘ + u(x

q(x)
dx <14},

pu = [ (1907 + i vupt®) ax + [ (1?4 polul?®)ax @)
Q Q

for u e WHH(Q).
The following proposition gives the relation between the norm | - | 5,
modular function ;. The proof is similar to that one of Proposition 2.13.

and the corresponding

Proposition 2.14. Let hypotheses (2.4) be satisfied, let y € WLH(Q) and let 0Oy be defined as in
2.7).

(i) Ify # 0, then |y, = if and only if pp(3) = 1;
(i) [Iyllp,, <1 (resp. > 1, =1)if and only if pr(y) <1 (resp. >1,=1);
(i) I 1y ll3,, < 1, then Iy11%, < pae(y) < IyI1%,
(V) If 191y > 1 then |y15- < pu() < VI
V) IYll35, = O'if and only if p3,(y) — 0;
(V) Iyl g, = o0 if and only if p3(y) — +00;
(i) [yl s,y — 1 if and only if py(y) — 1;
(viii) If up — w in WEM(Q), then pay(un) — py(u).

Moreover, this norm is a uniformly convex norm on this space and satisfies the Radon—Riesz
(or Kadec-Klee) property with respect to the modular, as one can see in the following proposition.

195



A. Crespo-Blanco, L. Gasiriski, P. Harjulehto et al. Journal of Differential Equations 323 (2022) 182-228

Proposition 2.15. Let hypotheses (2.4) be satisfied.

(i) The norm || - |l 3,, on wiH(Q) is uniformly convex.

(i) For any sequence {u,},cN < WLH(Q) such that
un = uin WHHQ) and  pyy(un) — ()
it holds that u, — u in WHH(Q).

Proof. Both results follow by Theorems 3.2, 3.5 of Fan-Guan [30]. First note that their condition
A2 s(x) is a more general version of our Aj-condition. Moreover (UC); is exactly the same as the
uniform convexity from Definition 2.11, by taking r = s with s > ¢, the left-hand side condition
from Definition 2.11 is equivalent to 8 < 1 — ¢ for ¢ < 1, hence one can take o (1 — ¢) = 4.
In the proof of Proposition 2.12 we already verified these properties for H, so (i) follows by
Theorem 3.2 of Fan-Guan [30]. Regarding the assumptions (Q), take ¥ = WLH(Q) = X and the
modular p3;, then we already know that (Q;)-(Q7) hold in Proposition 2.14. Fix now any ¢ > 0.
Then the N-function given by ¢H is uniformly convex and wleh(Q) = wlH(Q) as sets, so
again by Theorem 3.2 of Fan-Guan [30] the norm || - |[5,, on wiH(Q) is uniformly convex.
Note also that o (1) — 0 if and only if p.(u) — 0, so they generate the same topology. It
is straightforward that (Qp) and (Q2) hold for ¢H, and (Q3)-(Q7) follow doing an analogous
argument to Proposition 2.14. Thus (ii) follows from Theorem 3.5 of Fan-Guan [30]. O

Now we introduce the seminormed space

LI(Q) ={ue M) : /,u(x)lu|q(x) dx < 400
Q

and endow it with the seminorm

|u q(x)
llullg),p =inf 37 >0 : //L(x) (—) dx <1
T
Q
We have the following embedding results, see Proposition 2.15 of Colasuonno-Squassina [19]
for the constant exponent case.

Proposition 2.16. Let hypotheses (2.4) be satisfied and let

. Np® (N =Dp) ~
pr(x):= N o) () and p.(x):= N o0 200) forall x € 2.8)

be the critical exponents to p. Then the following embeddings hold:

() LH(Q) = L'O@), WIH(©Q) = WrO@), Wit @) = Wy Q) are continuous
forallr € C(Q) with1 <r(x) < p(x) forall x € Q;
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(i) if Cc.(Q 0. e (S LH () LH ()
peCi(2)NC (€2), then W (Q) — L"V(Q) and Wy " () — L™ () are
continuous for r € C(Q) with 1 < r(x) < p*(x) for all x € Q;
(i) WLH(Q) — L"O(Q) and W(}’H(Q) — L"O(Q) are compact for r € C(Q) with 1 <
r(x) < p*(x) forall x € Q;
(iv) if p € C+(Q) N WLV (Q) for some y > N, then W (Q) — L") (3Q) and Wé’H(Q) SN
L'O@Q) are continuous forr € CQ) withl <r(x) < p«(x) forall x € Q;
v) WhH(©Q) = L7O0Q) and Wy ' (Q) — L"O(3Q) are compact for r € C(Q) with 1 <
r(x) < pe(x) forall x € Q;
(vi) LH(Q) — LZ(')(Q) is continuous;
(vil) if u € L®(R), then L1 (Q) — LM (Q) is continuous.

Proof. We take H (. (x, 1) =tP™ forall # > 0 and for all x € Q. Itis easy to see that H (., < H,
see Definition 2.5 (v). Hence, from Proposition 2.6 (ii) we obtain that L7(Q) < L?)(2) and
WLH(Q) — whrO(Q) continuously, and by definition it follows that WOI’H(Q) — W&’p(‘)(Q)
continuously. Thus, assertion (i) is a direct consequence of the classical embedding results for
variable Lebesgue and Sobolev spaces due to the boundedness of 2. The same arguments show
(i1)—(v), see also Propositions 2.1 and 2.2. Let us prove (vi). To this end, let u € L*(Q), then we
have

[ e ax < [ (1l s+ o) ds = pr,

Q Q

see (2.2). Since py ( 4 ) = 1 whenever u # 0, we obtain for u £ 0

el
u q(x)
//L(x) ( ) dx <1.
J Nl

Thus

letllgey,p < Nl
Finally, assertion (vii) follows from the estimate
Her 1) = (14 199) 4 o™ <14 (14 o) (1

for all # > 0 and for a.a. x € Q by applying again Proposition 2.6 (ii). O

A useful property for existence results is the fact that a space is closed with respect to trunca-
tions. We prove this property for W () and WOI’H(Q) in the following proposition. For any
s € R we denote s* = max{=+s, 0}, that means s = st — s~ and |s| = s + s~. For any function
v: @ — R we denote v=(-) = [v()]*.

Proposition 2.17. Let (2.4) be satisfied, then the following hold:
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(i) ifu e WH(Q), then +u™ € WITL(Q) with V(£u®t) = Vul y,-0);
(i) ifuy — uin WH(Q), then +uF — +u® in WHH(Q);
(i) if € L(R) and u € Wy H(Q), then +u* € Wi ().

Proof. (i) It is a well-known fact that for v € wlt (R2), where 1 < £ < 00, the statement holds
and V(:l:vi) = Vvl{+y>0, see for example Heinonen-Kilpeldinen-Martio [44, Lemma 1.19].
Hence, by Proposition 2.16 (i), u € W1-P-(Q) and V(+u®) = Vul{+,>0; it follows that

P (Fu™) < pp () < oo,
pr(V[Eu™]) < py (V) < oo.

(ii) Consider a sequence such that u;, — u in WLH(Q). As | £ uf F ui| < |un — u| point-
wisely in €, it is straightforward that :I:uf — 4u® in L™ () by proving the convergence in py
and Proposition 2.13 (v). For the convergence of the gradients, consider

f | £ VuE 7 vut|P™ dx
Q

= / 1ty =0) Vit — 1{zu=0y Vit |P® dx
Q

<2M / |Vity — Vu| P dx + 2P+ f VP g 01 = Tty >0y 1P v,
Q Q

where the first term converges to zero by Proposition 2.16 (i) and Proposition 2.13 (v), and
the second term converges to zero by taking a.e. convergent subsequences and using the
Dominated Convergence Theorem (note that Vu = 0 a.e. on the set {u = 0} because, by (i),
Vu = Vulyso) + Vuly, <o), and then make use of the subsequence principle. Using exactly the
same argument we can prove the analogous convergence with exponent g (x) and weight p(x),
i.e., there holds

o (EVur FVuF) >0 asn— oo,

which by Proposition 2.13 (v) implies :tVu;l*L — +Vu® in L7(Q) and the proof is complete.
(iii) By definition of Wé’H(Q), there exists a sequence {v,},en S C(°(S2) such that v, — u
in WL (Q). By (ii), we know that +vF — 4u® in WL (Q).
Note that {:I:vni}neN C Cop(R2) = {v € C(Q) : suppv is compact} and, by (i), their weak

derivatives satisfy {9, vF},eny € L(R2). By using the standard mollifier 7, for & small

Xi ¥n
enough there holds {7, * (:I:vni)}neN C C§°(€2). Furthermore, we also have the convergences

Ne * (:I:v,jf) — :I:v,jt uniformly in €2 as ¢ — 0,
B, (e * (FV)) = ne % (£, 0T) > £0,,0F  in LI (Q) as e — 0.

Xi¥n

Hence, n, * (j:v,df) — :I:vni in W-H(Q) by Proposition 2.13 (v) via checking the convergence
in py (note that LI+ (Q) — LIV (Q) — L™ (L) by Proposition 2.16 (vii)). This means that for
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each :I:vni we can find another v+ , € C;°(2) as close to :I:vni as we want in the norm || - ||%
and this new sequence satisfies v4 , — +uT in WI’H(Q). O

From Proposition 2.16 we can derive the compact embedding of WI’H(Q) into LH(Q) and
a equivalent norm for W(}’H(Q). For this purpose we need the following assumptions, more
restrictive as in (2.4).

H) QC RN, N > 2, is a bounded domain with Lipschitz boundary 92, 0 < u(-) € L*°(£2) and
P, q € C4 () are such that
(i) 1< p(x) <N forall x € Q;
(i) p(x) <gq(x) < p*(x) forall x € Q.

Note that in any case they are significantly less restrictive as those used for the same purpose in
Proposition 2.18 of Colasuonno-Squassina [19]. For many results, this is the only reason to ask
for so restrictive assumptions, so they could be generalized to (H).

Proposition 2.18. Let hypothesis (H) be satisfied. Then the following hold:

@) WI‘H(Q) — LK (2) is a compact embedding;
(ii) There exists a constant C > 0 independent of u such that

lullag < ClIVullz  forallu e Wy ().

Proof. The proof of (i) follows from Proposition 2.16 (iii) and (vii). For (ii), let us assume the
assertion is not true. Then there exists a sequence {u,},eN € WOI’H(Q) such that

lnllpy > n I Vipllgy -

Let y, := IIMZ—VILIH’ then

1
1>=>|Vyullyy and |lyallyy=1 forallneN,
n

i.e. the sequence {y,},cN is bounded in Wol’H(Q). Therefore, there exists a subsequence (not
relabeled) and y € W(}’H(Q) such that

yw—y inWQ).

By the weak lower semicontinuity of the mapping v — [|Vvl||4 on Wol’H(Q) (it is a convex,
continuous mapping) there holds

1
IVylly, <liminf[[Vy, i3 < lim o 0,

thus y = ¢ € R is a constant function. And by Proposition 2.16 (i) we have that y € Wol’p(')(Q),
where it is known that the only constant function is y = 0. However, this leads to a contradiction
since by (i)
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y—y in L),
hence ||ylly =lim, o0 llynlly =1,50 y #0. O
Based on Proposition 2.18 we equip the space WO1 ’H(Q) with the norm

lulli 3.0 = I Vully  forall u e Wy ().

Similarly to Proposition 2.15, we next prove that this norm is a uniformly convex norm on
this space and satisfies the Radon—Riesz (or Kadec-Klee) property with respect to the modular.

Proposition 2.19. Let hypotheses (H) be satisfied.

(1) The norm || - |l1,3,0 on WOI’H(Q) is uniformly convex.
(i) For any sequence {un},cN < WOI’H(Q) such that

Uy, —uin WOI’H(Q) and py(Vuy) = pr(Vu)
. . 1,H
it holds that u, — u in Wy " ().

Proof. The argument is analogous to the one of the proof of Proposition 2.15 with some extra
considerations. First of all, consider the space (L71(Q))" equipped with the Luxemburg norm
Il - l o,y &iven by the modular p3; n (1) = pg(Jul) for all u € (LHQ)N. By Theorem 2.4 of
Fan-Guan [30], the norm || - ||, , on (LH©Q))N is uniformly convex, and there is an isometric
embedding from W(}’H(Q) into (LT Q)N given by u — Vu. This finishes the proof of (i).
Regarding the assumptions (Q), take ¥ = WOI’H(Q) = X and the modular py(V-), then (Qq)-
(Qge) hold by Proposition 2.13 and (Q7) holds by an analogous argument to the proof of (viii)
in the same proposition. Fix now any ¢ > 0. Then the N-function given by ¢H is uniformly
convex and, by repeating the proof of (i) for this N-function, one gets that the norm || - [|1 7.0 on
WOI'H(Q) is uniformly convex. Note also that py;(Vu) — 0 if and only if p.2y (V) — 0, so they
generate the same topology. It is straightforward that (Q1) and (Q>) hold for ¢, and (Q3)-(Q7)
follow doing an analogous argument to Proposition 2.13. Thus (ii) follows from Theorem 3.5 of
Fan-Guan [30]. O

It is also possible to have a more general criterion for compact embeddings of W' () into
some Musielak-Orlicz spaces. This will also have as a consequence a Poincaré inequality for
WO1 ’H(Q). In order to do so we first need the definition of the Sobolev conjugate function of H.
We define for all x € Q2

1) if 1
(1) = tH(x, 1) ?Oftf ,
H(x,t) iftr>1.

Since €2 is a bounded, we know that L*(Q) = L*1(Q) and WH(Q) = wIH1(Q), see
Musielak [53]. Therefore, for embedding results of WI*H(Q) we may use H; instead of . For

simplification, we write H instead of H;.
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Definition 2.20. We denote by ™' (x, -): [0, 00) — [0, co) for all x € Q the inverse function of
H(x, ). Furthermore, we define ’H;l 1 Q x [0, 00) = [0, 00) by

s

H' (.
’H;l(x,s)=f#dr for all (x, 5) € 2 x [0, 00),

T N
0

where H.: (x,1) € Q x [0,00) — 5 € [0, 00) is such that 7—[;] (x,s) =t. The function H, is
called the Sobolev conjugate function of H.

We suppose the following stronger assumptions as that in (H).

(H) Q CRY, N >2, is a bounded domain with Lipschitz boundary 02, 0 < u(-) € C%1(Q)
and p, g € C%'(Q) are chosen such that .
(i) 1 < p(x) <N and p(x) < g(x) for all x € Q;

o G+ 1
o=,
(i1) o <1+ N
Proposition 2.21. Let hypotheses (H’) be satisfied. Then the following hold:
G W) — LH«(Q) continuously;
(i) Let K: Q x [0,00) — [0, 00) be continuous such that K € N(Q) and K <K Hs, then
Wl'H(Q) — L’C(Q) compactly;

(iii) It holds H < H, and in particular, wiHQ) — LH(Q) compactly;
@iv) It holds

lullyg < CIVully forallu e Wy (),

where C > 0 is a constant independent of u.
Proof. The proof of the proposition follows directly from Theorems 1.1 and 1.2 of Fan [26], see

also Proposition 2.18 of Colasuonno-Squassina [19]. We only need to prove (P4) and condition
(2) of Proposition 3.1 in Fan [26], that is,

lim H,'(x,r) =400 forallx e Q (2.9)
t——+00

and there exist positive constants §; < L c1 and #; such that

'B’H(x.,t) <cl(H, )™ (G=1,...,N) (2.10)

0x;

for all x € Q and ¢ > #; for which Vu(x), Vp(x) and Vg (x) exist and so % does. First,
J

1
note that for (x, 1) € =1 ({0}) x [1, +00) it holds Hfl(x, 1) =t7® and hence
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t
1 N+1

H*l(x,t)zﬂ*l(x,1)+/s(p<x> M) ds
1

_1 _ N+l N
=H' . D+ (Fa=2+1) _ ] e +00
1 _ N+l +1
p(x) N
as 0 < [ﬁ — %] <lduetol < p(x) <N forall x e Q. For the rest of the points, i.e.,

(x,1) € w10, +00)) x [1, +00), note that

PO 4 (x) 4™

t—+00 14 (x) =pu(x) forallx e Q.

So for any ¢ > 0 there exist some K, > 1 such that
PO 4 ()11 < [e + ()19 forall x € Q and for all + > K,

and by inverting these strictly increasing functions

t

1

q(x)
7)61 for all x € Q2 and for all t > K,
&+ u(x)

Hi'x,n) > (
which yields the situation to repeat the argument of the integral above. Hence (2.9) is satisfied.
For the second condition, we can find 1 > 0 small enough such that

1
artn 42 @2.11)
p— N

see (H)(ii), and
In(t) < ct” (2.12)

with ¢ depending only on 7 and In being the natural logarithm. Denoting by ¢, ¢, ¢, the Lips-
chitz constants of u, p, g, respectively, we have for # > 1 by using (2.12),

< tP(X)

19 (x) + p(x)rd™

’ OH(x,1) In(r)

)
_p(x)
ij 0x;

Xj

In(t) + ‘ a—M()c)
0x;

d
_q(x)
3Xj

< (cpe+ cu + eqellloc) 110047

q++n
P—

< (cpe+cp+cqcllinlioo) (zl’(") + M(x)ﬂ“”)
Then, condition (2.10) is satisfied with

g+ +1n 1
— 1<

c1=cpc+cy+cye , to>1 and &1 = ,
1 P w q I lloo 0 1 I N

see also (2.11). O
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Next, we want to answer the question when smooth functions are dense in WI*H(Q). This
result is of independent interest and our idea is to apply Theorem 6.4.7 of Harjulehto-Hasto [41].
First we recall some definitions stated in [41].

Definition 2.22.

(i) We call a function g: (0, c0) — R almost increasing if there exists a constant a > 1 such
that g(s) < ag(t) for all 0 < s < ¢. Similarly, we define almost decreasing functions.

(i) We say that ¢: Q x [0, 00) — [0, o] is a ®-prefunction if x — ¢(x, | f(x)]) is measurable
for every measurable function f: Q — R, ¢(x,0) =0,

lim p(x,1)=0 and lim ¢(x,t)=0c0 fora.a.x € Q.
t—0t t—00
If in addition the condition

X, 1) . . .
vl 1) is almost increasing for a.a. x €

is satisfied, then ¢ is called a weak ®-function and the class of all weak ®-functions is
denoted by @ (2).

(iii) We say that ¢ € ®,,(2) satisfies (A0), if there exists a constant 8 € (0, 1] such that § <
e l(x, 1) < % fora.a. x € Q.

(iv) We say that ¢ € ®,(€2) satisfies (A1), if there exists 8 € (0, 1) such that

Bt (x,t) <ol (y.1)

for every t € [1, ﬁ], for a.a. x, y € BN Q and for every ball B with |B| < 1.
(v) We say that ¢ € &, (L) satisfies (A1’), if there exists 8 € (0, 1) such that

p(x, Br) =@y, 1)
for every ¢(y,t) €[1, ﬁ], for a.a. x, y € BN Q and for every ball B with |B| < 1.

(vi) We say that ¢ € ®,(£2) satisfies (A2), if for every s > 0 there exist 8 € (0,1] and & €
L) N L*® () such that

B l(x,t) <o (y,1)

for a.a. x € Q and for all ¢ € [h(x) 4+ h(y), s].
(vii) We say that ¢: ©Q x (0, 00) — R satisfies (aDec) if there exists £ € (0, co) such that

X, 1) . .
(p(t 7 is almost decreasing for a. a. x € 2.

In the sequel we will use f ~ g and f < g if there exist constants c{, ¢c; > 0 such that ¢; f <
g <crf and f < cyg, respectively.

Now we are ready to prove the density of smooth functions in the Musielak-Orlicz Sobolev
space Wl*H(Q).
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Theorem 2.23. Let hypotheses (H’) be satisfied, where (H’)(ii) is replaced by

g+ 1
— <14+ —. 2.13
+N (2.13)

-
Then C*°(2) N WM (Q) is dense in W (Q).

Proof. We are going to apply Theorem 6.4.7 of Harjulehto-Hésto [41]. First note that H €
d, (2) (see also Definitions 2.1.2, 2.5.1 and 2.5.2 in [41]). Furthermore we have

1 <H(x,2) < (27" + |ull0o29t) - 1 forall x € Q.

Hence H(x,2) =~ 1 and so we can apply Corollary 3.7.5 in [41] which shows that H satisfies
condition (AO). For ¢ € [0, s] we have

tp(-x) + [L(x)tq(x) ~ tP(X)’

where the constants depend on s. Hence, Lemma 4.2.5 in [41] implies that condition (A2) is
satisfied. Moreover, by Lemma 2.2.6 in [41], we know that (aDec) is satisfied since H € ® (£2)
fulfills the Aj-condition, see (2.5).

It remains to show that (A1) is satisfied. First we note that since H € @ (2) satisfies (A0),
we know that it is enough to show that H € &, (2) fulfills (A1), see [41, Corollary 4.1.6].
Therefore, we need to show that there exists g € (0, 1) such that

H(x, Br) = H(y, 1)

for every H(y,t) € [1, |—ll;|], for a.a. x, y € BN Q and for every ball B with |B| < 1.

For this purpose let us fix a ball B C RY of radius r > 0, such that |B| <1 (in particular
r < 1). We know that |B| = a(N)r", where a(N) > 1 is a constant depending only on the
dimension N. Note that the condition

H(y, 1) =PV + u(y)ri™ e [1 } (2.14)

T a (NN

implies that

tPO) ()9 > 1, ifr <1,

tP= (A lnlloo) =177 4 llplloot?~ = ]
1, ifr>1,

and

th- < 1 o

{ﬂ'(” <tPO) 4 (A < (Nl)rN’ ifr>1,
a(N)rNV’

ift <1.

Note that the last inequality for # < 1 is always true since 7~ < 1 < ﬁ as |B| < 1. Hence, (2.14)

implies in particular that
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_L _1 _N
IE[(1+|IM||oo) P=,a(N) »-r "] (2.15)
Now, it is enough to show that there exists § € (0, 1) such that

BOPY + p@) (BT <P + ()t (2.16)

for all ¢ satisfying (2.15) and almost all x, y € € such that |[x — y| < 2r.
Claim: For all 7 satisfying (2.15) and almost all x, y € Q such that |x — y| < 2r we have

PO < M tPD) and 1) < M. 4O, 2.17)

for some constant M = M (N, p, g, ) > 0 not depending on x, y, ?. .
So, let us fix  satisfying (2.15) and x, y € Q such that |x — y| < 2r. Since p € C>1(Q) we
have

lp(x) — P = cplx —y| = 2rcp, (2.18)

where ¢, > 0 denotes the Lipschitz constant of the function p.
Case . If t <1 and p(x) > p(y) ort > 1 and p(x) < p(y) then the first inequality in (2.17)
holds with M = 1.
Case II: If t < 1 and p(x) < p(y) then by applying (2.15) it follows that
1\ PO)—plx) N
tPO) — p)=P( () < ((1 + ||M||Oo)p> P < (1 + |lloo) P~ 1P,

p_+
Thus the first inequality in (2.17) holds with M = (1 + || it]lc0) - -
Case III: If > 1 and p(x) > p(y) we have by using (2.15) and (2.18)

N 20p Ncp

2rcy r )
tPO) = P D=p( P () < (a(N)_er_p_) ’ P < <a(N)—p—> ") = PO,

_ ZLJ _ 2Ncp
Note that the function §(r) = (a (N) r- )r(r’ ) - is strictly positive and continuous on the

interval |0, 1 — | where §(0) = 1. Hence it attains its maximum at some ryp € |:O, 1 I :|

a(N)N a(N)N
Then the first inequality in (2.17) holds for M = §(rg) > 0. The second inequality in (2.17) can

be done in an analogous way again via three cases. Taking M as the maximum of the six cases
shows the assertion of the Claim. .
Let us now prove (2.16). Since u € C%(Q) and |x — y| <2r we have

l(x) = p(W| = cplx =yl < 2cpr, (2.19)
where ¢, > 0 is the Lipschitz constant of the function .
Let us start with the left hand side of (2.16). Since g € (0, 1) and taking (2.17) as well as

(2.19) into account, we get
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BOPY + () (BT < pP-1P) + p () pPor1
<BM (tP(Y) + M(x)tq(y))
(2.20)
<Br-M (tp(y) (O 4 26”,(1()’))
<BP-M (tp(y) i zcur,q(y)> (),

.
where the last inequality holds providing 8 < M 7-. Continuing (2.20) and applying (2.15) we
have

(ﬂt)p(x) + ,u(x)(,Bt)q(x) < BP- MiPO» (1 _|_2€Mrtq(y)—p(y)> + /L(y)tq()’)
1 _ N q4+—P—
< BP-MtPO) [ 1 4-2¢,r (a(N) -y v) + ()1

_ 4+ _Nit+
— ﬂP—MtP(y) (1 + zcua(N) p,+1rl+N N,,) + /L(y)tq(y).
2.21)

From (2.13) we have 1 + N — N[qj—f > 0. Using this we may continue (2.21) since r < 1 as follows

BOPY + px) (B < pr-MeP) (1 + 2cua<N>‘7’_f“> + (e,

Choosing 8 > 0 small enough, namely
1

__1 _ 4+ -
B <M - <1+20Ma(N) P“) -

we see that (2.16) holds. Note that the choice of 8 depends only on N, p, g and . Therefore, H €
d, (€2) satisfies (A1’) and so (A1). The assertion of the proposition follows now from Theorem
6.4.7 of Harjulehto-Histo [41]. O

A careful reading of the proof of Theorem 2.23 shows that the boundedness of €2 is not used.
This leads to the following result.

Theorem 2.24. Let hypotheses (H’) be satisfied, where Q2 C RN, N > 2 is an unbounded domain,
0 < u(-) € L®(Q) N C*%(Q) and condition (H)(ii) is replaced by

q+ 1
LA .
p— N

Then C*°(2) N WM (Q) is dense in W ().

Next, we are going to prove the density under weaker assumptions as in the Theorems 2.23
and 2.24. First we recall the following definition.
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Definition 2.25. We say that a function g: 2 — R satisfies the log-Holder decay condition if
there exists g0 € R and a constant ¢ > 0 such that

Cq
X ——=—— forall x € Q.
|g(x) — gool < Togte + Ix)

We suppose the following conditions which are weaker than (H’):
H”) Q C RY, N > 2, is an unbounded domain, 0 < u() € L®°(Q) and p: Q — [1,00),
q: 2 — [1, 00) are bounded functions that are log-Holder continuous and satisfy the log-
Holder decay condition with p(x) < g(x) for all x € Q.

We start with a characterization of condition (A1).

Proposition 2.26. Let hypotheses (H”) be satisfied. Then H(x, 1) = tP®) + u(x)t1™) satisfies
condition (A1) if and only if there exists a constant 8 > O such that

: L1 |
piu) i < s — o1 (7777 4 oy
forevery x,y € Q.

Proof. Let us first observe that H(x, ) ~ max{t?™), 1 (x)t4™} and hence

_q o t \i®
H™ (x,1) ~min {170 ( ) .
w(x)

1
After dividing by 1¢® condition (A1) becomes

1 1 1 1
ﬂmin{t!’(x) q()) , (x) q(ntf](\) q())}fmin{tp(}‘)_m,u(y)_m}

forx,yeBﬂQ,|B|§1andt€[1’ﬁ]'
If p(x) < p(y), then

1

1 1
tP® <tp®O PO P < |B|PO

where we have used the log-Holder continuity of l andr € [ ‘%] see Lemma 4.16 in Diening-

Harjulehto-Histo-Rizicka [25]. If p(x) > > p(y) then tW) < t?0 since t > 1. Similarly we

obtain by the log-Hdolder continuity that tW) qU) <C.
Thus for (A1) we need to verify that

ﬂmin{tp(ly)iﬁ’ I,L(x)iq(%)} < min {[P(l)')iﬁ,u(y)iﬁ}
forx,ye BNQ, [B|<1and7 e [1, L].

|B|
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__L N S ..
We may assume that diam(B) < 2|x — y|. The case p(y) 90 >¢r®» 4O is trivial, so the
condition is equivalent to

: 1
Bmin [1757 757 1) 7| < ()7

__L L . .. .
for u(y) «® < tr®» 40 . Since the exponent of ¢ is positive, we only need to check the in-
equality for the upper bound of ¢, namely ¢ = ﬁ. Moreover, |B| 2 |x — y|". Thus the condition
is further equivalent to

1

) —N( —L) 1 L
Bmin | |x — y| PO 4O (x) a0 < pu(y)” 907,

that is, equivalent to

1 1 1 1

1 1
Bu()T < max{|x — V7). oy } ~ b=y (577 4 o, o

Next we can give a sufficient condition for (-, -) to satisfy assumption (A1l).

Proposition 2.27. Let hypotheses (H”) be satisfied and let in addition q: Q — [1, 00) be ;L_-
Holder continuous and ju: Q2 — [0, 00) be a-Holder continuous. If% <1+ %, then H(x,t) =
tPO) 1 (x)t9%) satisfies condition (Al).

Proof. From Proposition 2.26 we know that (A1) holds with g =1 if

1 1 N
n(x)a® — pu(y)a» | <|x —y|"

for all x and y with |[x — y| <1 where y =max{ﬁ - ﬁ, ﬁ - ﬁ} We may assume that
1 1 1

1 . . . . .
P00 T a0 2 P T am- First we use the triangle inequality to obtain

)T — pu(y) T

= [T — )T + p @) T — (17|
(2.22)

1
a0 — u(y) )

1 1
< @™ — | + @

We estimate the first term on the right-hand side of (2.22). To this end, let f(z) = a’. Then, by
the mean value theorem, f(v) — f(u) = f'(&§)(v — u) for some & between u and v. We choose

a=pux),u= % and v = ﬁ Then a € [0, ||tlloo] and u, v € [i, 1.
Next we show that | /()] is bounded. If @ > 1, then

|F/&)| = a® In(a) < [Iplloo In(lltlloo)-
For a € [0, 1) we obtain
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|£®)] = —a® In(a@) < —a™ In(a).
1

A simple calculation shows that a — —a 4+ In(a) got it largest value in [0, 1] at e~9+. Hence
|f/(§)| < L. Thus we have

1

P — () | = | f) — f)] <e
qx)  q() (2.23)

o
=clg(y) =g = ceqlx — yl©=,
where c is a constant depending on a and g, the constant ¢, is from the {;%—Hélder continuity of

gand |x —y| <1.
From q(x) <1+ % we obtain

P =
(ot ) = (25 = 5
r) g/ q() \pQ®) “q(y)

Combining (2.23) and (2.24) gives

<= (2.24)
q-

ZIQ

7 7 N (5t —at)
1T = ()T < ¢ (lalloe, g:1) cqlr = yI" 7T 7707).

Let us now estimate the second term of the right-hand side of (2.22). We use the inequality
[x" —y"| <|x — y|", where x, y > 0 and r € (0, 1], in order to obtain

1

1 — a
< 1) — w7 < |x — y 7, (2.25)

)T — ()7

where the constant ¢, is from the «-Holder continuity of p.

From qgg <1+ & we obtain

N< ] )5 N (“y)—l)glﬁzi. (2.26)
r()  q(y) gy \p(y) gy N q(y)

Combining (2.25) and (2.26) gives

L i = N(+_+)
1@ — (7| < ef 1 =y O

Now we are ready to prove the density of the smooth functions in the Musielak-Orlicz Sobolev
space WM (Q) when € is unbounded under the assumptions (H”).

Theorem 2.28. Let hypotheses (H”) be satisfied and let in addition q: Q — [1,00) be (;%-

Holder continuous and w: Q — [0,00) be «-Holder continuous. If q(x) <1+ % then
C®(Q) N WILH(Q) is dense in WHTL(Q).
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Proof. As in Theorem 2.23 we will show the result by applying Theorem 6.4.7 of Harjulehto-
Hasto [41]. In the same way as in Theorem 2.23 we know that H € &, (2) fulfills (A0), (A2)
and (aDec). Finally, from Proposition 2.27 we know that (A1) is satisfied and the assertion of the
theorem follows. O

Remark 2.29. Note that for bounded domains the log-Holder condition (local condition) in (H”)
is enough, we do not need the log-Holder decay condition (condition near infinity).

Comparison the assumptions of Theorems 2.23 and 2.28 for bounded domains with Lipschitz
boundary, we see that the assumptions in Theorem 2.28 are weaker than those in Theorem 2.23.
Indeed the Lipschitz continuity can be replaced by certain Holder or log-Holder conditions and
the inequality (2.13) implies

1 _
—<1+ﬁ forall x € Q and fora =1.

In the unbounded case the situation is a bit different. The assumptions of Theorem 2.24 imply
the ones of Theorem 2.28 except the log-Holder decay condition. Indeed, Lipschitz continuity
does not imply the log-Holder decay condition.

Let us now comment on the well-known eigenvalue problem for the r-Laplacian with homo-
geneous Dirichlet boundary condition and 1 < r < oo defined by

—Au=Au""2u  inQ,

u=0 on 0%2.

(2.27)

It is known that the first eigenvalue A , of (2.27) is positive, simple, and isolated. Moreover,
it can be variationally characterized through

Ay = inf /|Vu|’dx:/|u|’dx=1 , (2.28)
ueWlr (Q)
Q Q

see L& [46]. We will make use of the first eigenvalue in the statements of Theorems 4.4 and 4.6.
We now recall some definitions that we will use in the sequel.

Definition 2.30. Let X be a reflexive Banach space, X* its dual space and denote by (-, -) its
duality pairing. Let A: X — X*, then A is called

(i) to satisfy the (S )-property if u,, — u in X and limsup,,_, o (Auy, u, — u) <0 imply u, —
uin X;
(i1) pseudomonotone if u, — u in X and limsup,,_, . (Au,, u, —u) <0 imply

liminf(Au,,u, —v) > (Au,u —v) forallve X,
n— o0
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(iii) coercive if there exists some function g: [0, c0) — R such that lim;_, ; », g(¢) = 400 and

(Au, u)

llullx

> g(Jlullx) forallu € X.

Remark 2.31. Note that if the operator A: X — X* is bounded, then the definition of pseu-
domonotonicity in Definition 2.30 (ii) is equivalent to u, — u in X and limsup,,_, o, (Aup, up —
u) <0 imply Au, — Au and (Au,,u,) — (Au,u). We will use this equivalent condition for
bounded operators in Section 4.

Our existence result is based on the following surjectivity result for pseudomonotone opera-
tors, see, for example, Papageorgiou-Winkert [58, Theorem 6.1.57].

Theorem 2.32. Let X be a real, reflexive Banach space, let A: X — X* be a pseudomonotone,
bounded, and coercive operator, and b € X*. Then, a solution of the equation Au = b exists.

3. Properties of the variable exponent double phase operator
In this section we introduce the new double phase operator A related to our problem (1.6) and

its corresponding energy functional I given in (1.3). To this end, let A: W(}’H(Q) — W& ’H(SZ)>’<
be given by

(Aw), v)yy = / <|Vu|'"(x)_2Vu SV 4 ()| Vul i vy - Vv) dx,
Q

forallu,v e W&’H(Q), where (-, -)3; denotes the duality pairing between Wé’H(Q) and its dual
space W&’H(Q)*. As mentioned in the Introduction, the energy functional I : W(}’H(Q) — R

related to A is given by
| V| PO |V |9
I(u):/ — + u(x) dx
J p(x) q(x)

for all u € W, ().

Proposition 3.1. Let hypothesis (2.4) be satisfied. Then the functional I is well-defined and of
class C with I'(u) = A(u).

Proof. The energy functional / is well defined for any u € Wg{ (£2) since

A\ \Y
POy < PV
q+ p-

0

The Gateaux derivative is given by A since for any u, h € Wg'l(Q), some ¢ € R and some
0x.: € (0, 1) given by the Mean Value Theorem, we have
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Vu +tVh|P® — |Vy|P _
f' ut t' o Vi dx=/|w+9x,ttw|”‘x) 2(Viu + 6y 1Vh) - Vhdx
pxX

Q Q

t—0

= f |VulPO~2Vy - Vhdx.
Q

The limit follows from the Dominated Convergence Theorem, Proposition 2.16 (i), Holder’s
inequality and Proposition 2.4 (iii) and (iv), as for 0 < |¢| < tg, it holds

Vu+ 0, 4 Vh|["O 7 (Vu + 6, 1 VR) - VA < 2P+~ (|W|P<X>*‘ +10 |Vh|P(x)’1) VA
and

J20) IVh ”p(~)

px)—1

f [VulP 7 VA dx < 2 |7ulPO~|
Q

<2(pey(IVuD) IVl ey <201Vulls IVAl ),

where a, b > 0 are the exponents depending on the cases of Proposition 2.4 (iii) and (iv). The

same arguments work on the terms with exponent g (-) by using Proposition 2.16 (vi) and splitting
g)—1

1
w(x) = u(x)7® p(x) ¢ for using Holder’s inequality.
The C!-property follows since for any sequence u, — u in Wg{(Q) and h € Wg"(SZ) with
I2111,2¢ = 1, we have by Holder’s inequality and Proposition 2.16 (i)

/ (|w,,|1’<x)*2 Vi, — |Vu|P®2 w) Vhdx
Q

n—o0

< 2| 170?72 Gy = (Val?O2 V|, 181 0.

()
p()—1

0
The convergence in LP€>—1 (2) follows by Proposition 2.4 (v) and Vitali’s Theorem (see Bo-

gachev [15, Theorem 4.5.4]) since we have the convergence in measure because of Vu,, — Vu
in LP©)(Q) and we have the uniform integrability by the uniform integrability of the sequence
{(IVin|P®},en due to the same convergence in LP) as before and

P(x)

— P+
1911792 Gty — VP2 v "0 < 27 (W [P0 Va0

The same arguments work on the terms with exponents g (x) by using Proposition 2.4(iii), (iv),

e (x)—1
Proposition 2.16(vi) and splitting p(x) = p(x) 4™ pc(x)qq(X> again for using Holder’s inequal-
ity,. O

Before we give the main properties of the operator, we first state a general version of the
reverse Holder inequality. Since we did not find any reference, we will also give the proof for it.
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Lemma 3.2. Let (S, X, A) be a measure space with M(S) > 0 and let r: S — [1, 00) be mea-

surable with 1 < r_ :=essinfgr <ry :=esssupgr < oo. Then for any measurable functions
f,g: S — K such that g(s) # 0 p-a.e. it holds

1 1
maX{llfgII{_ el }

1 17! L . =L
=[] vl o
r— r_ 1

I—ryq ) 1—r_
r— — r+
r()—1
1 ,ngl 1 }
. I—ry
min rO=T| ‘
o ]

e
r+
| .
Proof. Applying Holder’s inequality one gets

[ Do

r—

> 2 i

[1g17077|

L L =1
17170 | =]1£g170 18170

—1
lgl7® .
r(-) H r("Ql

From the comparison between the norm and the modular, see Proposition 2.4 (iii) and (iv), we
obtain

1

1 1 1 L + 1
Jurb], <[5+ o |max el e fmax { 1517

r+—1 r——1
S e T -
T 1 '

Now we are in the position to present the main properties of the operator A motivated by the
work of Liu-Dai [48] for the constant exponent case.

Theorem 3.3.

(i) Let hypothesis (2.4) be satisfied. Then the operator A : W(;”H(Q) — W(}’H(Q)* is continu-
ous, bounded and strictly monotone.

(ii) Let hypothesis (H) be satisfied. Then the operator A WOl ’H(Q) — WO1 ’H(Q)* satisfies the
(S4)-property, that is,

U, —uin W(}’H(Q) and limsup(A(up),u, —u) <0,

n—oo

imply u, — u in WOI’H(Q).
(iii) Let hypothesis (H) be satisfied. Then the operator A: WOI’H(Q) — WOI‘H(Q)”< is coercive
and a homeomorphism.

Proof. (i) By Proposition 3.1, A = I’ with I of class C!, so A is continuous.
From the well-known inequality

(16172 —1n"2n) <€ —m >0 ifr>1, forall§&,neR" with & 0,
we see that
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(A) — A(W), 1 — ) :/ <|vu|P<X>*2w - |Vu|P<X>*2vU) (Vi — Vo) dx
Q

+ f 1 (x) (|Vu|q<x>—2w - |Vv|‘1(")_2Vv) (Vi — Voydx > 0
Q

whenever u # v which proves the strict monotonicity of A. Let us now prove that A is bounded.
Taking u, v € WO1 ’H(Q) \ {0}, by applying Young’s inequality, we obtain

. 1 1 v
min T — Au),
||M||qu llu IIP‘ vl
1 1 Vv \Y%
< min -, 1 /|:|Vu|1’(") 1 IVl ()| Va1 [Vl ]dx
flu ||q+ llu ||p7_ vl z vl
Vu [PO7H (vl wor | v 107 v
= + p(x) 9@ w(x)a® dx
J lleell1,2¢ lvlli,2 vl
_ P(x) p)
< D+ 1/ Vu _/
P- lleelln, ||v||17-L
Q
(X) q(x)
g+ —1 Vu |1
+ /M(x) — u(
- J lloell 1,24 |U||17-[

g+ —1 Vu 1 Vv
= PH +—on
p- lullvz/ — p- vl

—1 Vu 1 Vv —1 1
<* p%( >+—p < ) T =T
p- lull1, 7,0 p- vl 2,0 p— p—  p-

This fact gives

erg,ﬂ(m vl p-
v#0

A )
la@io= sup S T e gy

Hence, A is bounded.
(i) Let {u, },en C Wol’H(Q) be a sequence such that

U, — u in W(}’H(Q) and limsup (A(u,), u, —u) <0. (3.1

n—0o0

The weak convergence of u,, to u in WOI’H(Q) yields

lim (A(u),u, —u)

n—oo

0.
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This fact along with (3.1) gives

limsup (A(u,) — A(u), u, —u) <O0.

n—00

Then, the strict monotonicity of A implies that

0< lirgioréf(A(un) — A(u), u, —u) <limsup (A(u,) — A(u), up, —u) <0.
n

n—oo

Hence, we get
lim (A(u,) — A(),u, —u)=0= lim (A(u),u, —u). 3.2)
n—o0 n—oQ
Claim: Vu,, — Vu in LPO()

Splitting the integral in {p > 2} :={x € Q : p(x) >2}and {p <2} :={x e Q : p(x) <2}
and noting that all four terms in (3.2) are non-negative yields

lim (|wn|l’<X>—2 Vi, — |Vu|PO2 w) (Vi — Vi) dx =0, (3.3)
n—oo

(r>2)
lim <|vun|l’<)f>—'Z Vi, — |Vu|PO-2 Vu) (Vi — Vi) dx = 0. (3.4)
n—oo

(<2}

From Simon [65, formula (2.2)] we have the well-known inequalities
cple —nl” < (16172 — P =2n) - € —m) ifp=2, (3.5)
2 -2 -2 e
Cple —ni? < (161726 = 101" 2n) - € = m) (" +1l) 7 if1=p=2  (36)

for all £, n where

p=D(p=2)

2—p (
cp=57 and Cp,=(p—12 7 , 3.7)
see also Lindqvist [47, chapter 12]. Note that the constants in (3.7) are not optimal, but sufficient

for our treatment.
From (3.3) and by the inequality (3.5) it follows

lim |Vu, — Vu|P9 dx =0,

n—>oo
{p=2}

and in the following lines it will be proved that the same holds in {p < 2}, hence

lim 0,()(Vu, — Vu) = lim / |Vu, — Vu|PD dx =0,
n—oo n—>oo
Q
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so the Claim follows by Proposition 2.4.
Let E,, = {Vu, # 0} U {Vu # 0}. By the absolute continuity of the Lebesgue integral, as the
integrand is zero outside E,, and by (3.6) with p4 x =2 — 1/k (note also p —2 < 0) it follows

/ (|wn|1’<’€>*2 Vu, — |Vu|1’<x)*2w) - (Vuy — Vu) dx

{p<2}

= lim / (|Vu,1|1’<x)—2 Vi, — |Vu|P® 2 Vu) - (Vity — Vi) dx

k— 00
Enﬂ{[’S[’+,k}

(P4 k—D(p==2) 1’(’6();)2
= limsup (p- =12 - / |Vun—W|2(|Vun|f’<x>+|ww<x>) " dx

koo EnN{p=<p+.x}
(r—-2) p)=2
> (p_ —1)2" 7— limsup / |Vu, — Vu|? <|Vun|p(x)+|Vu|p(x)> P .
% =21k

By (3.4), for n > ng for some ng € N, the limit superior is strictly smaller than one, thus the
same holds for the integrals k large enough. Hence, when we apply Lemma 3.2 to our integral
1

withr () = % the maximum of the left-hand side of the lemma is attained at || fg|| lr: . Note that
(consider p_ = p—)

2 1— _,
rek=— and rek _ Pk(Prk ).

Pk EN 2p+.k

Applying this result, again because the integrands are zero outside E,, as {u, },cN is bounded in
the modular by some constant M > 1 (due to its weak convergence and Proposition 2.4 (iii) and
(iv)) and as (p+ x — 2) <0, for n > ngp, we have

f <|Vu,,|p(x)_2 Vu, — |Vu|P) 2 Vu) - (Vu, — Vu)dx

{p<2}
2
p—
(p——2) 1
> (p— — 12 7~ limsup— - / [Vu, — Vu|PD dx
k—o00 2pf
(p<2-1/k)
Pk (P=—2)
P2
X min / <|Vun|p(x)+|Vu|p(x)>dx ,
(p<2-1/k)
(I)+,k—2)
Ptk

(1979 4 9uP®)) dx
(p<2-1/K)
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2
P—
(r—=4

>(p_ —1)2° 7= limsup / Vi, — VulPY) dx

k—o00
{p<2-1/k)
P4 k(P——2) (P4 k=2
» Ptk
X min M+/|Vu|p(x)dx , M+/|Vu|p(")dx
Q Q
2
p—
> K limsup / |Vu, — Vu|P® dx
k—o00
{p<2-1/k)
2
o
=K [ Vi, — Vu|P® dx
{p<2)
where
2p_—2) (p——2)
2 P—
(p——4) P
K=(p_—1)2 7~ min M+/|Vu|p(x)dx , M+/|Vu|”(x’dx
Q Q

By (3.4) it follows that

lim |Vu, — Vu|P® dx = 0.

n— 00
{p<2}

This proves the Claim.
From the Claim we know that {Vu,},,cN converges in measure to Vu in Q2. Applying Young’s
inequality gives

f (19792 Vit + ) [V, Vi) - (Vi — Vi)
Q

=/|Vun|”(x)dx—/|Vun|'”(x)_2Vu,,-Vudx
Q Q
+/M(x)|Vun|q(X)dx—/,u(x)|Vu,,|q(x)_2Vun~Vudx
Q Q

z/|Vun|f’<x>dx—/|Vun|f’<x>‘1|vmdx
Q Q
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+ / ()| Vi |1 dx — / ()| Vi |17 V| dx

flvu PO dx — /(”(") un|P<X>+L|W|P<X>>dx
p(x) p(x)

(x)

+/M(X)|Vun|q(x)dx—f,u(x) <¢]( x) — |V n|q(x)+ 1 |Vu|q(x)> dx
o A q(x)

1 1
=/—|Vun|p(x)dx—/—|Vu|p(x)dx
J p(x) p(x)

+ MEX))lv |q<x)dx /M(x)|v |q(x)dx

Hence by (3.2)

Vu, P& Vi, 469 Viu|P® Viuld®
limsup/ % —i—M(x)l hn | dx < / | ul ()c)| ul dx.
n—00 A p(x) 5 q(x)

From Fatou’s Lemma, we obtain

Y, PO Vi, |46 Vu|P® Viu|9®)
liminf/ %—i—u(x)' Un | dx > / | ul (x)l ul dr.
n—0o0 J p(x) 2 q(x)

Combining (3.9) and (3.8) we conclude that

Vi, |P© Vi, |90 Vu|P® Vuld®
fim [ (N Ve T dx=f NVl N g
"—mg p(x) q(x) J p(x) q(x)

(3.8)

(3.9)

(3.10)

By the Claim we have that {Vu,},cNn converges in measure to Vu, so by straightforward
computations the functions on the left-hand side of (3.10) converge in measure to those on the
right-hand side. The converse of Vitali’s theorem (see Bauer [10, Lemma 21.6]) yields the uni-

form integrability of the sequence of functions

|Vun|p(x) |Vun|‘1(x)
G '
p q neN

On the other side, we know that

IVt — VP 4 pw(x)| Vi, — V1™

pw AT o T e T T

<201, (lvunlp(x) Vi, |10 |Vy|PX) |vu|q(X))
= —+ ,
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which implies that the sequence of functions

{1900 = VulP® 4 10|V, — Va1
neN

is uniformly integrable. By straightforward computations and using the convergence in measure
of {Vu,},cN to Vu, this sequence converges in measure to 0. Applying Vitali’s theorem (see
Bogachev [15, Theorem 4.5.4]) it follows that

lim py(Vu, — Vu) = lim / (|wn — VulPY 4 w(x)|Vu, — vm‘m) dx =0,
n—>oo n—oo
Q

which is equivalent to [lu,, — u|l; 77,0 — 0, see Proposition 2.13 (v). Hence, u;, — u in Wé’H(Q).
(iii) The operator A is coercive, since by Proposition 2.13 (i), one has

(Au), u) IV W 4 V| 4™
= P (=) S e (——— dx
llelly 2.0 J llully 2.0 llell1 2.0

. p——1 4+ —1
> mm{llulllﬂ’o, ||M||1,+H,o} PH <

) — +ooas |lull; 30— +00.
IVl

This fact along with assertion (i) of this theorem implies by the Minty-Browder theorem, see,
for example, Zeidler [66, Theorem 26.A], that A is invertible and that A~ lis strictly monotone,
demicontinuous and bounded. We only need to show that A~! is continuous.

To this end, let {y, },en WOI’H(Q)* be a sequence such that y, — y in WOI’H(Q)* and let
u, = A (y,) as well as u = A~!(y). By the strong convergence of {y,},cn and the bound-
edness of A~! we know that u,, is bounded in WO1 ’H(Q). Hence, there exists a subsequence
{tn; JkeN Of {un}nenN such that

Un, =g in Wo Q).
Using these facts we have
lim (A(up,) — Auo), tn, — uo)
k— 00
= lim (ynk — Y, Up, — uo) + lim (y — A(uo), un, — u0> =0.
k— 00 k—o00

From assertion (ii) of the theorem we know that A fulfills the (S, )-property which implies that
Up, — U in WS’H(Q). By the continuity of the operator A we easily see that

Alug) = lim Aup,) = lLim y,, =y=A).

Since A is injective, it follows that u = uq. By the subsequence principle it is easy to show that
the whole sequence converges. O

We have similar results when the operator A acts on W17 ().
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Proposition 3.4.

(1) Let hypothesis (2.4) be satisfied. Then the functional I wWLH(Q) > Ris well-defined and
of class C with I'(u) = A(u).
(ii) Let hypothesis (2.4) be satisfied. Then the operator A wWLH(Q) - WL H(Q)* is continu-
ous, bounded and strictly monotone.
(iii) Let hypothesis (H) be satisfied. Then the operator A wiHQ) - wiHQ)* satisfies the
(S )-property, that is,

U, —uin WI’H(SZ) and limsup(A(up,),u, —u) <0

n—o0 -7
imply u, — u in W-H(Q).

Proof. The assertions (i) and (ii) follow in the same way as in the proof of Theorem 3.3. For (iii)
we make use of the compact embedding WLH(Q) — LE(Q), see Proposition 2.18 (i). O

In the following let X = WOI’H(Q) or X = Wh(Q) and let B: X — X* be given by

(B(u),v)y = / (|Vu|p(x)_2Vu SV 4 pn ()| VulfD vy - Vv) dx
Q

+/(Iulp(x)_zuv+M(X)|u|’“x)_2uv>dx,
Q

for all u,v € X, where {-,-)x denotes the duality pairing between X and its dual space X*.
Moreover, let J: X — R be given by

J(u)—f |Vu|p(x)+ (x)|vu|q(X) dx+/ |u|p(X)+ (x)|u|q(X) i
- r T I\ PTES

Q

forallu € X.
Under the weaker assumptions in (2.4) we have the following.

Proposition 3.5. Let hypothesis (2.4) be satisfied.

(i) The functional J: X — R is well-defined and of class C' with J'(u) = B(u).
(ii) The operator B: X — X* is continuous, bounded and strictly monotone.
(iii) The operator B: X — X* satisfies the (S )-property, that is,

up, —uinX and limsup(B(u,),u, —u) <0,
n—oo

imply u, — u in X.
(iv) The operator B: X — X* is coercive and a homeomorphism.
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4. Existence and uniqueness results

In this section we prove our main existence and uniqueness results. Recall that the problem
under consideration is the following one

_div (|W|f’<x>—2w + u(x)|w|q(">—2w) — f(x,u,Vu)  in€Q, )
u

=0 on 0€2.
We suppose the following assumptions on the nonlinearity f.

H(f) Let f: @ x R x R¥ — R be a Carathéodory function such that £(-,0,0) % 0 and the

following hold:
0O
(i) There exists « € L O-1(Q2) and a1, a; > 0 such that

r(x)—1
f (5. 8) <arll”V 70 +apls O +a(x)
for a.a. x € , for all s € R and for all £ € RY, where r € C+(§) is such that r(x) <

p*(x) for all x € Q with the critical exponent p* given in (2.8).
(i) There exists w € L'(Q2) and by, b > 0 such that

f(x.5.8)s <bIEIPY +byls|P + w(x) (4.2)
fora.a. x € 2, forall s € R and for all £ € RY . Moreover,
1—b — bzx;; >0 4.3)

where A1 ,_ is the first eigenvalue of the Dirichlet eigenvalue problem for the p_-
Laplacian, see (2.27).

Example 4.1. The following function satisfies hypotheses H(f):

r(x)—1

Fls.8) = —dy)s D2 + dole] ") Ly o,

_ — 10)
with I, r € C1(RQ), r(x) < p*(x) and I(x) < min{p_,r(x)} for all x € 2, 0 # y € LTO-1(Q),

d; >0 and

p- = ldslag),

0<|d3| < p-A1,p. aswellas 0<|dp| < ————.
g po—1+A7,

Definition 4.2. We say that u € W& ’H(Q) is a weak solution of problem (4.1) if for all test
functions ¢ € WOI’H(Q) it satisfies
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/(|Vu|P<X>*2w +M(x)|w|‘f<X>*2vu) Vg dx :/f(x,u,Vu)godx. (4.4)
Q Q

Because of Proposition 2.16 and hypothesis H(f)(i) a weak solution in (4.4) is well-defined.
The following proposition is an immediate consequence of Theorem 3.3.

Proposition 4.3. Let hypothesis (H) be satisfied and let
f(x,s,8) =a(x) forall (x,s,§) e 2 xR x RN,
where r and o are as in H{)(i). Then (4.1) has a unique weak solution.

Proof. By assumption and Proposition 2.16, WS’H(Q) < L"O(), hence « € L’/(')(Q) =
L"O(Q)* < Wy *(Q)* and by Proposition 3.3 A is bijective. O

Our main existence result reads as follows.

Theorem 4.4. Let hypotheses (H) and H(f) be satisfied. Then problem (4.1) admits at least one
nontrivial weak solution u € WOI’H(Q).

Proof. First, we introduce the Nemytskij operator related to f, that is, Ny :=i* o N f» Where
Ny witt@) — L7O(Q) is given by

Np(u) = f(x,u, Vu),
and i*: L"O(Q) - WOI’H(Q)* is the adjoint operator of the embedding i: W(}’H(Q) —
L'O(Q). Tt is clear that N r is well-defined, bounded and continuous by H(f)(i) and Proposi-

tion 2.16 (for the continuity use Vitali’s Theorem as in Proposition 3.1).
For u € Wy " (Q) we define A : W) () — Wyt (@)* by

A(u) = A(u) — Ny(u),

which consequently is continuous and bounded by Theorem 3.3.
In order to apply Theorem 2.32 we first show that A is pseudomonotone in the sense of
Remark 2.31. To this end, let {u,},>1 C Wol’H(Q) be a sequence such that

U, = u in Wol’H(Q) and limsup(A(uy), u, —u)y <0. 4.5)

n—oo

The compact embedding from Proposition 2.1 implies that
up —u in L"O(Q) (4.6)

since r(x) < p*(x) for all x € Q. From Holder’s inequality, the weak convergence of {u,},cN
in W(}’H(Q) (hence it is bounded in its norm) and the boundedness of N 7 it follows that
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lu —unll,

r()—1
ON

/f(x,un,wnwn—u)dx <2 Ay )
Q

<25up [ M) |, e =l -

neN

r()—1
7o)
From this along with the strong convergence in (4.6) we see that

lim | f(x,u,, Vuy)(u, —u)dx =0.
n—>oo
Q

Hence, if we pass to the limit in the weak formulation in (4.4) replacing u by u, and ¢ by u, —u,
we obtain

limsup(A(up), u, — u)y =limsup{A(u,), u, —u)y <0. “@.7

n— 00 n—oo

Since A fulfills the (S, )-property, see Theorem 3.3, by using (4.5) and (4.7) it follows that u,, —
u in WOI’H(Q). Therefore, by the continuity of the operator .4, we conclude that A(u,,) — A(u)

in WO1 ’H(Q)*. Hence A is pseudomonotone.
Let us now prove that A4 is coercive, see Definition 2.30. Recall the representation of the first
eigenvalue of the p_-Laplacian, see (2.28), replacing r by p_, we have the inequality

lullh= < ap) IVullf- forallu e Wy'P~ (). 4.8)

Note that WOI’H(Q) - Wol‘p_ (£2). Then, by applying (4.8) and (4.2) along with Proposition 2.13
one has

(Au), u) =/ (|Vu|p(x)72Vu + /L(x)|Vu|q(x)72Vu) -Vudx — / f(x,u, Vu)udx
Q Q

sz(Vu)—b1/|W|P(*>dx—bz/|u|f’* dx — ol
Q Q

EPH(VM)—Z?l/IVuI"(X)dx—bz)»f,L/IVqu’ dx — ol
Q Q

= (1= b1 = b2A7) ) pu(Vi) = oA ), 1921 = el

> (1= b1 = boag), )min {IVul$), IVullZ; } = boaT), 1921 = lell.

Hence, since | < p_ <gy and 1 — by — bzki}L > 0 by assumption (4.3), we conclude that the
operator A: WOI‘H(Q) — WOI’H(Q)* is coercive.

Therefore, we have proved that the operator A : Wé ’H(Q) — Wé ’%(Q)* is bounded, pseu-
domonotone and coercive. Applying Theorem 2.32 we get a function u € WOI’H(Q) such that
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A(u) = 0. By the definition of the operator A and the first condition in H(f), u is a nontrivial
weak solution of our original problem (4.1). This completes the proof. O

In the second part of this section we want to discuss the question under what conditions
the solution obtained in Theorem 4.4 is unique. In order to give a positive answer we need to

strengthen our conditions on the nonlinearity f: 2 x R x RY — R in the following sense.

(Ul) There exists ¢; > 0 such that

(f(x.s.8) — fx, 0. E)s—1) <cils — 1]
fora.a. x € Q, forall s, € R and for all £ € RV.

(U2) There exists p € L ©(Q), where r € C+(Q) is such that r(x) < p*(x) for all x € €, and
¢y > 0 such that the map & — f(x,s,&) — p(x) is linear for a.a. x € Q, for all s € R and

|f(x,5,8) — p(x)| < c2l€]

fora.a. x € 2, for all s € R and for all £ € RY. Moreover,

_1
cidis+eak 3 <1, 4.9)

where A1 is the first eigenvalue of the Dirichlet eigenvalue problem for the Laplace dif-
ferential operator, see (2.27).

Example 4.5. The following function satisfies hypotheses H(f), (U1) and (U2), where for sim-
plicity we drop the s-dependence:
N
f(x, &)= Z,Bisi + p(x) fora.a.x € Qandforall £ € RY,
i=1

with p_ =2,0+# p € L>(Q) and
. . I _
B=(Bi,...,Bn) € RY with |,8|2 <m1n{l - zklé, )\1,2}.

Anyr € C+(§) such that p_ =2 <r(x) < p*(x) forall x € € is admissible.
Our uniqueness result reads as follows.

Theorem 4.6. Let (H), H(f), (U1), and (U2) be satisfied and let p(x) = 2 for all x € Q. Then,
problem (4.1) admits a unique weak solution.

Proof. Let u,v € WOI’H(Q) be two weak solutions of (4.1). Testing the corresponding weak
formulations with ¢ = u — v and subtracting these equations gives
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/ IV (u — v dx —i—/,u(x) (|vu|‘1<x)*2w —_ |Vv|’1<X>*2w) V(u —v)dx
Q Q

=/(f(x,u,Vu)—f(x,v,Vu))(u—v)dx—l—/(f(x,v,Vu)—f(x,v,Vv))(u—v)dx.
Q Q

(4.10)
The second term on the left-hand side of (4.10) is nonnegative, so we have the estimate
/ IV(u—v)]>dx + / n(x) (quIq(x)_ZVu — |Vv|q(x)_2Vu> -V(u—v)dx
Q Q
4.11)

> / IV(u— v)|2dx.
Q

For the right-hand side of (4.10) we can use the assumptions (U1), (U2) and Holder’s inequality
which leads to

/(f(x,u,Vu) — f(x,v,Vu))(u —v)dx+f(f(x,v,Vu) — f(x,v,Vu))(u —v)dx
Q Q

2 1 2
561|Iu—vllz+/<f (x,v,V<§(u—v) )) —p(X)>dx
Q

(4.12)
sc1||u—v||%+cz/|u—v||V(u—v)|dx
Q
_1
< <c1x;; + Cz)»lé> IV (u — )3
From (4.10), (4.11) and (4.12) we see that
2 2 —1 -3 2
IV —v)ll; = / [V —v)|"dx < <61k1,2 +czf\1,§) V(@ —v)l3. (4.13)
Q

Then, by (4.9), from (4.13) it follows u =v. O
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