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Abstract
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cases are excluded. Our approach is based on a modified version of De Giorgi’s iteration technique along 
with the localization method. As a consequence of our results, the C1,α-regularity follows immediately.
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1. Introduction

Let � ⊂ RN (N ≥ 2) be a bounded domain with Lipschitz boundary � := ∂� and let p ∈
C(�) be such that 1 < p− := min� p. In this paper, we investigate the boundedness and Hölder 
continuity of weak solutions to quasilinear elliptic problems defined in variable exponent Sobolev 
spaces involving critical growth of the general form

−divA(x,u,∇u) = B(x,u,∇u) in �,

u = 0 on �,
(1.1)

and

−divA(x,u,∇u) = B(x,u,∇u) in �,

A(x,u,∇u) · ν = C(x,u) on �,
(1.2)

where ν(x) denotes the outer unit normal of � at x ∈ � and the functions A : � ×R ×RN → RN , 
B : � × R × RN → R as well as C : � × R → R are Carathéodory functions which satisfy 
suitable p(·)-structure conditions, see H(D), H(N) and H(A) in Sections 3, 4 and 5, respectively, 
for the precise assumptions.

An important special case of (1.1) and (1.2) which is included in our setting is given by

−�p(·)u = B(x,u,∇u) in �, u = 0 on �,

−�p(·)u = B(x,u,∇u) in �, |∇u|p(x)−2∇u · ν = C(x,u) on �,

where �p(·) denotes the so-called p(·)-Laplace differential operator which is given by

�p(·)u = div(|∇u|p(·)−2∇u) for u ∈ W
1,p(·)
0 (�) or W 1,p(·)(�). (1.3)

Note that �p(·) reduces to the well-known p-Laplacian �p when p(x) ≡ p is a constant.
Nonlinear equations of the form considered in (1.1) and (1.2) involving variable exponents in 

the structure conditions are usually called equations with nonstandard growth. Such equations are 
of great interest and appear in the mathematical modeling of certain physical phenomena, for ex-
ample in fluid dynamics (flows of electro-rheological fluids or fluids with temperature-dependent 
viscosity), in nonlinear viscoelasticity, in image processing and in processes of filtration through 
porous media, see for example, Acerbi-Mingione-Seregin [2], Antontsev-Díaz-Shmarev [3], 
Antontsev-Rodrigues [4], Chen-Levine-Rao [5], Diening [8], Rajagopal-Růžička [41], Růžička 
[42] and Zhikov [53,55] and the references therein.

The p(·)-Laplace differential operator given in (1.3) is related to the energy functional

u 	→
∫
�

|∇u|p(x) dx, (1.4)

which was first used to illustrate models for strongly anisotropic materials, see Zhikov [52,54,55], 
that is, in a material made of different components, the exponent p(·) dictates the geometry of a 
composite that changes its hardening exponent according to the point. We refer to the paper of 
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Acerbi-Mingione [1] who developed gradient estimates and qualitative properties of minimizers 
of energies that have variable exponents as in (1.4).

Global a priori bounds for classes of elliptic problems with different boundary condition are 
important results in the theory of differential equations and often guarantee further knowledge 
about the smoothness of solutions. We mention the famous works of Lieberman [29,31] stating 
the C1,α-regularity up to the boundary of solutions to partial differential equations of second or-
der both with nonhomogeneous Dirichlet- and nonlinear Neumann boundary condition. A crucial 
condition for the application of such results is the boundedness of the solutions. The correspond-
ing C1,α-result for equations with p(·)-structure has been published by Fan [15]. In order to 
obtain such results, most of the papers make use of the so-called De Giorgi-Nash-Moser theory 
which provides iterative methods based on truncation techniques to get L∞-bounds for certain 
equations, see the works of De Giorgi [6], Nash [37] and Moser [35]. The techniques developed 
in these papers provided powerful tools to prove local and global boundedness, the Harnack 
and the weak Harnack inequality and the Hölder continuity of weak solutions. For more in-
formation we refer to the monographs of Gilbarg-Trudinger [20], Ladyženskaja-Ural′ceva [27], 
Ladyženskaja-Solonnikov-Ural′ceva [28] and Lieberman [30].

In the present paper we are going to prove the boundedness and Hölder continuity of weak 
solutions of the problems (1.1) and (1.2). The novelty in our work is the fact that we allow critical 
growth on the perturbations B and C, so in the domain and on the boundary. With our work we 
close the gap of the papers of Fan-Zhao [12] for the Dirichlet and Winkert-Zacher [47,48] for the 
Neumann problem for the subcritical case. Indeed, in these papers the critical cases are excluded 
and cannot be realized with their treatment. However, we will adopt some ideas and found a 
way to overcome the problem with the critical exponents by a modified version of De Giorgi’s 
iteration technique along with an appropriate application of the localization method.

Let us comment on some relevant known results on quasilinear elliptic problems with p-
and p(·)-structure. Concerning boundedness results for elliptic problems driven by the p- or 
(p, q)-Laplacian we refer to the papers of García Azorero-Peral Alonso-Manfredi [18] (for 
homogeneous Dirichlet condition), Motreanu-Motreanu-Papageorgiou [36] (for homogeneous 
Neumann condition) and Winkert [45] (for nonhomogeneous Neumann condition). All these 
works are working with a De Giorgi-Nash-Moser iteration technique but only for the subcrit-
ical case. In the critical constant exponent case for Neumann problems we refer to the papers 
of Papageorgiou-Rădulescu [38] (critical growth in the domain) and Marino-Winkert [34] (crit-
ical growth even on the boundary). For elliptic problems with p(·)-structure, the first work has 
been done by Fan-Zhao [12] who proved the boundedness and Hölder continuity for weak so-
lutions of problem (1.1) in the subcritical case. The corresponding cases with a homogeneous 
and nonhomogeneous Neumann boundary condition are proved in Gasiński-Papageorgiou [19]
and Winkert-Zacher [47,48], respectively. All these works treated only problems with subcritical 
growth. A priori bounds for degenerate elliptic equations with variable growth can be found in 
Ho-Sim [25,24] based on the methods of [12] and [47]. Boundedness results for weighted elliptic 
equations with variable exponents and convection term have been developed in Ho-Sim [23] and 
a priori bounds for the fractional p(·)-Laplacian are recently studied by Ho-Kim [22]. To the 
best of our knowledge, there exists no work for boundedness results and Hölder continuity for 
problems (1.1) and (1.2) involving functions that have critical growth.

Finally, we mention papers which are very close to our topic dealing with certain types of 
a priori bounds for equations with p- or p(·)-structure. We refer to Ding-Zhang-Zhou [10,11], 
García Azorero-Peral Alonso [17], Guedda-Véron [21], Marino-Winkert [32,33], Pucci-Servadei 
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[40], Wang [43], Winkert [44,46], Winkert-Zacher [49], Zhang-Zhou [50], Zhang-Zhou-Xue [51]
and the references therein.

The paper is organized as follows. In Section 2 we recall the basic properties of variable 
Lebesgue and Sobolev spaces and state the main tools which we will need in later sections. The 
boundedness of weak solutions of problem (1.1) is then presented in Section 3, see Theorem 3.1. 
In Section 4 we prove the boundedness of weak solutions for problem (1.2), see Theorem 4.1, 
and Section 5 is concerned with the Hölder continuity of weak solutions for both, (1.1) and 
(1.2). These results are stated in Theorems 5.5 and 5.6, respectively. Finally, we mention the 
C1,α-regularity of weak solutions due to Fan [15].

2. Preliminaries and notations

In this section we recall some basic facts about Lebesgue and Sobolev spaces with variable 
exponents, see, for example Fan-Zhao [13] and Kováčik-Rákosník [26]. To this end, let � be a 
bounded domain in RN with Lipschitz boundary �. For p ∈ C+(�), where C+(�) is given by

C+(�) = {h ∈ C(�) : 1 < h(x) for all x ∈ �},

we denote

p− := inf
x∈�

p(x) and p+ := sup
x∈�

p(x).

Moreover, let M(�) be the space of all measurable functions u : � → R. Then, for a given 
p ∈ C+(�), the variable exponent Lebesgue space Lp(·)(�) is defined as

Lp(·)(�) =
⎧⎨
⎩u ∈ M(�) :

∫
�

|u|p(x) dx < ∞
⎫⎬
⎭

equipped with the Luxemburg norm given by

‖u‖p(·) = inf

⎧⎨
⎩λ > 0 :

∫
�

∣∣∣∣u(x)

λ

∣∣∣∣
p(x)

dx ≤ 1

⎫⎬
⎭ .

The following propositions can be found in Diening-Harjulehto-Hästö-Růžička [9].

Proposition 2.1. Let s, r ∈ C+(�) be such that s(x) ≤ r(x) for all x ∈ �. Then, Lr(·)(�) ⊆
Ls(·)(�) and

‖u‖s(·) ≤ 2(1 + |�|)‖u‖r(·) for all u ∈ Lr(·)(�).

Proposition 2.2. The space Lp(·)(�) is a separable and uniformly convex Banach space and its 
conjugate space is Lp′(·)(�), where 1/p(x) + 1/p′(x) = 1 for all x ∈ �. For any u ∈ Lp(·)(�)

and for any v ∈ Lp′(·)(�), we have
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∣∣∣∣∣∣
∫
�

uv dx

∣∣∣∣∣∣≤ 2‖u‖p(·)‖v‖p′(·).

The corresponding modular ρ : Lp(·)(�) → R is given by

ρ(u) =
∫
�

|u|p(x) dx for all u ∈ Lp(·)(�).

The following proposition shows the relation between the norm ‖ · ‖p(·) and the modular ρ.

Proposition 2.3. For all u ∈ Lp(·)(�) we have the following assertions:

(i) ‖u‖p(·) < 1 (resp. = 1, > 1) if and only if ρ(u) < 1 (resp. = 1, > 1);

(ii) if ‖u‖p(·) > 1, then ‖u‖p−
p(·) ≤ ρ(u) ≤ ‖u‖p+

p(·);
(iii) if ‖u‖p(·) < 1, then ‖u‖p+

p(·) ≤ ρ(u) ≤ ‖u‖p−
p(·).

Consequently, the following inequality holds true

‖u‖p−
p(·) − 1 ≤ ρ(u) ≤ ‖u‖p+

p(·) + 1 for all u ∈ Lp(·)(�).

The corresponding variable exponent Sobolev spaces can be defined in the same way using 
the variable exponent Lebesgue spaces. For p ∈ C+(�) the variable exponent Sobolev space 
W 1,p(·)(�) is defined by

W 1,p(·)(�) =
{
u ∈ Lp(·)(�) : |∇u| ∈ Lp(·)(�)

}
endowed with the norm

‖u‖1,p(·) = ‖u‖p(·) + ‖∇u‖p(·) for all u ∈ W 1,p(·)(�),

where ‖∇u‖p(·) = ‖ |∇u| ‖p(·). On W 1,p(·)(�), the norm ‖ · ‖1,p(·) is equivalent to

‖u‖1 := inf

⎧⎨
⎩λ > 0 :

∫
�

[∣∣∣∣∇u(x)

λ

∣∣∣∣
p(x)

+
∣∣∣∣u(x)

λ

∣∣∣∣
p(x)

]
dx ≤ 1

⎫⎬
⎭

with the relation

1

2
‖u‖1,p(·) ≤ ‖u‖1 ≤ 2‖u‖1,p(·) for all u ∈ W 1,p(·)(�). (2.1)

Moreover, we define

W
1,p(·)
0 (�) = C∞

0 (�)
‖·‖1,p(·)

.
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The spaces W 1,p(·)(�) and W 1,p(·)
0 (�) are both separable and reflexive Banach spaces, in fact 

uniformly convex Banach spaces. In the space W 1,p(·)
0 (�), the Poincaré inequality holds, namely

‖u‖p(·) ≤ c0‖∇u‖p(·) for all u ∈ W
1,p(·)
0 (�)

with some c0 > 0. Therefore, we can consider on W 1,p(·)
0 (�) the equivalent norm

‖u‖0 = ‖∇u‖p(·) for all u ∈ W
1,p(·)
0 (�).

For p ∈ C+(�) we introduce the critical Sobolev variable exponent p̂∗ and the corresponding 
one p̂∗ on the boundary defined by

p̂∗(x) =
{

Np(x)
N−p(x)

if p(x) < N,

∞ if N ≤ p(x),
for all x ∈ �

and

p̂∗(x) =
{

(N−1)p(x)
N−p(x)

if p(x) < N,

∞ if N ≤ p(x),
for all x ∈ �.

It is well known that W 1,p(·)(�) ↪→ Lq(·)(�) is compactly embedded for any q ∈ C(�) satisfy-
ing 1 ≤ q(x) < p̂∗(x) for all x ∈ �, see, for example, Fan [16], and that W 1,p(·)(�) ↪→ Lr(·)(�)

is compactly embedded for any r ∈ C(�) satisfying 1 ≤ r(x) < p̂∗(x) for all x ∈ �, see, for 
example, Fan [14, Corollary 2.4].

In order to state critical embeddings, we need more regularity on the function p. To this end, 

we denote by C0, 1
| log t | (�) the set of all functions h : � →R that are log-Hölder continuous, that 

is, there exists C > 0 such that

|h(x) − h(y)| ≤ C

| log |x − y|| for all x, y ∈ � with |x − y| < 1

2
.

Now we can state the critical embedding from W 1,p(·)(�) into Lp̂∗(·)(�), see Diening-
Harjulehto-Hästö-Růžička [9, Corollary 8.3.2] or Fan [16, Proposition 2.2].

Proposition 2.4. Let p ∈ C
0, 1

| log t | (�) ∩ C+(�) and let q ∈ C(�) be such that

1 ≤ q(x) ≤ p̂∗(x) for all x ∈ �.

Then, we have the continuous embedding

W 1,p(·)(�) ↪→ Lq(·)(�).

In particular, we have

‖u‖q(·) ≤ C‖u‖1,p(·) for all u ∈ W 1,p(·)(�).
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If q(x) < p̂∗(x) for all x ∈ �, then the embedding above is compact.

The next theorem is an extension of the classical boundary trace embedding theorem for 

the variable exponent case which requires that p belongs a subclass of C0, 1
| log t | (�). The case 

p+ < N was obtained in Fan [14, Theorem 2.1] and this restriction can be avoided as shown in 
the following proposition.

Proposition 2.5. Suppose that p ∈ C+(�) ∩ W 1,γ (�) for some γ > N . Let s ∈ C(�) be such 
that

1 ≤ s(x) ≤ p̂∗(x) for all x ∈ �

Then, it holds that

W 1,p(·)(�) ↪→ Ls(·)(�)

is continuously embedded.

Proof. Let s ∈ C(�) satisfying 1 ≤ s(x) ≤ p̂∗(x) for all x ∈ �. We fix r ≥ s+ and define

r̂ := Nr

N − 1 + r
.

Then r̂ < N and

r = (N − 1)r̂

N − r̂
. (2.2)

For x ∈ �, we define

p̃(x) :=
{

p(x) if p(x) < r̂,

r̂ if p(x) ≥ r̂ .
(2.3)

It is clear that p̃ ∈ C+(�) ∩ W 1,γ (�) and p̃+ ≤ r̂ < N . If p(x) < r̂ , then by (2.3), we have

s(x) ≤ p̂∗(x) = (N − 1)p̃(x)

N − p̃(x)
.

In the case p(x) ≥ r̂ , by the choice of r , (2.2) and (2.3), we obtain

s(x) ≤ r = (N − 1)r̂

N − r̂
= (N − 1)p̃(x)

N − p̃(x)
.

Thus we derive

s(x) ≤ (N − 1)p̃(x)

N − p̃(x)
=: p̃∗(x) for all x ∈ �.
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Hence, from Fan [14, Theorem 2.1] we get the continuous embeddings

W 1,p(·)(�) ↪→ Lp̃∗(·)(�) ↪→ Ls(·)(�).

The proof is complete. �
Remark 2.6. Note that for a bounded domain � ⊂RN and γ > N we have the following inclu-
sions

C0,1(�) ⊂ W 1,γ (�) ⊂ C
0,1− N

γ (�) ⊂ C
0, 1

| log t | (�). (2.4)

The following lemma concerning the geometric convergence of sequences of numbers will be 
needed for the De Giorgi iteration arguments below. It can be found in Ho-Sim [24, Lemma 4.3]. 
The case μ1 = μ2 is contained in Ladyženskaja-Solonnikov-Ural′ceva [28, Chapter II, Lemma 
5.6], see also DiBenedetto [7, Chapter I, Lemma 4.1].

Lemma 2.7. Let {Zn}, n = 0, 1, 2, . . . , be a sequence of positive numbers, satisfying the recur-
sion inequality

Zn+1 ≤ Kbn
(
Z1+μ1

n + Z1+μ2
n

)
, n = 0,1,2, . . . ,

for some b > 1, K > 0 and μ2 ≥ μ1 > 0. If

Z0 ≤ min

(
1, (2K)

− 1
μ1 b

− 1
μ2

1

)

or

Z0 ≤ min

(
(2K)

− 1
μ1 b

− 1
μ2

1 , (2K)
− 1

μ2 b
− 1

μ1μ2
− μ2−μ1

μ2
2

)
,

then Zn ≤ 1 for some n ∈N ∪ {0}. Moreover,

Zn ≤ min

(
1, (2K)

− 1
μ1 b

− 1
μ2

1 b
− n

μ1

)
, for all n ≥ n0,

where n0 is the smallest n ∈N ∪ {0} satisfying Zn ≤ 1. In particular, Zn → 0 as n → ∞.

In what follows we write

v+ := max{v,0} and v− := max{−v,0}.

Moreover, we denote by |E| the N -dimensional Lebesgue measure of E ⊂ RN .
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For p ∈ C+(�) we redefine the critical variable exponents to p by

p∗(x) =
{

p̂∗(x) if p+ < N,

q1(x) if N ≤ p+,
for all x ∈ �

and

p∗(x) =
{

p̂∗(x) if p+ < N,

q2(x) if N ≤ p+,
for all x ∈ �,

where q1, q2 ∈ C(�) are arbitrarily chosen such that p(x) < q1(x) ≤ p̂∗(x) and p(x) < q2(x) ≤
p̂∗(x) for all x ∈ �.

3. The boundedness of solutions for the Dirichlet problem

In this section, we study the boundedness of weak solutions for the Dirichlet problem given 
in (1.1). We suppose the following structure conditions on the data.

H(p1): p ∈ C
0, 1

| log t | (�) ∩ C+(�).
H(D): The functions A : � × R × RN → RN and B : � × R × RN → R are Carathéodory 

functions such that

(A1) |A(x, s, ξ)| ≤ a1|ξ |p(x)−1 + a2|s|p
∗(x)

p(x)−1
p(x) + a3,

(A2) A(x, s, ξ) · ξ ≥ a4|ξ |p(x) − a5|s|p∗(x) − a6,

(B) |B(x, s, ξ)| ≤ b1|ξ |p(x)
p∗(x)−1
p∗(x) + b2|s|p∗(x)−1 + b3,

for a.a. x ∈ �, for all s ∈ R, for all ξ ∈RN and with positive constants aj , j ∈ {1, . . . , 6}
and b
, 
 ∈ {1, 2, 3}.

A function u ∈ W
1,p(·)
0 (�) is called a weak solution of problem (1.1) if

∫
�

A(x,u,∇u) · ∇ϕ dx =
∫
�

B(x,u,∇u)ϕ dx (3.1)

is satisfied for all test functions ϕ ∈ W
1,p(·)
0 (�). By Proposition 2.4 along with the hypotheses 

H(D) and H(p1) it is easy to see that the definition above is well-defined.
The main result in this section is the following theorem about the boundedness of weak so-

lutions of problem (1.1). The proof is based on ideas of the paper of Winkert-Zacher [47] by 
applying De Giorgi’s iteration technique along with the localization method.

Theorem 3.1. Let hypotheses H(D) and H(p1) be satisfied. Then, any weak solution of problem 
(1.1) is of class L∞(�).
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Proof. The compactness of � implies that, for any R > 0, there exists a finite open cover 

{Bi(R)}i=1,...,m of balls Bi := Bi(R) with radius R such that � ⊂
m⋃

i=1
Bi (see, for example, 

Papageorgiou-Winkert [39, 1.4.86]) and each �i := Bi ∩� (i = 1, · · · , m) is a Lipschitz domain 
as well. We may take R sufficiently small such that

p+
i := max

x∈Bi∩�

p(x) < (p∗)−i := min
x∈Bi∩�

p∗(x) for all i ∈ {1, · · · ,m}. (3.2)

Let u be a weak solution of problem (1.1). Let κ∗ ≥ 1 be sufficiently large such that

∫
Aκ∗

|∇u|p(x) dx +
∫

Aκ∗

up∗(x) dx < 1, (3.3)

where Aκ := {x ∈ � : u(x) > κ} for κ ∈R.
We define

Zn :=
∫

Aκn

|∇u|p(x) dx +
∫

Aκn

(u − κn)
p∗(x) dx, (3.4)

where

κn := κ∗
(

2 − 1

2n

)
for n ∈N0 = {0,1,2, . . .}.

Obviously, it holds

κn ↗ 2κ∗ and κ∗ ≤ κn < 2κ∗ for all n ∈N0. (3.5)

Since κn < κn+1 and Aκn+1 ⊂ Aκn for all n ∈N0, we have

Zn+1 ≤ Zn for all n ∈ N0. (3.6)

Moreover, for x ∈ Aκn+1 we see that

u(x) − κn ≥ u(x)

(
1 − κn

κn+1

)
= u(x)

2n+2 − 1
.

Hence, we obtain

u(x) ≤ (2n+2 − 1)(u(x) − κn) for a. a. x ∈ Aκn+1 and for all n ∈ N0. (3.7)

Furthermore, we have
512



K. Ho, Y.-H. Kim, P. Winkert et al. Journal of Differential Equations 313 (2022) 503–532
|Aκn+1 | ≤
∫

Aκn+1

(
u − κn

κn+1 − κn

)p∗(x)

dx

≤
∫

Aκn

2p∗(x)(n+1)

κ
p∗(x)∗

(u − κn)
p∗(x) dx

≤ 2(p∗)+(n+1)

κ
(p∗)−∗

∫
Aκn

(u − κn)
p∗(x) dx

= 2(p∗)+(n+1)

κ
(p∗)−∗

Zn

≤ 2(p∗)+(n+1)Zn for all n ∈ N0.

(3.8)

In the rest of the proof, we denote by Ci (i ∈ N) positive constants which are independent of 
n and κ∗.

Claim 1. There exist positive constants μ1, μ2 such that

∫
Aκn+1

(u − κn+1)
p∗(x) dx ≤ C12

n
(
(p∗)+

)2

p−
(
Z1+μ1

n + Z1+μ2
n

)
for all n ∈ N0.

First, note that

∫
Aκn+1

(u − κn+1)
p∗(x) dx =

∫
�

(u − κn+1)
p∗(x)
+ dx

≤
m∑

i=1

∫
�i

(u − κn+1)
p∗(x)
+ dx.

(3.9)

Let i ∈ {1, · · · , m}. From (3.3), (3.5), Proposition 2.3(i), (iii) and Proposition 2.4 for � = �i we 
have

∫
�i

(u − κn+1)
p∗(x)
+ dx

≤ ‖(u − κn+1)+‖(p∗)−i
Lp∗(·)(�i)

≤ C2
[‖∇(u − κn+1)+‖Lp(·)(�i)

+ ‖(u − κn+1)+‖Lp(·)(�i)

](p∗)−i .

Then, again by Proposition 2.3 along with (2.1) and (3.3) this leads to
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∫
�i

(u − κn+1)
p∗(x)
+ dx

≤ C3

⎛
⎜⎝∫

�i

|∇(u − κn+1)+|p(x) dx +
∫
�i

(u − κn+1)
p(x)
+ dx

⎞
⎟⎠

(p∗)
−
i

p
+
i

≤ C3

⎛
⎜⎝ ∫

Aκn+1

|∇u|p(x) dx +
∫

Aκn+1

(u − κn+1)
p∗(x) dx + |Aκn+1 |

⎞
⎟⎠

(p∗)
−
i

p
+
i

.

From this, (3.4), (3.6) and (3.8) we obtain

∫
�i

(u − κn+1)
p∗(x)
+ dx ≤ C42

n(p∗)+(p∗)
−
i

p
+
i Z

(p∗)
−
i

p
+
i

n .

Combining this with (3.9) gives

∫
�

(u − κn+1)
p∗(x)
+ dx ≤ C52

n
(
(p∗)+

)2

p−
(
Z1+μ1

n + Z1+μ2
n

)
,

where

0 < μ1 := min
1≤i≤m

(p∗)−i
p+

i

− 1 ≤ μ2 := max
1≤i≤m

(p∗)−i
p+

i

− 1

in view of (3.2). This proves Claim 1.

Claim 2. It holds that

∫
Aκn+1

|∇u|p(x) dx ≤ C62
n

⎡
⎣
(
(p∗)+

)2

p− +(p∗)+
⎤
⎦ (

Z
1+μ1
n−1 + Z

1+μ2
n−1

)
for all n ∈ N.

Testing (3.1) with ϕ = (u − κn+1)+ ∈ W
1,p(·)
0 (�) yields

∫
�

A(x,u,∇u) · ∇(u − κn+1)+ dx =
∫
�

B(x,u,∇u)(u − κn+1)+ dx,

which can be written as
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∫
Aκn+1

A(x,u,∇u) · ∇udx =
∫

Aκn+1

B(x,u,∇u)(u − κn+1)dx. (3.10)

Since u ≥ u − κn+1 > 0 and u > κn+1 ≥ 1 on Aκn+1 , using hypotheses (A2) and (B) and taking 
into account Young’s inequality with ε ∈ (0, 1], we estimate each term in (3.10) in order to get

∫
Aκn+1

A(x,u,∇u) · ∇udx

≥ a4

∫
Aκn+1

|∇u|p(x) dx − a5

∫
Aκn+1

up∗(x) dx − a6

∫
Aκn+1

1 dx

≥ a4

∫
Aκn+1

|∇u|p(x) dx − max{a5, a6}
∫

Aκn+1

up∗(x) dx,

and ∫
Aκn+1

B(x,u,∇u)(u − κn+1)dx

≤ b1

∫
Aκn+1

|∇u|p(x)
p∗(x)−1
p∗(x) udx + b2

∫
Aκn+1

up∗(x) dx + b3

∫
Aκn+1

1 dx

≤ b1

∫
Aκn+1

[
ε

p∗(x)−1
p∗(x) |∇u|p(x)

p∗(x)−1
p∗(x) ε

− p∗(x)−1
p∗(x) u

]
dx + C7

∫
Aκn+1

up∗(x) dx

≤ b1

∫
Aκn+1

ε|∇u|p(x) dx + b1

∫
Aκn+1

ε−(p∗(x)−1)up∗(x) dx + C7

∫
Aκn+1

up∗(x) dx

≤ εb1

∫
Aκn+1

|∇u|p(x) dx +
(
b1ε

−((p∗)+−1) + C7

) ∫
Aκn+1

up∗(x) dx.

Taking ε = min{1, a4
2b1

} and combining the estimates above with (3.10) and then using (3.7), we 
obtain ∫

Aκn+1

|∇u|p(x) dx ≤ C8

∫
Aκn+1

up∗(x) dx

≤ C8

∫
Aκn+1

[
(2n+2 − 1)(u − κn)

]p∗(x)

dx.

Hence,
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∫
Aκn+1

|∇u|p(x) dx ≤ C92n(p∗)+
∫
�

(u − κn)
p∗(x)
+ dx.

Then, Claim 2 follows from the last inequality and Claim 1.
From Claims 1 and 2 along with (3.6) we conclude that

Zn+1 ≤ C10b
n
(
Z

1+μ1
n−1 + Z

1+μ2
n−1

)
for all n ∈N, (3.11)

where

b := 2
[ ((p∗)+

)2

p− +(p∗)+]
> 1.

This yields

Z2(n+1) ≤ C10b
2n+1

(
Z

1+μ1
2n + Z

1+μ2
2n

)
for all n ∈N0,

that is,

Z̃n+1 ≤ bC10b̃
n
(
Z̃1+μ1

n + Z̃1+μ2
n

)
for all n ∈N0, (3.12)

where Z̃n := Z2n and b̃ := b2. Applying Lemma 2.7 to (3.12) yields

Z2n = Z̃n → 0 as n → ∞ (3.13)

provided that

Z̃0 ≤ min

{
(2bC10)

− 1
μ1 b̃

− 1
μ2

1 , (2bC10)
− 1

μ2 b̃
− 1

μ1μ2
− μ2−μ1

μ2
2

}
. (3.14)

Again, from (3.11) we obtain

Z2(n+1)+1 ≤ C10b
2(n+1)

(
Z

1+μ1
2n+1 + Z

1+μ2
2n+1

)
for all n ∈N0,

which can be written as

Ẑn+1 ≤ b̃C10b̃
n
(
Ẑ1+μ1

n + Ẑ1+μ2
n

)
for all n ∈N, (3.15)

where Ẑn := Z2n+1. From Lemma 2.7 applied to (3.15) it follows that

Z2n+1 = Ẑn → 0 as n → ∞ (3.16)

provided that
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Ẑ0 ≤ min

{
(2b̃C10)

− 1
μ1 b̃

− 1
μ2

1 ,
(

2b̃C10

)− 1
μ2 b̃

− 1
μ1μ2

− μ2−μ1
μ2

2

}
. (3.17)

Note that

Ẑ0 = Z1 ≤ Z0 = Z̃0 ≤
∫

Aκ∗

|∇u|p(x) dx +
∫

Aκ∗

up∗(x) dx.

Therefore, by choosing κ∗ > 1 sufficiently large we have

∫
Aκ∗

|∇u|p(x) dx +
∫

Aκ∗

up∗(x) dx

≤ min

{
1, (2b̃C10)

− 1
μ1 b̃

− 1
μ2

1 ,
(

2b̃C10

)− 1
μ2 b̃

− 1
μ1μ2

− μ2−μ1
μ2

2

}
.

Hence, (3.3), (3.14) and (3.17) are fulfilled and we obtain (3.13) and (3.16). This means that

Zn =
∫

Aκn

|∇u|p(x) dx +
∫

Aκn

(u − κn)
p∗(x) dx → 0 as n → ∞.

In particular, we have

∫
�

(u − 2κ∗)p
∗(x)

+ dx = 0.

Consequently, (u − 2κ∗)+ = 0 a.e. in � and so

ess sup
�

u ≤ 2κ∗.

Replacing u by −u in the arguments above we also obtain

ess sup
�

(−u) ≤ 2κ∗.

Hence, ‖u‖∞ ≤ 2κ∗. This finishes the proof. �
4. The boundedness of solutions for the Neumann problem

In this section, we study the boundedness of solutions for the Neumann problem given in 
(1.2). We assume the following structure conditions on the functions involved.

H(p2): p ∈ C+(�) ∩ W 1,γ (�) for some γ > N .
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H(N): The functions A : � × R × RN → RN , B : � × R × RN → R and C : � × R → R are 
Carathéodory functions such that

(A1) |A(x, s, ξ)| ≤ a1|ξ |p(x)−1 + a2|s|p
∗(x)

p(x)−1
p(x) + a3 for a. a. x ∈ �,

(A2) A(x, s, ξ) · ξ ≥ a4|ξ |p(x) − a5|s|p∗(x) − a6 for a. a. x ∈ �,

(B) |B(x, s, ξ)| ≤ b1|ξ |p(x)
p∗(x)−1
p∗(x) + b2|s|p∗(x)−1 + b3 for a. a. x ∈ �,

(C) |C(x, s)| ≤ c1|s|p∗(x)−1 + c2, for a. a. x ∈ �,

for all s ∈ R, for all ξ ∈ RN and with positive constants aj , j ∈ {1, . . . , 6}, b
, 
 ∈
{1, 2, 3} and ck, k ∈ {1, 2}.

We say that u ∈ W 1,p(·)(�) is a weak solution of (1.2) if

∫
�

A(x,u,∇u) · ∇ϕ dx =
∫
�

B(x,u,∇u)ϕ dx +
∫
�

C(x,u)ϕ dσ (4.1)

holds for all test functions ϕ ∈ W 1,p(·)(�), where dσ denotes the usual (N − 1)-dimensional 
surface measure. By Propositions 2.4 and 2.5 along with the hypotheses H(N), H(p2) and (2.4)
we verify that the definition of a weak solution of problem (1.2) stated in (4.1) is well-defined.

The main result in this section is the following one about the boundedness of solutions of 
problem (1.2).

Theorem 4.1. Let hypotheses H(N) and H(p2) be satisfied. Then, any weak solution of problem 
(1.2) is of class L∞(�) ∩ L∞(�).

Proof. As before, since � is compact, for any R > 0, there exists a finite open cover {Bi(R)}mi=1

of balls Bi := Bi(R) with radius R such that � ⊂
m⋃

i=1
Bi and each �i := Bi ∩ � (i = 1, · · · , m) 

is a Lipschitz domain as well. We denote by I the set of all i ∈ {1, · · · , m} such that Bi ∩ � �= ∅
and take R > 0 sufficiently small such that

p+
i := max

x∈Bi∩�

p(x) < (p∗)−i := min
x∈Bi∩�

p∗(x) for all i ∈ {1, · · · ,m}

and

p+
i < (p∗)−i := min

x∈Bi∩�

p∗(x) for all i ∈ I. (4.2)

Let u be a weak solution to problem (1.2) and let κ∗ ≥ 1 be sufficiently large such that

∫
|∇u|p(x) dx +

∫
up∗(x) dx +

∫
up∗(x) dσ < 1, (4.3)
Aκ∗ Aκ∗ �κ∗
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where

Aκ := {x ∈ � : u(x) > κ} and �k := {x ∈ � : u(x) > κ} for k ∈R.

We define

Zn :=
∫

Aκn

|∇u|p(x) dx +
∫

Aκn

(u − κn)
p∗(x) dx +

∫
�κn

(u − κn)
p∗(x) dσ, (4.4)

where {κn}n∈N0 is defined as in the proof of Theorem 3.1. Since κn < κn+1, we have Aκn+1 ⊂ Aκn

and �κn+1 ⊂ �κn for all n ∈N0. Hence, it holds

Zn+1 ≤ Zn for all n ∈N0. (4.5)

Moreover, we have the following estimates (see the proof of Theorem 3.1)

u(x) ≤
(

2n+2 − 1
)

(u(x) − κn) for a. a. x ∈ Aκn+1 and for all n ∈ N0, (4.6)

u(x) ≤
(

2n+2 − 1
)

(u(x) − κn) for a. a. x ∈ �κn+1 and for all n ∈N0. (4.7)

As shown in (3.8) the following estimate holds true

|Aκn+1 | ≤
(p∗)+2(n+1)

κ
(p∗)−∗

Zn ≤ 2(n+1)(p∗)+Zn for all n ∈N0. (4.8)

In the following we will denote by Ci (i ∈N) positive constants which are independent of n and 
κ∗.

Claim 1. It holds that

∫
Aκn+1

(u − κn+1)
p∗(x) dx ≤ C12

n
(
(p∗)+

)2

p−
(
Z1+ν1

n + Z1+ν2
n

)
for all n ∈N0,

where

0 < ν1 := min
1≤i≤m

(p∗)−i
p+

i

− 1 ≤ ν2 := max
1≤i≤m

(p∗)−i
p+

i

− 1.

The proof of Claim 1 is the same as Claim 1 in Theorem 3.1.

Claim 2. There exist positive constants ν3, ν4 such that

∫
�κ

(u − κn+1)
p∗(x) dσ ≤ C22

n
(
(p∗)+

)2

p−
(
Z1+ν3

n + Z1+ν4
n

)
for all n ∈ N0.
n+1
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First, we see that

∫
�κn+1

(u − κn+1)
p∗(x) dσ =

∫
�

(u − κn+1)
p∗(x)
+ dσ

≤
∑
i∈I

∫
�∩∂�i

(u − κn+1)
p∗(x)
+ dσ.

(4.9)

Let i ∈ I . From Proposition 2.3, (4.3) and Proposition 2.5 for � = �i we have

∫
�∩∂�i

(u − κn+1)
p∗(x)
+ dσ

≤ ‖(u − κn+1)+‖(p∗)−i
Lp∗(·)(�∩∂�i)

≤ ‖(u − κn+1)+‖(p∗)−i
Lp∗(·)(∂�i)

≤ C3
[‖∇(u − κn+1)+‖Lp(·)(�i)

+ ‖(u − κn+1)+‖Lp(·)(�i)

](p∗)−i .

Then, by Proposition 2.3, (2.1) and (4.3) it follows

∫
�∩∂�i

(u − κn+1)
p∗(x)
+ dσ

≤ C4

⎛
⎜⎝∫

�i

|∇(u − κn+1)+|p(x) dx +
∫
�i

(u − κn+1)
p(x)
+ dx

⎞
⎟⎠

(p∗)
−
i

p
+
i

≤ C4

⎛
⎜⎝ ∫

Aκn+1

|∇u|p(x) dx +
∫

Aκn+1

(u − κn+1)
p∗(x) dx + |Aκn+1 |

⎞
⎟⎠

(p∗)
−
i

p
+
i

.

From this combined with (4.4), (4.5) as well as (4.8) we obtain

∫
�∩∂�i

(u − κn+1)
p∗(x)
+ dσ ≤ C52

n(p∗)+(p∗)
−
i

p
+
i Z

(p∗)
−
i

p
+
i

n . (4.10)

From (4.9) and (4.10) we conclude that

∫
(u − κn+1)

p∗(x)
+ dσ ≤ C62

n
(
(p∗)+

)2

p−
(
Z1+ν3

n + Z1+ν4
n

)
,

�
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where

0 < ν3 := min
i∈I

(p∗)−i
p+

i

− 1 ≤ ν4 := max
i∈I

(p∗)−i
p+

i

− 1;

see (4.2). This proves Claim 2.

Claim 3. It holds that

∫
Aκn+1

|∇u|p(x) dx ≤ C72
n

⎡
⎣
(
(p∗)+

)2

p− +(p∗)+
⎤
⎦ (

Z
1+μ1
n−1 + Z

1+μ2
n−1

)
for all n ∈N,

where

0 < μ1 := min
1≤i≤4

νi ≤ μ2 := max
1≤i≤4

νi .

Taking ϕ = (u − κn+1)+ ∈ W 1,p(·)(�) as test function in (4.1) gives

∫
�

A(x,u,∇u) · ∇ϕ dx =
∫
�

B(x,u,∇u)ϕ dx +
∫
�

C(x,u)ϕ dσ,

which can be written as

∫
Aκn+1

A(x,u,∇u) · ∇udx

=
∫

Aκn+1

B(x,u,∇u)(u − κn+1)dx +
∫

�κn+1

C(x,u)(u − κn+1)dσ.

(4.11)

As done in the proof of Theorem 3.1, by using (A2) and (B), we have the estimates

∫
Aκn+1

A(x,u,∇u) · ∇udx

≥ a4

∫
Aκn+1

|∇u|p(x) dx − max{a5, a6}
∫

Aκn+1

up∗(x) dx,

(4.12)

and
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∫
Aκn+1

B(x,u,∇u)(u − κn+1)dx

≤ εb1

∫
Aκn+1

|∇u|p(x) dx +
(
b1ε

−((p∗)+−1) + C7

) ∫
Aκn+1

up∗(x) dx

(4.13)

with ε ∈ (0, 1]. Note that u ≥ u − κn+1 > 0 and u > κn+1 ≥ 1 on �κn+1 . So, applying assumption 
(C) yields

∫
�κn+1

C(x,u)(u − κn+1)dσ ≤ c1

∫
�κn+1

up∗(x) dσ + c2

∫
�κn+1

1 dσ

≤ (c1 + c2)

∫
�κn+1

up∗(x) dσ.

(4.14)

Combining (4.11), (4.12), (4.13) and (4.14), taking ε = min{1, a4
2b1

} and using (4.6) as well as 
(4.7), we obtain

∫
Aκn+1

|∇u|p(x) dx

≤ C8

∫
Aκn+1

up∗(x) dx + C8

∫
�κn+1

up∗(x) dσ

≤ C8

∫
Aκn+1

[(
2n+2 − 1

)
(u − κn)

]p∗(x)

dx

+ C8

∫
�κn+1

[(
2n+2 − 1

)
(u − κn)

]p∗(x)

dσ.

Hence,

∫
Aκn+1

|∇u|p(x) dx ≤ C92n(p∗)+

⎡
⎢⎣∫
Aκn

(u − κn)
p∗(x) dx +

∫
�κn

(u − κn)
p∗(x) dσ

⎤
⎥⎦ .

Then, Claim 3 follows from the last inequality and Claims 1 and 2.
From Claims 1, 2 and 3 along with (4.5) one has

Zn+1 ≤ C10b
n
(
Z

1+μ1
n−1 + Z

1+μ2
n−1

)
for all n ∈N, (4.15)

where
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b := 2

⎡
⎣
(
(p∗)+

)2

p− +(p∗)+
⎤
⎦

> 1.

Repeating now the same arguments used in the proof of Theorem 3.1, by choosing κ∗ > 1 suffi-
ciently large such that

∫
Aκ∗

|∇u|p(x) dx +
∫

Aκ∗

up∗(x) dx +
∫

�κ∗

up∗(x) dσ

≤ min

{
1, (2b̃C10)

− 1
μ1 b̃

− 1
μ2

1 ,
(

2b̃C10

)− 1
μ2 b̃

− 1
μ1μ2

− μ2−μ1
μ2

2

}
,

where b̃ := b2, we deduce from (4.15) that

Zn =
∫

Aκn

|∇u|p(x) dx +
∫

Aκn

(u − κn)
p∗(x) dx +

∫
�κn

(u − κn)
p∗(x) dσ → 0

as n → ∞. This implies that

∫
�

(u − 2κ∗)p
∗(x)

+ dx +
∫
�

(u − 2κ∗)p∗(x)
+ dσ = 0.

Therefore, (u − 2κ∗)+ = 0 a.e. in � and (u − 2κ∗)+ = 0 a.e. on �. This means that

ess sup
�

u + ess sup
�

u ≤ 4κ∗.

Replacing u by −u in the arguments above we can show in the same way that

ess sup
�

(−u) + ess sup
�

(−u) ≤ 4κ∗.

Hence,

‖u‖L∞(�) + ‖u‖L∞(�) ≤ 4κ∗.

The proof is finished. �
5. The Hölder continuity

In this section we are concerning with the Hölder continuity of the solutions of the problems 
(1.1) and (1.2), respectively. In order to prove this we use the results from Sections 3 and 4, 
respectively, along with the work of Fan-Zhao [12]. A direct consequence is the Hölder continuity 
of the gradients of the solutions based on the paper of Fan [15]. To be more precise, we are going 
the prove the following results.
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Theorem 5.1. Let hypotheses H(D) and H(p1) be satisfied. Then, any weak solution of problem 
(1.1) is of class C0,α(�) for some α ∈ (0, 1].

Theorem 5.2. Let hypotheses H(N) and H(p2) be satisfied. Then, for any weak solution u of 
problem (1.2) it holds that u ∈ C0,α(�) for some α ∈ (0, 1). If in addition u ∈ C0,β1(�) for some 
β1 ∈ (0, 1), then u ∈ C0,β2(�) for some β2 ∈ (0, 1).

We will only prove Theorem 5.2 since the proof of Theorem 5.1 is similar and simpler. Let 
hypotheses H(N) and H(p2) be satisfied and let u ∈ W 1,p(·)(�) be a weak solution of problem 
(1.2). From Theorem 4.1 we know that u ∈ L∞ (�) ∩ L∞ (�). We fix x0 ∈ � and denote by Br

the ball centered at x0 with radius r > 0. Moreover, we set

�r := Br ∩ � and A(κ, r) := {x ∈ �r : u(x) > κ} for κ ∈ R

and

M0 := ‖u‖L∞(�) + ‖u‖L∞(�) .

Further, we denote by C a positive constant that depends only on M0 and the data and C can be 
different in different places.

The following Caccioppoli-type inequality is essential in the proof of the Hölder continuity 
based on De Giorgi’s iteration method.

Lemma 5.3. Let x0 ∈ �. Then it holds

∫
A(κ,r)

|∇u|p(x) dx ≤ C

∫
A(κ,R)

(
u − κ

R − r

)p(x)

dx + C |A(κ,R)| ,

for arbitrary 0 < r < R with BR ⊂ � and κ ≥ ess sup
BR

u − 2M0. The conclusion remains valid if 

we replace u by −u.

Proof. Let 0 < r < R with BR ⊂ � and and let κ ∈R be such that

κ ≥ ess sup
BR

u − 2M0.

Let η ∈ C∞
c

(
RN

)
be such that

0 ≤ η ≤ 1, supp(η) ⊂ BR, η ≡ 1 on Br and |∇η| ≤ 4

R − r
. (5.1)

Setting v = (u − κ)+ and testing (4.1) with ϕ = vηp+
gives
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∫
�

(A (x,u,∇u) · ∇v)ηp+
dx

= −p+
∫
�

(A (x,u,∇u) · ∇η)vηp+−1 dx +
∫
�

B (x,u,∇u)vηp+
dx.

(5.2)

Here we have used the fact that vηp+ ∈ W
1,p(·)
0 (�) and hence 

∫
�
C(x, u)vηp+

dσ = 0. We now 
estimate each term on both sides of (5.2). From assumption (A2) we have

∫
�

(A(x,u,∇u) · ∇v)ηp+
dx

=
∫

A(κ,R)

(A (x,u,∇u) · ∇u)ηp+
dx

≥ a4

∫
A(κ,R)

|∇u|p(x) ηp+
dx − a5

∫
A(κ,R)

|u|p∗(x) dx − a6

∫
A(κ,R)

1 dx

≥ a4

∫
A(κ,R)

|∇u|p(x) ηp+
dx − (a5 + a6)

(
M

(p∗)+
0 + 2

)
|A(κ,R) |

≥ a4

∫
A(κ,R)

|∇u|p(x) ηp+
dx − C |A(κ,R)| .

(5.3)

Now we can estimate the first term on the right hand side of (5.2) via hypothesis (A1). We obtain

− p+
∫

A(κ,R)

(A (x,u,∇u) · ∇η)vηp+−1 dx

≤ p+a1

∫
A(κ,R)

|∇u|p(x)−1 |∇η|vηp+−1 dx

+ p+a2

∫
A(κ,R)

|u|p∗(x)
p(x)−1
p(x) |∇η|vηp+−1 dx

+ p+a3

∫
A(κ,R)

|∇η|vηp+−1 dx.

(5.4)

The first term on the right-hand side of (5.4) can be estimated via Young’s inequality in order to 
get

p+a1

∫
|∇u|p(x)−1 |∇η|vηp+−1 dx
A(κ,R)
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= p+a1

∫
A(κ,R)

(
a4

3a1p+

) p(x)−1
p(x) |∇u|p(x)−1 ηp+−1

×
(

a4

3a1p+

)− p(x)−1
p(x) |∇η|v dx (5.5)

≤ a4

3

∫
A(κ,R)

|∇u|p(x) η
(p+−1)

p(x)
p(x)−1 dx + C

∫
A(κ,R)

|∇η|p(x) vp(x) dx

≤ a4

3

∫
A(κ,R)

|∇u|p(x) ηp+
dx + C

∫
A(κ,R)

|∇η|p(x) vp(x) dx.

For the second and the third term on the right-hand side of (5.4) we have

p+a2

∫
A(κ,R)

|u|p∗(x)
p(x)−1
p(x) |∇η|vηp+−1 dx

≤ p+a2

(
M

(
p∗(x)

p(x)−1
p(x)

)+

0 + 1

) ∫
A(κ,R)

|∇η|v dx

≤ C |∇η|p(x) vp(x) dx + C|A(κ,R) |

(5.6)

and

p+a3

∫
A(κ,R)

|∇η|vηp+−1 dx ≤ C

∫
A(κ,R)

|∇η|p(x) vp(x) dx + C |A(κ,R)| . (5.7)

Combining (5.5), (5.6) and (5.7) with (5.4) leads to

− p+
∫

A(κ,R)

(A (x,u,∇u) · ∇η)vηp+−1 dx

≤ a4

3

∫
A(κ,R)

|∇u|p(x) ηp+
dx + C

∫
A(κ,R)

|∇η|p(x) vp(x) dx + C |A(κ,R)| .
(5.8)

We finally estimate the last term on the right hand side of (5.2). It follows from hypothesis 
(B) that

∫
�

B (x,u,∇u)vηp+
dx

=
∫

B (x,u,∇u)vηp+
dx (5.9)
BR
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≤ b1

∫
A(κ,R)

|∇u|p(x)
p∗(x)−1
p∗(x) vηp+

dx + b2

∫
A(κ,R)

|u|p∗(x)−1 vηp+
dx

+ b3|A(κ,R) |.

Since 0 < v ≤ 2M0 on A(κ, R) we get by applying Young’s inequality

b1

∫
A(κ,R)

|∇u|p(x)
p∗(x)−1
p∗(x) vηp+

dx

≤ 2b1M0

∫
A(κ,R)

|∇u|p(x)
p∗(x)−1
p∗(x) ηp+

dx

= 2b1M0

∫
A(κ,R)

(
a4

6b1M0

) p∗(x)−1
p∗(x) |∇u|p(x)

p∗(x)−1
p∗(x) ηp+

×
(

a4

6b1M0

)− p∗(x)−1
p∗(x)

dx

≤ a4

3

∫
A(κ,R)

|∇u|p(x) ηp+
dx + C |A(κ,R)|

(5.10)

and

b2

∫
A(κ,R)

|u|p∗(x)−1 vηp+
dx ≤ 2b2(M0 + 1)(p

∗)+ |A(κ,R)| . (5.11)

From (5.9), (5.10) and (5.11) we obtain

∫
�

B (x,u,∇u)vηp+
dx ≤ a4

3

∫
A(κ,R)

|∇u|p(x) ηp+
dx + C |A(κ,R)| . (5.12)

Combining (5.2), (5.3), (5.8) and (5.12), we arrive at

∫
A(κ,R)

|∇u|p(x) ηp+
dx ≤ C

∫
A(κ,R)

|∇η|p(x) vp(x) dx + C |A(κ,R)| .

From this and (5.1) we conclude that

∫
A(κ,r)

|∇u|p(x) dx ≤ C

∫
A(κ,R)

(
u − κ

R − r

)p(x)

dx + C |A(κ,R)| .

The proof is complete. �
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Similarly we have the following result.

Lemma 5.4. Let x0 ∈ �. Then it holds

∫
A(κ,r)

|∇u|p(x) dx ≤ C

∫
A(κ,R)

(
u − κ

R − r

)p(x)

dx + C |A(κ,R)| , (5.13)

for arbitrary 0 < r < R with BR ∩� �= ∅ and κ ≥ max
{
ess sup

�R

u −2M0, ess sup
�R

u
}
, where �R :=

� ∩ BR . The conclusion remains valid if we replace u by −u.

Proof. Let 0 < r < R with BR ∩ � �= ∅ and let κ ∈R be such that

κ ≥ max
{
ess sup

�R

u − 2M0, ess sup
�R

u
}
.

Let η and v be as in the proof of Lemma 5.3. Then, testing (1.2) with ϕ = vηp+
, we get∫

�

(A (x,u,∇u) · ∇v)ηp+
dx

= −p+
∫
�

(A (x,u,∇u) · ∇η)vηp+−1 dx

+
∫
�

B (x,u,∇u)vηp+
dx +

∫
�

C(x,u)vηp+−1 dσ.

(5.14)

From hypothesis (C) and Sobolev’s imbedding we have∫
�

C(x,u)vηp+−1 dσ

≤ c1

∫
�R

|u|p∗(x)−1vηp+
dσ + c2

∫
�R

vηp+
dσ

≤ C

∫
�R

vηp+
dσ

≤ C

∫
∂�R

vηp+
dσ

≤ C

⎡
⎢⎣∫
�R

vηp+
dx +

∫
�R

∣∣∣∇ (vηp+)∣∣∣ dx

⎤
⎥⎦ .

(5.15)

From (5.15), the fact that 0 ≤ v ≤ 2M0 on �R and applying Young’s inequality we deduce
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∫
�

C(x,u)vηp+−1 dσ

≤ a4

6

∫
A(κ,R)

|∇u|p(x) ηp+
dx + C

∫
A(κ,R)

|∇η|p(x) vp(x) dx

+ C |A(κ,R)| ,

(5.16)

see (5.1) and (5.7). Combining (5.3), (5.8), (5.12), (5.14) and (5.16) gives the desired estimate in 
(5.13). The proof is complete. �

We are now in a position to state the proof of Theorem 5.2.

Proof of Theorem 5.2. By Theorem 4.1 we have that L∞(�) ∩ L∞(�). Then by Lemma 5.3
and Theorem 2.1 of Fan-Zhao [12] we obtain u ∈ C0,α(�) for some α ∈ (0, 1). If in addition 
u ∈ C0,β1(�) for some β1 ∈ (0, 1), then by Lemma 5.4 and Theorem 2.2 of Fan-Zhao [12] we 
infer that u ∈ C0,β2(�) for some β2 ∈ (0, 1). �

Finally, let us discuss the C1,α-regularity of solutions to problems (1.1) and (1.2) when the 
function A : � ×R ×RN → RN satisfies further assumptions.

To this end, we suppose the following.

H(p3): p ∈ C+(�) ∩ C0,μ(�) for some μ ∈ (0, 1);
H(A): A = (A1, · · · , AN) ∈ C(� × R × RN, RN). For each (x, s) ∈ � × R, A(x, s, ·) ∈

C1(RN \ {0}, RN) and there exist a nonnegative constant k ≥ 0, a nonincreasing 
continuous function λ : [0, ∞) → (0, ∞) and a nondecreasing continuous function 
� : [0, ∞) → (0, ∞) such that for all x, x1, x2 ∈ �, s, s1, s2 ∈ R, ξ ∈ RN \ {0} and 
ζ = (ζ1, · · · , ζN) ∈ RN , the subsequent following conditions are satisfied:

A(x, s,0) = 0,∑
i,j

∂Aj

∂ξi

(x, s, ξ)ζiζj ≥ λ(|s|)(k + |ξ |2) p(x)−2
2 |ζ |2,

∑
i,j

∣∣∣∣∂Aj

∂ξi

(x, s, ξ)

∣∣∣∣≤ �(|s|)(k + |ξ |2) p(x)−2
2 ,

and

|A(x, s1, ξ) − A(x, s2, ξ)|
≤ �(max{|s1|, |s2|})

(|x1 − x2|μ1 + |s1 − s2|μ2
)

×
[(

k + |ξ |2
) p(x1)−2

2 +
(
k + |ξ |2

) p(x2)−2
2

]
|ξ |
(

1 +
∣∣∣log

(
k + |ξ |2

)∣∣∣) .

Then, in view of Theorems 3.1, 4.1 and Theorems 5.1, 5.2 above along with Theorems 1.1-1.3 
of Fan [15] we have the following results.
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Theorem 5.5. Let hypotheses H(D), H(p3) and H(A) be satisfied. Then, any weak solution u of 
problem (1.1) is of class C1,α

loc (�) for some α ∈ (0, 1). Furthermore, if in addition � is of class 
C1,β , then u ∈ C1,α(�) for some α ∈ (0, 1).

Theorem 5.6. Assume that � is of class C1,β and let the hypotheses H(N) and H(A) be satisfied. 
Further, let p ∈ C+(�) ∩ W 1,γ (�) for some γ > N and let C ∈ C(� ×R, R) be such that

|C(x1, s1) − C(x2, s2) ≤ �(max{|s1|, |s2|})
(|x1 − x2|δ1 + |s1 − s2|δ2

)
,

for all x1, x2 ∈ �, for all s1, s2 ∈R, where � is as in H(A). Then, any weak solution u of problem 
(1.2) belongs to C1,α(�) for some α ∈ (0, 1).

Remark 5.7. Note that condition H(p3) is automatically satisfied in Theorem 5.6 due to p ∈
C+(�) ∩ W 1,γ (�) for some γ > N and (2.4).
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[41] K.R. Rajagopal, M. Růžička, Mathematical modeling of electrorheological materials, Contin. Mech. Thermodyn. 

13 (2001) 59–78.
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