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Abstract

In this paper we prove the boundedness and Holder continuity of quasilinear elliptic problems involving
variable exponents for a homogeneous Dirichlet and a nonhomogeneous Neumann boundary condition,
respectively. The novelty of our work is the fact that we allow critical growth even on the boundary and so
we close the gap in the papers of Fan-Zhao (1999) [12] and Winkert-Zacher (2012) [47] in which the critical
cases are excluded. Our approach is based on a modified version of De Giorgi’s iteration technique along
with the localization method. As a consequence of our results, the C 1""-regularity follows immediately.
© 2022 Elsevier Inc. All rights reserved.

MSC: 35B45; 35B65; 35D30; 35160; 46E35

Keywords: A-priori bounds; De Giorgi iteration; Holder continuity; Localization method; p(-)-Laplacian; Variable
exponent Lebesgue and Sobolev spaces

* Corresponding author.
E-mail addresses: kyhn@ueh.edu.vn (K. Ho), kyh1213@smu.ac.kr (Y.-H. Kim), winkert@math.tu-berlin.de
(P. Winkert), czhangmath @hit.edu.cn (C. Zhang).

https://doi.org/10.1016/j.jde.2022.01.004
0022-0396/© 2022 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2022.01.004&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2022.01.004
http://www.elsevier.com/locate/jde
mailto:kyhn@ueh.edu.vn
mailto:kyh1213@smu.ac.kr
mailto:winkert@math.tu-berlin.de
mailto:czhangmath@hit.edu.cn
https://doi.org/10.1016/j.jde.2022.01.004

K. Ho, Y.-H. Kim, P. Winkert et al. Journal of Differential Equations 313 (2022) 503-532

1. Introduction

Let @ ¢ RY (N > 2) be a bounded domain with Lipschitz boundary T" := 3 and let p €
C(Q) besuchthat | < p~ := ming p. In this paper, we investigate the boundedness and Holder
continuity of weak solutions to quasilinear elliptic problems defined in variable exponent Sobolev
spaces involving critical growth of the general form

—div A(x,u, Vu) = B(x, u, Vu) in €,
(1.1)

u=0 onl,
and

—div A(x, u, Vu) = B(x, u, Vu) in €,
A, u, Vu) -v==C(x, u) onT,

(1.2)

where v(x) denotes the outer unit normal of 2 at x € I" and the functions A: Q xR x RN > RNV,
B: QxR xRN - R aswell as C: I' x R — R are Carathéodory functions which satisfy
suitable p(-)-structure conditions, see H(D), H(N) and H(A) in Sections 3, 4 and 5, respectively,
for the precise assumptions.

An important special case of (1.1) and (1.2) which is included in our setting is given by

—Apou=B(x,u,Vu) inQ, u=0 onT,
—Apyu=B(x,u,Vu) in g, IVulPO2Vy v =C(x,u) onT,

where A () denotes the so-called p(-)-Laplace differential operator which is given by
Apyu = div([VuPO72Vu)  foru € Wy (Q) or WHPO(Q). (1.3)

Note that A () reduces to the well-known p-Laplacian A, when p(x) = p is a constant.

Nonlinear equations of the form considered in (1.1) and (1.2) involving variable exponents in
the structure conditions are usually called equations with nonstandard growth. Such equations are
of great interest and appear in the mathematical modeling of certain physical phenomena, for ex-
ample in fluid dynamics (flows of electro-rheological fluids or fluids with temperature-dependent
viscosity), in nonlinear viscoelasticity, in image processing and in processes of filtration through
porous media, see for example, Acerbi-Mingione-Seregin [2], Antontsev-Diaz-Shmarev [3],
Antontsev-Rodrigues [4], Chen-Levine-Rao [5], Diening [8], Rajagopal-Ruzicka [41], Ruzicka
[42] and Zhikov [53,55] and the references therein.

The p(-)-Laplace differential operator given in (1.3) is related to the energy functional

u+—>/|Vu|p(x)dx, (1.4)
Q

which was first used to illustrate models for strongly anisotropic materials, see Zhikov [52,54,55],
that is, in a material made of different components, the exponent p(-) dictates the geometry of a
composite that changes its hardening exponent according to the point. We refer to the paper of
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Acerbi-Mingione [1] who developed gradient estimates and qualitative properties of minimizers
of energies that have variable exponents as in (1.4).

Global a priori bounds for classes of elliptic problems with different boundary condition are
important results in the theory of differential equations and often guarantee further knowledge
about the smoothness of solutions. We mention the famous works of Lieberman [29,31] stating
the C1**-regularity up to the boundary of solutions to partial differential equations of second or-
der both with nonhomogeneous Dirichlet- and nonlinear Neumann boundary condition. A crucial
condition for the application of such results is the boundedness of the solutions. The correspond-
ing C Le_result for equations with p(-)-structure has been published by Fan [15]. In order to
obtain such results, most of the papers make use of the so-called De Giorgi-Nash-Moser theory
which provides iterative methods based on truncation techniques to get L°°-bounds for certain
equations, see the works of De Giorgi [6], Nash [37] and Moser [35]. The techniques developed
in these papers provided powerful tools to prove local and global boundedness, the Harnack
and the weak Harnack inequality and the Holder continuity of weak solutions. For more in-
formation we refer to the monographs of Gilbarg-Trudinger [20], LadyZenskaja-Ural’ceva [27],
LadyZenskaja-Solonnikov-Ural’ceva [28] and Lieberman [30].

In the present paper we are going to prove the boundedness and Holder continuity of weak
solutions of the problems (1.1) and (1.2). The novelty in our work is the fact that we allow critical
growth on the perturbations 53 and C, so in the domain and on the boundary. With our work we
close the gap of the papers of Fan-Zhao [12] for the Dirichlet and Winkert-Zacher [47,48] for the
Neumann problem for the subcritical case. Indeed, in these papers the critical cases are excluded
and cannot be realized with their treatment. However, we will adopt some ideas and found a
way to overcome the problem with the critical exponents by a modified version of De Giorgi’s
iteration technique along with an appropriate application of the localization method.

Let us comment on some relevant known results on quasilinear elliptic problems with p-
and p(-)-structure. Concerning boundedness results for elliptic problems driven by the p- or
(p, qg)-Laplacian we refer to the papers of Garcia Azorero-Peral Alonso-Manfredi [18] (for
homogeneous Dirichlet condition), Motreanu-Motreanu-Papageorgiou [36] (for homogeneous
Neumann condition) and Winkert [45] (for nonhomogeneous Neumann condition). All these
works are working with a De Giorgi-Nash-Moser iteration technique but only for the subcrit-
ical case. In the critical constant exponent case for Neumann problems we refer to the papers
of Papageorgiou-Radulescu [38] (critical growth in the domain) and Marino-Winkert [34] (crit-
ical growth even on the boundary). For elliptic problems with p(-)-structure, the first work has
been done by Fan-Zhao [12] who proved the boundedness and Holder continuity for weak so-
lutions of problem (1.1) in the subcritical case. The corresponding cases with a homogeneous
and nonhomogeneous Neumann boundary condition are proved in Gasifiski-Papageorgiou [19]
and Winkert-Zacher [47,48], respectively. All these works treated only problems with subcritical
growth. A priori bounds for degenerate elliptic equations with variable growth can be found in
Ho-Sim [25,24] based on the methods of [12] and [47]. Boundedness results for weighted elliptic
equations with variable exponents and convection term have been developed in Ho-Sim [23] and
a priori bounds for the fractional p(-)-Laplacian are recently studied by Ho-Kim [22]. To the
best of our knowledge, there exists no work for boundedness results and Holder continuity for
problems (1.1) and (1.2) involving functions that have critical growth.

Finally, we mention papers which are very close to our topic dealing with certain types of
a priori bounds for equations with p- or p(-)-structure. We refer to Ding-Zhang-Zhou [10,11],
Garcia Azorero-Peral Alonso [17], Guedda-Véron [21], Marino-Winkert [32,33], Pucci-Servadei
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[40], Wang [43], Winkert [44,46], Winkert-Zacher [49], Zhang-Zhou [50], Zhang-Zhou-Xue [51]
and the references therein.

The paper is organized as follows. In Section 2 we recall the basic properties of variable
Lebesgue and Sobolev spaces and state the main tools which we will need in later sections. The
boundedness of weak solutions of problem (1.1) is then presented in Section 3, see Theorem 3.1.
In Section 4 we prove the boundedness of weak solutions for problem (1.2), see Theorem 4.1,
and Section 5 is concerned with the Holder continuity of weak solutions for both, (1.1) and
(1.2). These results are stated in Theorems 5.5 and 5.6, respectively. Finally, we mention the
Cl%_regularity of weak solutions due to Fan [15].

2. Preliminaries and notations
In this section we recall some basic facts about Lebesgue and Sobolev spaces with variable

exponents, see, for example Fan-Zhao [13] and Kovééik-Rékosm’_k [26]. To this _end, let Q be a
bounded domain in R with Lipschitz boundary T'. For p € C4(R2), where C4 () is given by

C.(Q=(heC(Q) :1<h(x)forall x € Q},

we denote

p :=inf p(x) and pT:=supp(x).
xe xeQ

Moreove& let M(2) be the space of all measurable functions u:  — R. Then, for a given
p € C4(RQ), the variable exponent Lebesgue space L) () is defined as

LPOQ) ={ueME) : /|u|p(x) dx < 00
Q

equipped with the Luxemburg norm given by

p(x)

M dx <1

A

lullpoy =inf 4 >0 : /
Q

The following propositions can be found in Diening-Harjulehto-Hasto-Riazicka [9].

Proposition 2.1. Let s,r € C+(§) be such that s(x) < r(x) for all x € Q. Then, L"O(Q) C
LO(Q) and

lllsey <200+ 12D lullyo)  forallu e L™O(Q).
Proposition 2.2. The space L’ () is a separable and uniformly convex Banach space and its
conjugate space is L? (), where 1/p(x) + 1/p’(x) = 1 for all x € Q. For any u € LPY)(Q)

and for any v € L' O(Q), we have
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/uvdx < 2{ullpylivliprey-
Q

The corresponding modular p: L?®)(Q) — R is given by

p(u)=/|u|”(x) dr forallu e LP(Q).
Q

The following proposition shows the relation between the norm || - || 5(.) and the modular p.
Proposition 2.3. For all u € L") (Q) we have the following assertions:

@) lullpey <1 (resp. =1, > 1) ifand only if p(u) <1 (resp. =1, > 1);
.. . - +
G1) if lullpey > 1, then IIMllﬁgr.) =p) < IIMII§S):
Gii) i ull oy < 1, then ) < p(u) < ull?.
Consequently, the following inequality holds true
- +
lallpey = 1< p@) < llullh +1 forallue L?O(Q).

The corresponding variable exponent Sobolev spaces can be defined in the same way using
the variable exponent Lebesgue spaces. For p € C(2) the variable exponent Sobolev space
wrO(Q) is defined by

WhrO(Q) = {u e LPOQ) : |Vul e L”(')(Q)}
endowed with the norm

lullt,pey = lull pey + IVull pey  forallu e whrO (),

where [|Vul| ¢y = Il [Vul || o). On WEPO(Q), the norm || - [|1, () is equivalent to

\V4 p(x) px)
lull :=infd 1 >0 : / ulx) ulx) dx <1
A A
Q
with the relation
1 .
Sl pey < llull < 20l pe) - forallu e whrO (). 2.1)

MOI‘eOVCI‘, we deﬁne
l,U . H” p(
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The spaces whrO(Q) and Wol‘p (‘)(Q) are both separable and reflexive Banach spaces, in fact
uniformly convex Banach spaces. In the space Wé PO (£2), the Poincar€ inequality holds, namely

L.p(
lull poy < col Vull o) forall u e Wy'P (@)
with some ¢g > 0. Therefore, we can consider on Wé’p (')(Q) the equivalent norm
1Lp(
lullo=1Vull p¢) forallue Wo'p()(Q).

For p € C,(Q) we introduce the critical Sobolev variable exponent p* and the corresponding
one p, on the boundary defined by

Npx) if N _
prx)={ NP Pl <N, for all x € Q
00 if N < p(x),
and
(N-Dpx) if N
pe(x) = { N=p@) PO <N, forallx eT.
00

it N < p(x),

It is well known that W20 (Q) — LI0(Q) is compactly embedded for any g € C (Q) satisfy-
ing 1 <¢q(x) < p*(x) for all x € Q, see, for example, Fan [16], and that wlrO(Q)— L")
is compactly embedded for any r € C(I') satisfying 1 < r(x) < p«(x) for all x € T, see, for
example, Fan [14, Corollary 2.4].

In order to state critical embeddings, we need more regularity on the function p. To this end,

1 J— —_
we denote by ¢ Trogr (£2) the set of all functions 4 : € — R that are log-Holder continuous, that
is, there exists C > 0 such that

C — 1
|h(x) —h(y)|< ————— forall x, y € Q with |[x — y| < =.
[log|x — yl| 2

Now we can state the critical embedding from W70 () into L?*")(R), see Diening-
Harjulehto-Histo-Ruizicka [9, Corollary 8.3.2] or Fan [16, Proposition 2.2].

Proposition 2.4. Let p € C 0. ag (Q) N CL(Q) and let g € C(Q) be such that
1 <g(x)<p*(x) forallxeQ.
Then, we have the continuous embedding
WLP(')(Q) s LQ(‘)(Q)'
In particular, we have

lullyey < Cllullt pey forallu e WHPO(Q).
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If q(x) < p*(x) for all x € Q, then the embedding above is compact.

The next theorem is an extension of the classical boundary trace embedding theorem for

1 —
the variable exponent case which requires that p belongs a subclass of C O’W(Q). The case
pT < N was obtained in Fan [14, Theorem 2.1] and this restriction can be avoided as shown in
the following proposition.

Proposition 2.5. Suppose that p € C(Q) N WLV (Q) for some y > N. Let s € C(Q) be such
that

1 <s(x) < py(x) forallxeQ
Then, it holds that
whrO (@) — L*O(T)
is continuously embedded.

Proof. Let s € C(Q) satisfying 1 < s(x) < py(x) for all x € Q. We fix r > sT and define

Al Nr
T N—1+r"
Then 7 < N and
N —1Dr
r= q 2.2)
N-—r
For x € Q, we define
- (x) if p(x) <F,
po) = {f’ L= 2.3)
if p(x) >r.

Itis clear that p € CL(Q)N WY (Q) and pt <7 < N.If p(x) < 7, then by (2.3), we have

(N = 1Dp(x)

$(¥) < p(x) = —— HE)

In the case p(x) > 7, by the choice of r, (2.2) and (2.3), we obtain

(N-DF (N =Dpx)

s(x)<r= — = =
N—r N — p(x)
Thus we derive
N-—-1)p _
s(x) < w =: py(x) forallx € Q.
N — p(x)
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Hence, from Fan [14, Theorem 2.1] we get the continuous embeddings
WhPO(Q) s LPO) s L5O(T).
The proof is complete. O

Remark 2.6. Note that for a bounded domain & € RY and y > N we have the following inclu-
sions

01,5 1 0,1-% = 0, = &
cCH(QQcCcwr@cc v (2) C C el (). 24
The following lemma concerning the geometric convergence of sequences of numbers will be
needed for the De Giorgi iteration arguments below. It can be found in Ho-Sim [24, Lemma 4.3].
The case p; = uy is contained in LadyZenskaja-Solonnikov-Ural’ceva [28, Chapter II, Lemma

5.6], see also DiBenedetto [7, Chapter I, Lemma 4.1].

Lemma 2.7. Let {Z,},n =0, 1,2, ..., be a sequence of positive numbers, satisfying the recur-
sion inequality

Zupi < Kb (ZPH0 4 Z)02), n=0,12,...,
forsome b > 1, K >0and py > uy > 0. If

2
1

1 -5
Zofmin<1,(2K) i b “>

or

. S B L0
Zo < min ((ZK)Mb “QK) mp M )

then Z, <1 for some n € N U {0}. Moreover,

1
7 _n

1 n
anmin<1,(2K)“1b " b “1>, Sor all n > ny,

where nq is the smallest n € N U {0} satisfying Z,, < 1. In particular, Z,, — 0 as n — 00.
In what follows we write
v+ :=max{v,0} and v_:=max{—v,0}.
Moreover, we denote by | E| the N-dimensional Lebesgue measure of E C RV,
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For p € C1 () we redefine the critical variable exponents to p by

p*(x) if pT <N, —
pr(x) = P 1 pe= for all x € Q
q1(x) if N<p™F,
and
pe(x) if pt <N, —
p(x) = for all x € L,

g2(x) if N <pt,

where g1, g2 € C(_§) are arbitrarily chosen such that p(x) < g;(x) < p*(x) and p(x) < g2(x) <
D+ (x) forall x € Q.

3. The boundedness of solutions for the Dirichlet problem

In this section, we study the boundedness of weak solutions for the Dirichlet problem given
in (1.1). We suppose the following structure conditions on the data.

1 — —
H(pl): p e ol (Q) N C4(Q).
H(D): The functions A: @ x R x R¥ — RY and B: Q@ x R x R¥ — R are Carathéodory
functions such that

px)—1

(Al [AGx,5,6) <a|E]PD7! 4 agls|” D50 4 a3,
(A2) A(x,s,&)-& > aglg|P™ —as|s|P" ™) — g,

* -1 %
B) 1B(x,s5.8) < bi|E]"D 0 4 byls|?" D71 4 by,

fora.a. x € Q, forall s € R, for all £ € R and with positive constants aj,jefl, ..., 6}
and by, € € {1,2, 3}.

A function u € Wé "PO(Q) is called a weak solution of problem (1.1) if

/A(x,u,Vu)-V(pdx:/B(x,u,Vu)godx 3.1
Q Q

is satisfied for all test functions ¢ € WOl P (')(Q). By Proposition 2.4 along with the hypotheses
H(D) and H(p1) it is easy to see that the definition above is well-defined.

The main result in this section is the following theorem about the boundedness of weak so-
lutions of problem (1.1). The proof is based on ideas of the paper of Winkert-Zacher [47] by
applying De Giorgi’s iteration technique along with the localization method.

Theorem 3.1. Let hypotheses H(D) and H(pl) be satisfied. Then, any weak solution of problem
(1.1) is of class L*°(S2).
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Proof. The compactness of Q implies that, for any R > 0, there exists a finite open cover

,,,,,

i=1

Papageorgiou-Winkert [39, 1.4.86]) and each 2; := B; NQ (i =1, ---, m) is a Lipschitz domain

as well. We may take R sufficiently small such that

pl?" = max_p(x) <(p*); := min p*(x) forallie{l,---,m}.

xeB;NQ2 xeB;NQ

Let u be a weak solution of problem (1.1). Let x4 > 1 be sufficiently large such that

/|Vu|”(")dx+/up*(")dx<l,
A Ay

where Ay :={x € Q : u(x) > «} forx € R.
We define

Zn :=/|Vu|p(x)dx+/(u—/cn)p*(x)dx,
A

Kn Kn

where

1
Kn = Ky (2— 27) forne Ng={0,1,2,...}.
Obviously, it holds

Kkn /1 2k and ky <k, <24 forall n € Ny.

Since «, < kpy1 and Ay, C Ay, for all n € Ny, we have

Zn+1 < Z, foralln e Ny.

Moreover, for x € Ay, ,, we see that

u(x) — k> u(x) (1— “n ) u(x)

Kn1 Tont2 _1°

Hence, we obtain

u(x) < (2’hL2 —D@(x) —«,) fora.a.xeA and for all n € Ny.

Kn+1
Furthermore, we have
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|A 1|< / _UTn p(X)dx
T Kn+1 — Kn

Kn+1
2p* () (n+1) .
< / p*(x) (H - Kn)p ) dx
'y Kx

2 (P (n+1) (3.8)

Kip*)‘

/ (u = ten)?” @ dx
A

Kn

2 (Pt (n+1)

o — n
Kip)

<2 @tD 7 forall n € Ny.

In the rest of the proof, we denote by C; (i € N) positive constants which are independent of
n and K.

Claim 1. There exist positive constants (L1, L2 such that

w9+’

(u — Kn+1)p*(x) dx<Ci2 » (Zrllﬂ“ + Z,IL'H‘Z) for all n € Ny.

A‘(nJrl

First, note that

/ (u— KnJrl)p*(X) dx = _/(u - Kn+1)-’:(X) dx
Q

A")H»l

; (3.9)
< Z[(u — k)P d.
i=l1 Q

Leti €{l,---,m}. From (3.3), (3.5), Proposition 2.3(i), (iii) and Proposition 2.4 for Q2 = Q; we
have

*

/(u - Kn+1)i
Q;
Py

= ”(” - Kﬂ+1)+”Lp*(.)(Qi)

(*) dx

<G IV = kny D+l pror g, + 11— Kn+])+||”(_)(9i)](ﬂ i
Then, again by Proposition 2.3 along with (2.1) and (3.3) this leads to
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/w—mﬁﬁmmx
Q;

<3 [WW—MHMW”M+ =ty 1) dx
Q; Q;

<Cj3 / |vu|p(x) dx + / (u _Kn+1)p*(x)dx+ [As, i1

\A"n+l AKn+1

From this, (3.4), (3.6) and (3.8) we obtain

n(p*) T ("7 (p*:_f

/w—mmf“wsaz oz,
Q;

Combining this with (3.9) gives

n((p*>+)2

[t Var e (s zhie),
Q

where
k\— )\ —
0 < w1 := min ) — 1<y := max (p_zl -1
1<i<m D; 1<i<m D;
in view of (3.2). This proves Claim 1.
Claim 2. It holds that
*y+ 2
n |: ((pp)_ ) +(p*)+:|
f IVuP®) dx < Cg2 (zy71+2,71%) forallneN.

A’(n+l

Testing (3.1) with ¢ = (u — kni1)+ € Wy "7 () yields

/NL%WWVW—Mﬂhm=/BW%VWW—MHMM,
Q Q

which can be written as
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/ A(x,u,Vu) - Vudx = / B(x,u, Vu)(u — kp41)dx. (3.10)
A"n+1 AKn+1
Since u > u — kp11 > 0 and u > k41 > 1 on Ay, , using hypotheses (A2) and (B) and taking

into account Young’s inequality with ¢ € (0, 1], we estimate each term in (3.10) in order to get

/ A(x,u,Vu) - Vudx

A'(n+1

>ay / |Vu|P™) dx — as / u”*(x)dx—% / 1dx

A'(nJrl A’(n+1 A’(n+1

> ay / |Vu|P™ dx — max{as, ag} / ul” ™ dx,

A"n+l A"n+l

and

/ Bx,u, Vu)(u — k1) dx
A

Kn1

<b / |Vu|p(x)%udx + by / u?" @ dx + by / 1dx
Ay 41 Akpyq Ay

<b / [8%|Vu|p(x)%g_p;5‘x&>l u} dx +Cy / AR
A At

< b f £|VulP® dx + by / e~ (P @=1,P"® gy 4 ¢y f W70 gy
A Acni Ay

< &by / |Vu|P™) dx + (bla_(("’*)+_l) + C7> / WP ) .

A'(n+1 A'(n+1

Taking &€ = min{1, 2’174'} and combining the estimates above with (3.10) and then using (3.7), we
obtain

f |VulP® dx < Cg / uP" @ dx

A’(n+1 A"n+l

<Cs / (@ = D=k

A

P¥x)
] dx.

Kn+41
Hence,
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/ [Vu|P@ dx < €2 P" / = r)? @ dx.

A"n+1 Q@

Then, Claim 2 follows from the last inequality and Claim 1.
From Claims | and 2 along with (3.6) we conclude that

Zy41 < Crod" (ZH’“ + Zl+“2) foralln e N,

n—1 n—1

where
((]7*)+)2 *\+
po=2l 7 TPy
This yields
Loty < C10b2n+1 (Z;:M + Zé:uz) for all n € Ny,
that is,

Zni1 <bCroh" (Z}ﬁm 4 Z},*MZ) for all n € No,

where Z, := Z», and b := b>. Applying Lemma 2.7 to (3.12) yields
Z2n=2n—>0 asn — oo

provided that

~ N B
Zogmin{(2bC10) mep oM

Again, from (3.11) we obtain

Zomityr1 < Crob?@+h (Z”“1 i ZH”Q) for all € Ny,

2n+1 2n+1

which can be written as
Znt1 < bCrob" (2,1‘”” + 2,1+“2> foralln e N,

where Zn := Zop+1. From Lemma 2.7 applied to (3.15) it follows that

A

Zoywy1=2,—0 asn— o0
provided that
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A ~ 1L NSy et
Zo <min{ (2bC19) "t b M',(Zbclo) heop Mg (3.17)
Note that
Zo=21<Z0="2< / |Vu|P™) dx + / ul” ™ dx.
Ay A,
Therefore, by choosing k. > 1 sufficiently large we have
/ |ValP® dx + f u?" ™ d
Ay A,
~ _1 5 ]
<min {1, (2bCio) " b “1,(2bC10> B2 potz g L

Hence, (3.3), (3.14) and (3.17) are fulfilled and we obtain (3.13) and (3.16). This means that

ZnZ/|Vu|p(x)dx+/(u—/c,,)”*(x)dx—>0 as n — 0o.
Ay A

In particular, we have

/(u — 20" dx =0.
Q

Consequently, (1 — 2«4)+ =0 a.e. in  and so

esssup u < 2ky.
Q

Replacing u# by —u in the arguments above we also obtain

esssup (—u) < 2ky.
Q

Hence, ||u||co < 2k. This finishes the proof. O

4. The boundedness of solutions for the Neumann problem

In this section, we study the boundedness of solutions for the Neumann problem given in
(1.2). We assume the following structure conditions on the functions involved.
H(p2): p e C4(Q)NWLY(Q) for some y > N.
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H(N): The functions A: Q x RxRY > RY B: QxR xRY > RandC: ' x R — R are
Carathéodory functions such that

px)—1

(AD) A, s, 5)] <a|E]PO7 $anls|? D50 tay fora.a.x € 2,
(A2) A(x,s.8) &= aslg|’™ — as|s|”" ™ — ag fora.a.x € Q,

pr)—1 «
B) |B(x,s5,6) <b[E]" 7@+ byls|? O 4 by fora.a.x € Q,
©) [Cx,9)| <cils|PFO £, fora.a.x €T,

for all s € R, for all £ € RV and with positive constants aj,jefl,...,6}, by, L €
{1,2,3} and ¢, k € {1, 2}.

We say that u € WP (Q) is a weak solution of (1.2) if

/A(x,u,Vu)-Vgpdx=/B(x,u,Vu)g0dx+fC(x,u)(pdo 4.1)
Q Q r

holds for all test functions ¢ € wrO)(Q), where do denotes the usual (N — 1)-dimensional
surface measure. By Propositions 2.4 and 2.5 along with the hypotheses H(N), H(p2) and (2.4)
we verify that the definition of a weak solution of problem (1.2) stated in (4.1) is well-defined.

The main result in this section is the following one about the boundedness of solutions of
problem (1.2).

Theorem 4.1. Let hypotheses H(N) and H(p2) be satisfied. Then, any weak solution of problem

(1.2) is of class L*°(2) N L*°(I).

Proof. As before, since 2 is compact, for any R > 0, there exists a finite open cover {B; (R},
_ m

of balls B; := B;(R) with radius R such that Q C | J B; andeach Q; :=B,NQ (@ =1,---,m)

i=1
is a Lipschitz domain as well. We denote by / the setof all i € {1, ---,m} such that B; "NT"# ¢
and take R > O sufficiently small such that

pi‘Ir = max_ p(x) <(p*); := min p*(x) forallie{l,---,m}
er,’ﬂ§ XGEiﬂﬁ
and
pi < (py)y == min p.(x) foralliel “4.2)
x€B;NI'

Let u be a weak solution to problem (1.2) and let «, > 1 be sufficiently large such that

/|Vu|p(x)dx+ / up*(x)dx+/up*(x)do< 1, (4.3)

Kx Kx Kx
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where
A ={xeQ: :ulx)>«k} and Tp:={xel :ulx)>«} forkeR.
We define
Zy = / |Vue| P& dx + /(u — k) dx 4 f(u —k)P*™ do, (4.4)
Ay Akp Ly

where {k;},¢N, is defined as in the proof of Theorem 3.1. Since «,, < k41, we have A, | C A,
and I'y,,, C ', for all n € Ny. Hence, it holds
Zn+1 <Z, forallne Np. 4.5)
Moreover, we have the following estimates (see the proof of Theorem 3.1)
u(x) < (2"+2 - 1) (u(x) —ky) fora.a.x € A,,, and for all n € No, (4.6)
u(x) < (2"+2 _ 1) (u(x) —ky) fora.a.x el andforall n € No. 4.7
As shown in (3.8) the following estimate holds true
1Ay, | < (P *);f)(fﬂ) Z, <200 7 forall n e Ny, 4.8)
Kx

In the following we will denote by C; (i € N) positive constants which are independent of n and
K.

Claim 1. It holds that

(o)’

f U —kn )P Pdx <C2” 7 (z,ﬁ”l + z,1+”2) for all n € Ny,

AKn+1
where

*\ — k\ —
0 <v;:= min (P7); —1<vy:= max (pi, —
1<i<m D; 1<i<m D;

1.

The proof of Claim 1 is the same as Claim | in Theorem 3.1.
Claim 2. There exist positive constants v3, v4 such that

n((p*)+)2

/ (U — kns1)P* D do <C2~ 7 (Z,ILJ“J3 + ZVILJ“"‘) for all n € Ny.
l_"(nJrl
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First, we see that

[ =@ = [ do

l—"‘nJrI r
= [ @ e
i€lrmaq;

Let i € I. From Proposition 2.3, (4.3) and Proposition 2.5 for Q2 = 2; we have

/ (@ — g 1) ) do
NIy

()i
S || (u - Kn+1)+ ||Lp*(l)(rmagl)

()i
<@ = knt D)+l a0

< G [IV@ = kns D4l ror gy + 1 — /cn+1)+||L,,(,)(Qi)](P*)f )
Then, by Proposition 2.3, (2.1) and (4.3) it follows
/ = )7 do
rNog;
o]
e[ [V s [a-rent e
Q &
%
=Gy / Va7 de + / (= k1) D dx + A, |

\A’(n+1 A'(nJrl

From this combined with (4.4), (4.5) as well as (4.8) we obtain

ot oy PO
W —tins)"PVdo<cs2 7wz,
+U+
rno;
From (4.9) and (4.10) we conclude that
"((p*)*)z

/(u — k) do < Ce2” 7 (Z,i+”3 + Z,11+”4> ,
r
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where

0 <v3:=min (p*_ii — 1 <v4:=max (p*j_i —1;

iel D; iel D;
see (4.2). This proves Claim 2.
Claim 3. It holds that

*y+ 2
n |: ((ppi ) +(p*)+:|
/ |Vu|P@ dx < C72 (z}ifﬁ“ + Z;Jj’fz) foralln eN,
A’(n+1

where

0 < py:= min v; < o := max v;.
1<i<4 1<i<4

Taking ¢ = (u — kp41)+ € WHPO(Q) as test function in (4.1) gives
/A(x, u,Vu) - Vodx :/B(x, u, Vu)p dx —|—/C(x, u)pdo,
Q Q r

which can be written as

/ A(x,u,Vu) - Vu dx
A

e @.11)
= / B(x,u, Vu)(u — kpy1) dx + / C(x,u)(u — kpt1) do.
AKn+1 l—"(n+l
As done in the proof of Theorem 3.1, by using (A2) and (B), we have the estimates
/ A(x,u,Vu) - Vudx
Ac,
- (4.12)
>ay / |Vu|P™ dx — max{as, ag} / uP ™ dx,
AKnJrl A'(nJrl

and
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/ B(x,u, Vu)(u — kp41) dx

Kn+1

<eb / |Vu|p(x)dx+(bls_((p*)+_l)+C7> / uP” ™ dx

A’(n+l AKVL+1

A
4.13)

with ¢ € (0, 1]. Note that u > u —kp,+1 >0and u > k41 > 1on T
(C) yields

«ns1- S0, applying assumption

/C(x,u)(u—/cn+1)da§cl / uP* do + ¢ f ldo

FKn-H FKn-H lﬂ"n-*—l

<(c1+c2) / uP*™ dor,
r

4.14)

Kn+1

Combining (4.11), (4.12), (4.13) and (4.14), taking ¢ = min{l, 2”74'} and using (4.6) as well as

(4.7), we obtain
/ |Vu|P™ dx

A’(n+1

<Cs / PO dx 1 Cy / WP 4o

A"n+| l—"‘nJrl

<Gy / [(2"+2 _ 1) (u — xn)]p*(x) dx

AK}H»I

+Cy / [(2”*2—1)@—/(,1)]"*(” do.

l—"(nJrl

Hence,

/ IVulP® dx < Co2" 77" / (W — )" O dx + /(u — k)™ do
I

At Ay “n

Then, Claim 3 follows from the last inequality and Claims 1 and 2.
From Claims 1, 2 and 3 along with (4.5) one has

Zys1 < Ciob" (z”’“ + 2”“2) forall n € N, (4.15)

n—1 n—1
where
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*\+ 2
{«p; ) Wﬁ}
b:=2 > 1.

Repeating now the same arguments used in the proof of Theorem 3.1, by choosing «s > 1 suffi-
ciently large such that

/|Vu|1’<x>dx+/ul’*<x>dx+/ul’*<x)do
Ax* AK* FK*

N R — L Lk
= min{l, (2bCro) ™1 b M, (2bC10) f2p Mg } )
where b := b2, we deduce from (4.15) that

Zn=/IVulp(x)dx—i-/(u—xn)"*(")dx—i—/(M—K,,)”*(x)da—>0

Kn Kn Kn

as n — oo. This implies that
/ (u — 20”7  dx + / (u —2ic) 2" do = 0.
Q r

Therefore, (u — 2«,)+ =0 a.e. in 2 and (u — 2«,)+ = 0 a.e. on I". This means that

esssup u + esssup u < 4i,.
Q r

Replacing u by —u in the arguments above we can show in the same way that

esssup (—u) +esssup (—u) < 4x,.
Q r

Hence,

llwll ooy + NullLoory < 4ucs.
The proof is finished. O
5. The Holder continuity

In this section we are concerning with the Holder continuity of the solutions of the problems
(1.1) and (1.2), respectively. In order to prove this we use the results from Sections 3 and 4,
respectively, along with the work of Fan-Zhao [12]. A direct consequence is the Holder continuity
of the gradients of the solutions based on the paper of Fan [15]. To be more precise, we are going
the prove the following results.
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Theorem 5.1. Let hypotheses H(D) and H(p1) be satisfied. Then, any weak solution of problem
(1.1) is of class CO2(Q) for some o € (0, 1].

Theorem 5.2. Let hypotheses H(N) and H(p2) be satisfied. Then, for any weak solution u of
problem (1.2) it holds that ue Ccoe(Q) for some a € (0, 1). If in addition u € CO-Bi() for some
B1 € (0, 1), then u € CP2(Q) for some B> € (0, 1).

We will only prove Theorem 5.2 since the proof of Theorem 5.1 is similar and simpler. Let
hypotheses H(N) and H(p2) be satisfied and let u € W!?()(Q) be a weak solution of problem

(1.2). From Theorem 4.1 we know that u € L> (Q) N L> (I'). We fix xo € Q and denote by B,
the ball centered at xo with radius » > 0. Moreover, we set

Q=B N and A,r):={xe€Q :ulx)>«x} forkeR

and

Mo == |lull Loy + llull Loo(ry -
Further, we denote by C a positive constant that depends only on M and the data and C can be
different in different places.

The following Caccioppoli-type inequality is essential in the proof of the Holder continuity
based on De Giorgi’s iteration method.

Lemma 5.3. Let xo € Q. Then it holds

- U — K px)
[Vu|P™) dx < C dx + C|A (k, R)|,

R—r
A(k,r) A(k,R)

for arbitrary 0 <r < R with Bg C Q2 and k > esssupu — 2My. The conclusion remains valid if
Bgr
we replace u by —u.

Proof. Let 0 <r < R with Bg C € and and let k¥ € R be such that

Kk >esssupu — 2My.
Br

Let n € C° (RY) be such that
4
0<n<1, supp(n) CBg, n=1lonB, and |Vn|§R—. (5.1
—r

Setting v = (4 — k), and testing (4.1) with ¢ = vnl’+ gives
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/(A(x,u,Vu)-Vv) nP" dx
Q

(5.2)
:—p+/(A(x,u,Vu)~V77) vnp+_ldx+f3(x,u,Vu) vnp+dx.
Q Q

Here we have used the fact that vn”+ € W(}’p(')(Q) and hence fFC(x, u)vner do = 0. We now
estimate each term on both sides of (5.2). From assumption (A2) we have

/(A (x,u,Vu) - Vo) P dx
Q

= / (A (x,u,Vu) - Vu) 171)+ dx

A(x,R)
> ay / |Vu| PO 17[’+dx—a5 / [u]”” ™) dx — ag / 1dx 5.3)
A(k,R) A(k,R) A(k,R)

oyt
> ay / IVu|P® P dx — (as + ag) (Mé’” +2)|A(K, R)|
Ak, R)

> a4 / VulP® P dx — C|A (. R)).

Ak, R)

Now we can estimate the first term on the right hand side of (5.2) via hypothesis (A1). We obtain

—pT / (A(x,u,Vu)-Vn) vnp+_1 dx
AGG,R)

<pta / IVu PO~ vy on? ! dx

A(k,R)
‘ (5.4)

w(y P@)=1
+pta / jul PO [V un?” ! dx
A<, R)
+pta; / |Vn|vnp+_1dx.

A(k,R)
The first term on the right-hand side of (5.4) can be estimated via Young’s inequality in order to
get
pras [ e g
A(k,R)
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px)—1

+ as_\ " g1t
=pa Vu
r / (301P+> Vel !
A(k,R)
_p-1
e IR 5.5)
X v .
3aip* 1
a +_ p(x)
< ?4 [Vu|PX) n(p D361 dx + € / |V PO P dx
A(k,R) A(k,R)
< % |vu|P(X) 77p+ dx+C f |V77|p(x) 2P dx.
Ak, R) A(k,R)

For the second and the third term on the right-hand side of (5.4) we have

* px)—1
pta / | ?" 7 1wy un? T dx

Ak, R)

(et (5.6)
<pta, M, ’ +1 / [Vnlvdx

A(k,R)

< C|VIP® vPW dx + C|A (i, R) |

and

ptas / |Vilvp? ~ldx < C / |Vy|P® vPD dx + C|A (k, R)|. (5.7)

A(k,R) Ak, R)

Combining (5.5), (5.6) and (5.7) with (5.4) leads to

—pt / (A (x,u, Vi) - Vi) vn? ~'dx

Ak, R)
(5.8)
a
5?‘ / IVulP® pP* dx + € / [Vy|P P dx + C|A (k, R)) .
A(k,R) Ak, R)

We finally estimate the last term on the right hand side of (5.2). It follows from hypothesis
(B) that

/B (x,u, Vu) vnp+ dx
Q

:/B(x,u,Vu) vanr dx (5.9)

Br
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p¥x)—1 *
<b IVulP 7 oy dx + by f Jul?* O~ P dx
A(k,R) A(k,R)
+ b3|A (k, R)|.

Since 0 < v <2Mj on A(k, R) we get by applying Young’s inequality
Pt
by f Val PO o dx
A(k,R)

X1
< 2b1 Mo / VPO d

A(ic,R)
p*(x()jl *)—1
a *(x =
—2b My / )T )P e gt (5.10)
6b1 M
Ak, R)
e
X da ! dx
6b1 My
<% / VP g7 dx 4 C A (e, R)|
Ak, R)
and
by / "= P dx < 262 (Mo + DPVT A (e, R (5.11)
Ak, R)
From (5.9), (5.10) and (5.11) we obtain
/B (e, u, Vv dx < 2—4 / IVulP® nP" dx + C|A (k, R)] . (5.12)
o A, R)

Combining (5.2), (5.3), (5.8) and (5.12), we arrive at

IVulP® pP" dx < € / |VnP® vP®) dx + C|A (k, R)| .

A(k,R) Ak, R)

From this and (5.1) we conclude that

u— 1\ PO
|Vu|p(x)dx§C / (R ) dx + C|A (k, R)|.
—r
Alk,r) A(k,R)

The proof is complete. O
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Similarly we have the following result.

Lemma 5.4. Let xo € Q2. Then it holds

@ U — K px)
|[Vu|P*) dx < C dx +C|A (x, R)|, (5.13)

R—r
A(k,r) A(k,R)

for arbitrary 0 <r < R with BR N\T" # ) and k > max {ess supu —2My, esssupu } where I'g 1=
Qg Tz
I' N Bg. The conclusion remains valid if we replace u by —u.

Proof. Let 0 <r < R with Bg NI # (@ and let ¥ € R be such that

K > max {esssupu — 2Mo, esssupu}.
QR 'r

Let  and v be as in the proof of Lemma 5.3. Then, testing (1.2) with ¢ = vnp+, we get

/ (A(x,u, Vu) - Vv) n”Jr dx

Q

= —P+/(~A (x,u, Vu) - V'?)UWPJuI dx (5.14)
Q

+/B(x,u,Vu) vnp+ dx+fC(x,u)vnp+_lda.
Q r

From hypothesis (C) and Sobolev’s imbedding we have

/C(x, u)v77p+_1 do

r

561f|u|p*(x)_lvnp+ d0’+6‘2/v7’]p+d0'
Cr g

§C/vnp+da

g

<C / vr;”+ do
Qg

(5.15)

From (5.15), the fact that 0 < v <2Mj on Q2 and applying Young’s inequality we deduce
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/C(x, u)v771’+71 do
r

< %4 / IVu|P® Pt dx 4 C / V[P P gy (5.16)
A(k,R) Ak, R)
+ ClA (k, R)I,

see (5.1) and (5.7). Combining (5.3), (5.8), (5.12), (5.14) and (5.16) gives the desired estimate in
(5.13). The proof is complete. O

We are now in a position to state the proof of Theorem 5.2.

Proof of Theorem 5.2. By Theorem 4.1 we have that L°°(2) N L°°(T"). Then by Lemma 5.3
and Theorem 2.1 of Fan-Zhao [12] we obtain u € C%%(2) for some « € (0, 1). If in addition
ueC%h (") for some B € (0, 1), then by Lemma 5.4 and Theorem 2.2 of Fan-Zhao [12] we
infer that u € C%A2(Q) for some B> € (0,1). O

Finally, let us discuss the C!%-regularity of solutions to problems (1.1) and (1.2) when the
function A: @ x R x RY — RV satisfies further assumptions.
To this end, we suppose the following.

H(p3): p e C4(R) N CO*(Q) for some 1 € (0, 1);

H(A): A= (A1,---,An) € C(2 x R x RN, RM). For each (x,s5) € @ x R, A(x,s,-) €
C'(RN \ {0},R") and there exist a nonnegative constant k > 0, a nonincreasing
continuous function A: [0, 00) — (0,00) and a nondecreasing continuous function
A: [0, oo) — (0, 00) such that for all x,x1,x2 € Q, s5,51,5 € R, £ € RV \ {0} and

. =(¢1,---,¢n) € RV, the subsequent following conditions are satisfied:
A(x,s,0)=0,
Z A (x5, 085 = Dk + &
9§
Aj
(x,5,8)| =
3&

and

|A(.X,S1,E) _A(-xvszsgﬂ

< A (max{]s|, Is2[}) (Jx1 — x2[*" + |51 — s2/"?)

x |:(k + 1) Ty (k+16P) MZM} 61 (1+ [tog (k+162) ).

Then, in view of Theorems 3.1, 4.1 and Theorems 5.1, 5.2 above along with Theorems 1.1-1.3
of Fan [15] we have the following results.
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Theorem 5.5. Let hypotheses H(D), H(p3) and H(A) be satisfied. Then, any weak solution u of
problem (1.1) is of class CIIO‘S(Q) for some o € (0, 1). Furthermore, if in addition T is of class
CY8, then u e C*(Q) for some a € (0, 1).

Theorem 5.6. Assume that T is of class C L8 and let the hypotheses H(N) and H(A) be satisfied.
Further, let p € C+(Q) N WL (Q) for some y > N and let C € C(T" x R, R) be such that

IC(x1,51) — C(x2, 82) < A(max{s], Is2]}) (Ix1 — x2|°" + |s1 — 52/%2),

forall x1,xy €T, for a_ll 51,52 € R, where A is as in H(A). Then, any weak solution u of problem
(1.2) belongs to C1¥(Q) for some « € (0, 1).

Remark 5.7. Note that condition H(p3) is automatically satisfied in Theorem 5.6 due to p €
CL(2)N WL () for some y > N and (2.4).
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