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Abstract

In this paper we study quasilinear elliptic equations driven by the so-called double phase operator and
with a nonlinear boundary condition. Due to the lack of regularity, we prove the existence of multiple
solutions by applying the Nehari manifold method along with truncation and comparison techniques and
critical point theory. In addition, we can also determine the sign of the solutions (one positive, one negative,
one nodal). Moreover, as a result of independent interest, we prove for a general class of such problems the
boundedness of weak solutions.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

Given a bounded domain  CRY, N > 2, with Lipschitz boundary 9€2, we study the follow-
ing double phase problem with nonlinear boundary condition
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— div (|W|P—2w + ,u(x)|Vu|q_2Vu> = fee,u) — ulP2u— n)u)? % in K,
(1.1)
(|Vu|P*2w+M(x)|Vu|q*2w) v =g(x,u) on 4%,

where v(x) denotes the outer unit normal of Qat x € 02, 1 < p < g < N, u € L*(R) such that
w(x) >0 for almost all (a. a.) x € R and f: QxR —> R, g: 92 x R — R are Carathéodory
functions which have (p — 1)-superlinear growth near f-co.

The differential operator in (1.1) is the so-called double phase operator and is given by

div (|Vu|P*2w + M(x)|Vu|q*2w) for u e W (Q) (1.2)

with an appropriate Musielak-Orlicz Sobolev space W1 (), see its definition in Section 2.
Special cases of (1.2), studied extensively in the literature, occur when infg 1 > 0 (the weighted
(g, p)-Laplacian) or when p = 0 (the p-Laplace differential operator). The operator (1.2) is
related to the energy functional

uv—>/(|Vu|p+u(x)|Vu|q)dx, (1.3)
Q

where the integrand H (x, &) = |£|” 4+ u(x)|€|? for all (x, &) € © x R¥ has unbalanced growth,
that is,

|§|p§H(x,§)§b(l+|§|q) fora.a.x € Q and for all £ e RV,

with b > 0. The integral functional (1.3) is characterized by the fact that the energy density
changes its ellipticity and growth properties according to the point in the domain. More precisely,
its behavior depends on the values of the weight function (). Indeed, on the set {x € Q2 : u(x) =
0} it will be controlled by the gradient of order p and in the case {x € Q : u(x) # 0} it is the
gradient of order ¢. This is the reason why it is called double phase.

Originally, Zhikov [49] was the first who studied so-called double phase functionals of
the form (1.3) in order to describe models of strongly anisotropic materials, see also Zhikov
[50], [51] and the monograph of Zhikov-Kozlov-Oleinik [53]. Functionals like (1.3) have
been studied by several authors with respect to regularity and nonstandard growth. We refer
to the works of Baroni-Colombo-Mingione [4], [5], [6], Baroni-Kuusi-Mingione [7], Cupini-
Marcellini-Mascolo [16], Colombo-Mingione [14], [15], Marcellini [27], [28], Ok [33], [34],
Ragusa-Tachikawa [43] and the references therein. We also mention the recent works of Beck-
Mingione [8], [9] concerning nonuniformly elliptic variational problems.

In general, double phase differential operators and corresponding energy functionals given in
(1.2) and (1.3), respectively, appear in several physical applications. For example, in the elasticity
theory, the modulating coefficient w1 (-) dictates the geometry of composites made of two differ-
ent materials with distinct power hardening exponents g and p, see Zhikov [52]. We also refer to
other applications which can be found in the works of Bahrouni-Radulescu-Repovs [2] on tran-
sonic flows, Benci-D’ Avenia-Fortunato-Pisani [10] on quantum physics and Cherfils-1l'yasov
[11] on reaction diffusion systems.

The aim of our paper is to prove multiplicity results for problems of the form (1.1) where
the nonlinearities are supposed to be (p — 1)-superlinear at +00. Due to the lack of regularity
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for problems (1.1), several tools, which are usually applied in the theory of multiplicity results
based on the regularity results of Lieberman [24] and Pucci-Serrin [41], cannot be used in our
treatment. Instead we will make use of the so-called Nehari manifold which was first introduced
by Nehari in the works [31], [32]. This method developed into a very powerful tool in order
to find solutions (especially, sign-changing solutions) via critical point theory. The idea in this
method is the following: Let X be a real Banach space and let J € C!(X, R) be a functional. If
u # 0 is a critical point of J, then u belongs to the set

N = {u e X\ {0} : (J'(u), u) :o},

where (-, -) is the duality paring between X and its dual space X*. Therefore, N is an appropri-
ate constraint for finding nontrivial critical points of J. Although A/ may not be a manifold in
general, it is called Nehari manifold. So, we are looking for nontrivial minimizers of the func-
tional J in a subset of the whole space which contains the nontrivial critical points of J, namely
N. We refer to the book chapter of Szulkin-Weth [44] which describes the method very well.
Although there is no regularity theory for double phase problems, we are also going to prove a
boundedness result for weak solutions of (1.1) by using Moser’s iteration which can be seen as a
starting point in order to obtain the smoothness of the solutions.

A pioneer work for multiplicity results with superlinear nonlinearities was published by Wang
[45] for semilinear Dirichlet problems driven by the Laplacian. Although double phase prob-
lems have been known for a while, existence results have only been obtained by few authors.
Perera-Squassina [40] showed the existence of a solution of problem (1.1) with Dirichlet bound-
ary condition by applying Morse theory where they used a cohomological local splitting to get
an estimate of the critical groups at zero. The corresponding eigenvalue problem of the double
phase operator with Dirichlet boundary condition has been studied by Colasuonno-Squassina
[13] who proved the existence and properties of related variational eigenvalues. By applying
variational methods, Liu-Dai [26] treated double phase problems and proved existence and mul-
tiplicity results, as well as sign-changing solutions. A similar treatment has been recently done
by Gasinski-Papageorgiou [17, Proposition 3.4] via the Nehari manifold method for locally Lip-
schitz continuous right-hand sides. Furthermore, we refer to a recent work of the authors [21] in
which the existence of at least one solution for Dirichlet double phase problems with convection
is shown by applying the surjectivity result for pseudomonotone operators. This can be realized
by an easy condition on the convection term, in addition to the usual growth condition. For mul-
tiple constant sign solutions we refer to another work of the authors in [20]. To the best of our
knowledge this is the first work dealing with a double phase phenomenon along with a nonlinear
boundary condition.

Finally, we mention recent papers which are very close to our topic dealing with certain types
of double phase problems. We refer to Bahrouni-Réadulescu-Winkert [3], Cencelj-Réadulescu-
Repovs [12], Marino-Winkert [29], Papageorgiou-Radulescu-Repovs [35], [36], [37], Radulescu
[42], Zhang-Rédulescu [48], Zeng-Gasinski-Winkert-Bai [46], [47] and the references therein.

The paper is organized as follows. In Section 2 we recall the definition of the Musielak-Orlicz
space L (Q) and its corresponding Musielak-Orlicz Sobolev space WiH(Q) and we give some
embedding results dealing with boundary Lebesgue spaces following the work of Colasuonno-
Squassina [13]. In Section 3 we present a boundedness result for a more general class of problems
than (1.1) following the treatment of Marino-Winkert [30], see Theorem 3.1. In Section 4 we
state the full assumptions on the data of problem (1.1), give the definition of the weak solution
and state and prove our existence result concerning constant sign solutions, see Proposition 4.5.
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Finally, in Section 5, we prove the existence of a sign-changing solution by applying the Nehari
manifold method described above and state our full multiplicity result, see Theorem 5.9.

2. Preliminaries

In this section we give some definitions and results which will be needed later. We denote by
L"() and L" (22; RN) the usual Lebesgue spaces endowed with the norm || - ||, for 1 <r < 00
and by W17 (Q) and Wol’r(Q) we identify the corresponding Sobolev spaces equipped with the
norms || - |1, and || - ||1,0, respectively, for 1 < r < oo. From the Sobolev embedding theorem
it is clear that we have the embedding

wir(Q) = L'(Q),

which is compact for any 7 < r* and continuous for 7 = r*, where r* is the critical exponent of
r defined by

N .
- ifr<n. @1
any £ € (r,o0) ifr>N.

Furthermore, we consider the (N — 1)-dimensional Hausdorff (surface) measure o on the
boundary 9€2 of 2. Based on this, we can introduce in the usual way the boundary Lebesgue
space L"(0€2) with norm || - ||, aq. It is well-known that there exists a unique continuous linear
operator y : W”(Q) — L;(E)Q) with 7 < r,, called trace map, such that

y@) =ul,, forallue W"?(Q)nc@.

Here, r, is the critical exponent of r on the boundary given by

= if r <N,

Te = . (2.2)
any £ € (r,00) ifr>N.
By the trace embedding theorem we know that y is compact for any 7 < r,. So, we understand
all restrictions of Sobolev functions to d€2 in the sense of traces. For simplification we will avoid
the notation of the trace operator in this paper.
In the entire paper we assume that

Ng

Ntg—1_ P nel™(), nx)=0fora.a.xeQ. (2.3)

l<p<g<N,

Remark 2.1. Note that the second inequality in (2.3) is equivalent to the inequality ¢ < p4 and
s0 ¢ < p* is true as well. Hence, we have the compactness of W' () into suitable Lebesgue
spaces defined on the domain and also on the boundary, see Proposition 2.2 below. We point
out that (2.3) is different from the usual conditions when dealing with Dirichlet double phase
problems, see, for example, [20] and [21] of the authors. Indeed, in these papers it is supposed
that
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1 _
l<p<g<N, g<1—|—N, Ofy,(~)eC0’1(Q). 2.4)
p

Condition (2.4) was used for the first time by Baroni-Colombo-Mingione [4, see (1.8)] in order
to obtain regularity results of local minimizers for double phase integrals, see also the related
works [5] and [6] of the same authors and Colombo-Mingione [14], [15]. The meaning of (2.4) is
twofold. On the one hand, from (2.4), we know that smooth functions are dense in the Musielak-
Orlicz Sobolev space WLH(Q), see, for example, Colasuonno-Squassina [ 13, Proposition 6.5]
or Harjulehto-Hésto [22, Theorem 6.4.7 and Section 7.2]. On the other hand, (2.4) is required
to have an equivalent norm on the space WOI’H(Q), see Colasuonno-Squassina [ 13, Proposition
2.18(iv)]. Since we do not need both arguments in our work, we suppose the conditions stated in
(2.3). As far as we know there is no relationship between

N 1
7q<p and 2<1+—,
N+qg-1 P N

only that both inequalities imply that g < p*.
Now, let H: Q x [0, oo) — [0, 0c0) be the function
(x, )= t? + pu(x)ed.

We set

o) i= [ Her. i = [ (ul? + uCojul?)ax. @5)
Q

Q

Based on the definition of the modular function py; we are now in the position to introduce the
so-called Musielak-Orlicz space L™ (£2) which is defined by

LH(Q) = {u ’ u: 2 — R is measurable and py (1) < —i—oo}
equipped with the Luxemburg norm
) u
[lot |94 =1nf{r >0:py (—) < 1} .
T

From Colasuonno-Squassina [ 13, Proposition 2.14] we know that the space L*t(£2) is uniformly
convex and so reflexive. Furthermore, we introduce the seminormed space

LZ(Q) =qu | u: Q2— R is measurable and /u(x)|u|qu < 400
Q

endowed with the seminorm
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7
Nully. e = / Ll dx

Q

In the same way we define the space LZ(Q; RM). By WM (Q) we denote the corresponding
Musielak-Orlicz Sobolev space which is defined by

wﬂf%9)=|ueLHanzwm|eLHun}
equipped with the norm

leelli, 20 = IVullze + Null3,

where ||Vul|lyy = || |Vul|l. Since wiH(Q) is uniformly convex, see again Colasuonno-
Squassina [13, Proposition 2.14], we know that it is a reflexive Banach space.
We have the following embedding results for the spaces LH(Q) and W' H(Q).

Proposition 2.2. Let (2.3) be satisfied and let

N N —1
pfi= P nd Dy 1= W=Dp (2.6)
N-—p N-—p

be the critical exponents to p, see (2.1) and (2.2) for r = p. Then the following embeddings hold:

(i) L"(Q) < L"(Q) and W-H(Q) — W (Q) are continuous for all r € [1, p];
(ii) WEH(Q) < L7 (Q) is continuous for all r € [1, p*];

(iii) WHH(Q) < L"(Q) is compact for all r € [1, p*);

(iv) WEH(Q) < L7 (3Q) is continuous for all r € [1, py];
(v) WHH(Q) < L"(0Q) is compact for all r € [1, py);

(vi) LH(Q) — LZ(Q) is continuous;

(vii) L1(Q) < LM (Q) is continuous.

For the continuity of the embedding LH(Q) — L"(R2) we refer to Colasuonno-Squassina [ 13,
Propositions 2.3 and 2.15] while (ii)—(v) follow from the classical Sobolev embedding theorem
and the trace embedding result. The statements (vi) and (vii) can be also found in Colasuonno-
Squassina [ 13, Propositions 2.15 (iv) and (v)].

The norm || - ||y and the modular function py; are related as follows, see Liu-Dai [26, Propo-
sition 2.1].

Proposition 2.3. Let (2.3) be satisfied and let p3; be defined by (2.5).

(i) If y #0, then ||y|l3 = A if and only if py(5) = 1;
(ii) |yl <1 (resp. > 1, =1) if and only if py(y) < 1 (resp. > 1, =1);
(iii) If Iyl < 1, then |Iyl|3, < on () < lIyl%,s
(iv) If [yllge > 1, then |y115;, < pr(») < Iyl
(v) lylls — Oif and only if p3(y) — 0;
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(vi) l|lyllg = +o0 if and only if p3(y) — +o00.
For u € WIH(Q) let

pr(u) = / (1Vul? + o) [ Val?) dx + / (jul? + (@)lul?) dx. @7
Q Q

Following the proof of Liu-Dai [26, Proposition 2.1] we have a similar result for the norm
Il - 11,2 and the modular function pg.

Proposition 2.4. Ler (2.3) be satisfied and let py be defined by (2.7).

(i) If y #0, then ||y|l1,30 = » if and only if p3 () = 1;

(ii) Iyl <1 (resp. > 1, =1) ifand only if p(y) <1 (resp. > 1, =1);
(iti) Ifllylliy <1, then IIyIICfH <pu(y) < IIyIIf’H;

(v) If iyl > 1, then IIyIIf,H <Pu(y) < IIyIIIf,H;

(v) Iylli 2 — 0 if and only if p3(y) — O;

(vi) Nylli, 1 — 400 if and only if py(y) — +00.

We denote by (-, -)74 the duality pairing between W' 7(Q) and its dual space W7 (Q)* and
consider the nonlinear operator A: W1#(Q) — W' *(Q)* which is defined by

(Aw), o)y :=/<|Vu|p_2Vu+;L(x)|Vu|q_2Vu) Vedx 2.8)
Q

forall u, ¢ € WI'H(Q). The properties of the operator A: WI'H(Q) — WI*H(Q)* are stated in
the following proposition, see Liu-Dai [26].

Proposition 2.5. The operator A defined by (2.8) is bounded (that is, it maps bounded sets to
bounded sets), continuous, strictly monotone (hence maximal monotone) and it is of type (S)+,

that is,

Up —uin Wl’H(Q) and limsup(A(up,),u, —u) <0,

n—00
imply u, — u in W-H(Q).
For s € R, we set s* = max{s, 0} and for u € W (Q) we define u*(-) = u(-)*. We have
ut e WI’H(Q), ul=ut+u", u=ut—u".
If X is a Banach space and ¢ € C! (X, R), then we define
Ky={ueX:¢'u=0}
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being the critical set of ¢. Furthermore, we say that ¢ satisfies the Cerami condition, if every
sequence {u,},>1 C X such that {¢(u,)},>1 € R is bounded and such that

(1 + llunllx) @' (up) — 0 in X* as n — oo,

admits a strongly convergent subsequence.

This compactness-type condition on the functional ¢ leads to a deformation theorem from
which one can derive the minimax theory for the critical values of ¢. A central result of this
theory is the so-called mountain pass theorem due to Ambrosetti-Rabinowitz [ 1] which we recall
next.

Theorem 2.6. Let ¢ € C'(X) be a functional satisfying the C-condition and letuy, us € X, ||us —
uillx >p >0,
max{g(u1), p2)} <inflo@) : llu —uillx = p}=:1m,

and ¢ = inf, er maxo<;<1 @(y (1)) with I' ={y € C([0,1], X) : y(0) = uy, y(1) = uz}. Then
¢ > my, with c being a critical value of ¢.

3. A priori estimates for double phase problems

In this section we are going to prove the boundedness of weak solutions for double phase prob-
lems stated in a more general form than (1.1). For example, we allow in this section a convection
term, that is, the dependence on the right-hand side on the gradient of the solution. We point out
that such a result is of independent interest and can be applied for several model problems of this
type. We consider the problem

—div (|Vu|p72Vu + ,u(x)|Vu|q*2Vu> =hi(x,u, Vu) in ,
(3.1)
<|Vu|1’_2Vu+u(x)|Vu|q_2Vu) v = ho(x, ) on 99,

where we assume the following hypotheses on the data:
Hhi,ho) h1: QxR xRY > Rand hy: 92 xR — R are Carathéodory functions satisfying
n-t
Ih(x, 5,6 <a|E]" 7T 4 agls|" ! +a3 fora.a.x € Q,
|ha(x,5)| <aals|? ' +as fora.a.x € 9,
for all s € R and for all £ € RY with positive constants a;, i € {l,...,5}, and ¢ <
r1 < p*aswellas ¢ < rp < p,, where p* and p, are the critical exponents of p stated

in (2.6).

We call u € WM () a weak solution of problem (3.1) if

/<|Vu|”_2Vu+u(x)|Vu|q_2Vu) -Vvdx=/h1(x,u,Vu)vdx—i—/hz(x,u)vdo (3.2)
Q Q Q2
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is satisfied for all test functions v € WI’H(Q).
Exploiting the recent result of Marino-Winkert [30] we can prove the following result about
the boundedness of weak solutions of (3.2).

Theorem 3.1. Let hypotheses (2.3) and H(h1, hy) be satisfied and let u € WLH(Q) be a weak
solution of problem (3.1). Then, u € L*°(2).

Proof. It is known that u = u™ — u~. Therefore, we can assume, without any loss of generality,
that u > 0.

Let i > 0 and define uj, := min{u, h}. Choosing v = uu,” with ¥ > 0 as test function in (3.2)
we have

/|Vu|pu2pdx+xp/|Vu|p_2Vu-Vuhuzp_ludx
Q Q

+/u(x)|Vu|quZde+Kp/u(x)|Vu|q_2Vu.Vuhuzp_ludx (3.3)
Q Q

:/hl(x,u,Vu)uuZpdx—i—/hz(x,u)uu';pda.
Q a0

Obviously, the third and the fourth integral on the left-hand side of (3.3) are nonnegative. This
gives

fqu|puZpdx+Kp/|Vu|p_2Vu-Vuthp71udx
Q Q

= /hz(x, u, Vuyuuy” dx + " + / ha(x, wyuuy” do.
@ a0

Since WH(Q) € W7 (Q) we can proceed exactly as in the proof of Theorem 3.1 of Marino-
Winkert [30, starting with (3.2)] to obtain that u € L>°(2). O

4. Constant sign solutions

In this section we are going to prove the existence of constant sign solutions of problem (1.1).
First, we state our assumptions.

H) f: 2xR—>Randg: 92 x R — R are Carathéodory functions such that the following
hold:

(i) There exist constants ¢, cp > 0 such that
[f(x,8)] <c (1 + ISI”_I) fora.a.x € Q,

l2(x, $)| < e (1 n |s|r2*‘) fora.a.x € 99,
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for all s € R, where ¢ < r; < p* and ¢ < rp < p, with the critical exponents p* and
D« given in (2.1) and (2.2), respectively;

(ii)
m fx.s) =400 uniformly for a.a.x € ;
s—+o00 |s|‘1_2s
g(x,s) . _
im =400 uniformly for a.a.x € 9%2;
s—+o00 |S|q_2s
(iii)
li fx,s) =0 uniformly fora.a.x € ;
s—0 |s|1’_2s
g(x,s)

1m =0 uniformly fora.a.x € 352,
) p—2
s—0 [s|P~=s

(iv) The functions

s f(x,s)s —qgF(x,s) and st g(x,s)s —qgG(x,s)

are nondecreasing on R and nonincreasing on R_ fora. a. x € 2 and fora. a. x € €2,
respectively, where

s

F(x,s):/f(x,t)dt and G(x,s):/g(x,t)dt;
0

0

(v) The functions

fx,s) g(x,s)

a
Isja=! |s|a=1

are strictly increasing on (—o0, 0) and on (0, +00) for a. a. x € Q and for a. a. x € €2,
respectively.

Note that the continuity of f(x,-) and g(x, -) along with (H)(iii) implies that
f(x,00=0 fora.a.xe and g(x,0)=0 fora.a.x €.

We say that u € WLH(Q) is a weak solution of problem (1.1) if it satisfies

/<|Vu|”_2Vu~|—,u(x)|Vu|q_2Vu> ~Vvdx+/<|u|”_2u+u(x)|u|q_2u>vdx
Q Q
=/f(x,u)vdx+/g(x,u)vd0

Q

Q2
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for all test functions v € WLH(Q).
The energy functional ¢ : W () — R corresponding to problem (1.1) is defined by

1 1 q 1 1 g
pw) =—Vullp + =IVulg u+ —llullp + —llullg,. — [ Flx,u)dx — | G(x,u)do
p q p q
Q Q
for all u WLH(Q). Note that ¢ € C! (WI*H(Q)), see Perera-Squassina [40, Proposition 2.1],
and that any u € K, is a solution of problem (1.1).

First we want to produce two constant sign solutions. To this end, we consider the positive and
negative truncations of the energy functional ¢. So, we consider ¢+ : W (Q) — R defined by

W) = ~1Vull? + SVl + Sl + )
o+r(W)=—|Vu =\ Vullg. .+ —llu —lullg.
p P q q,n p p q q,1

—/F(x,:l:ui) dx—/G(x,:I:ui) do.

Q 982

Proposition 4.1. Let hypotheses (2.3) and (H) be satisfied. Then the functionals ¢+ fulfill the
Cerami condition.

Proof. We will show the proof only for ¢, the proof for ¢_ works in a similar way.
Let {u,}n>1 € WI’H(Q) be a sequence such that

|94 (uy)| <My for some My >0 and foralln e N “.1n
and
(1+ llunlly 20) @y (un) = 0 in WHHE@Q)™, (4.2)
Due to (4.2) we have

/ |Vun|P">Vu, - Vodx + / w(x)|Vun | 2Vu, - Vudx
Q Q

+ / Jn|P v dx + / ) it 2upv dx 4.3)
Q Q

_/f(x’”:)vdx_/g(%u,f)vda o enllvlhg
Q

T T llunllin
a0
forall v e W”“(Q) with g, — 0. Taking v = —u, € WI'H(Q) in (4.3) we obtain
—|P -4 —||P e
[V [+ Ve (Gt [+ [ lly . <20 forallneN.
Then, p3,(u;;) — 0 as n — oco. Hence, by Proposition 2.4(v) we have
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||u;||”_[—>0 as n — oo.
Thus
u; =0 inwhH(Q). (4.4)
Using (4.1) and (4.4) we get

q q
L+ 9 1+ L 1+ 1

4.5)
—/qF(x,uj,') dx—/qG(x,u;f) do <M, forallneN
Q aQ
for some M, > 0. We choose v = u,J{ € WI’H(Q) in (4.3) and obtain
= Vel = 1Vl g, = e = T 17,0
+Y,,+ +Y,,+ (4.6)
+/f(x,un)un dx+fg(x,un)un do <eg, forallneN.
Q a0
Now we add (4.5) and (4.6) to get
q q
(=)t (=)t 15+ [ 7 oyt = aF (o)) s
“ 4.7)
+ / (g (x,ufYut —qG (x,uf)) do < M3 foralln e N.
a0
Claim: The sequence {u; },>1 € W1H(Q) is bounded.
Arguing indirectly, we suppose, by passing to a subsequence if necessary, that
||u,“1L ”17—[ — 400 asn— +00. 4.8)

Defining y, = % for n € N we see that ||y,|l; 7 =1 and y, > 0 for all n € N. Thus, we

may assume that
Yo —y in wh(Q) and Yo =y inL™(Q)and L), y=>0, 4.9)

see Proposition 2.2(iii), (V).
Case1: y #0.
Let

Qr={xeQ:y(x)>0} and T'y={xedQ:yx)>0}.
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Of course, |24+ |n > 0. Then, because of (4.9) we have

uj,'(x) — 400 fora.a.x € Q4
and hence, due to (H)(ii),

F(x,uf (x))

e — +oo fora.a.x € Q4. (4.10)
n

Applying (4.10), hypothesis (H)(ii) and Fatou’s Lemma gives

F(x,ul)

S

dx — 4o0. @11

Furthermore, by (H)(i) and (ii) we have

F(x,s)>—M,; fora.a.x €, foralls e R, 4.12)

and for some M4 > 0. From (4.12) it follows

+
F(xu)d _ F(x,u )d +f F(xu)d
T P P SR A s
F(x, u+)
1 i ||
Therefore, due to (4.8) and (4.11), we have
Faun o e (4.13)
A (28 by

If the Hausdorff surface measure of I'; is positive, we can prove in a similar way that

Goruy) o +o0, (4.14)
||“n 1T
or otherwise
+
M do =0. (4.15)
5o H“n LH
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Thus, we obtain from (4.13), (4.14) and (4.15) that

F + +
@) gy M do — +00. (4.16)

D00, ) Tl

On the other side we obtain from (4.1) and (4.4) that

+ +
Li’ o ) dx + Lx “) o
o H“n HI’H ‘ 1H
=< W”V)’n”p ”Vyn”Z,u W”)’n”p q ”yn”Zu + Ms

for all n € N and for some M5 > 0. This shows, because of p < ¢, (4.8) and ||y, |17 =1 for all
n € N, that

F(x, u:[) G(x,u

H +”q ” +” 0 <Mg forallneN,

for some Mg > 0, which is a contradiction to (4.16).
Case 2: y =0.
Let k > 1 and put
1
vy = (gk)7y, forallneN.
By the definition of y,, we have
v, =0 in Wl’H(Q) and v, — 0 inL"(Q)and L"2(0L2). “4.17)

From (4.17) it follows that

/F(x,v,,)dx—>0 and /G(x,v,,)do—>0. (4.18)
Q a0

Recall that the energy functional ¢: WLH(Q) — R of problem (1.1) is defined by

1 p 1 q ! p o Lyg
<p(u)=;IIVullergIIVMIIq,u+;I|ullp+allullq,u— F(x,u)dx — | G(x,u)do.
Q a0

We have
o) < @) forallu e W-H(Q) withu > 0. (4.19)
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We choose #,, € [0, 1] such that
@ (tau)}) =max {o (ru;):0 <t <1}. (4.20)

Since |u;" ||l 4y —> 100 there exists no € N such that

==

(gk)

0<
ek |11

<1 foralln > ny. 421

Applying (4.20), (4.21), Proposition 2.4(ii) and (4.18) we obtain

@ (tnu;—:) > @(vn)

1 2 »p » q 1 2 p » q
:;qqkq||V)’n||p+k||vyn”q,/4+;qqkq||Yn”p+k||Yn||q,/4

—/F(x,vn)dx—fG(x,vn)do

Q LlY]

. 1 » r
> min {;qq, 1}k‘1 [V yull5 + VY lld, 0+ Tyl + 1yalld ]

—/F(x,vn)dx—fG(x,vn)da

Q Q2

1 » i
:min{—qs,l}ksﬁq.t(u)—/F(x,vn)dx—fG(x,vn)da
P Q2
1

zmin{;qs, 1}k§ — My foralln>ny,
for some n| > nyp. Since k > 1 is arbitrary, we conclude that
¢ (tau}) = 400 asn — oo. (4.22)
From (4.1), (4.4) and (4.19) we obtain
@0)=0 and @) <M forallneN, (4.23)
for some Mg > 0. Combining (4.22) and (4.23) gives
t, €(0,1) foralln>ny, 4.24)

for some ny > n1. By the chain rule, (4.24) and (4.20) imply that

d
0= E@(“‘I)

t=t, - <<p/ (t"u;li_) ’ ”:) for all n > n».
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This means
|V @) |5 + 1V ()15 + N [ + w5,

/f x tn )tn +d_)C—‘r—/ ()C tn )tn +d0. (425)

a2

for all n > nj. By hypothesis (H)(iv) and (4.7) we obtain

(1) vt (3

+/(f(x,z,,u;)z,,u;_qF(x,t,,u;)) dx+/( (x 1t} )t — qG (x. taic})) do

Q Q2

(T =) IV )+ (5 = 1) s 1
(511w (5-)

+/(f(x,u,j) Y gF (v ))dx—i—/( (e ik — qG (xv.u})) do

a2
(L) Iwutl+ (L= 1) bt

+/(f( ) —qF(x u )) dx+/( (x,u,f)u;r—qG(x,u,J{)) do
<M3

for all n > n3. This gives

(£ )19 )1+ (L= 1) b 1

p
+ +
/ I (x twil) tp} dx + f (%, tne ) tartyy do (4.26)

a0
/qF(x thu, )a’x—i—/qG(x thu, )do—i—Mg
Q R

Combining (4.25) and (4.26) leads to

q
—HV(W LSS M PR LEH g U v
/qF(x tau )dx—/qG(x,tnu:[) do
Q Q
< M3,
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for all n > n3, which implies

q¢ (l‘nuj,') < M3 foralln>nj.

This contradicts (4.22) and so the claim is proved.

From (4.4) and the Claim we know that the sequence {u,},>1 C wlH (£2) is bounded. There-
fore we may assume that

up —u in WEH(Q) and w, —u in L"(R) and L2(3Q). 4.27)

Due to (4.27) we have
Vi = Vu in LY, (Q; RN) and Vi, —Vu inLP (sz; RN) . (4.28)
Takingv =u, —u € WLH(Q) in (4.3), passing to the limit as n — oo and using (4.27) we obtain

||Vun||q,u - ||Vu||q,u and ||Vun||p g ||Vu||p (4.29)

Since the spaces LZ (Q; RN ) and L? (Q; RN ) are uniformly convex, we know that they satisfy
the Kadec-Klee property, see Gasinski-Papageorgiou [19, p. 911]. Hence, from (4.28) and (4.29)
it follows that

Vu, - Vu in Lz (Q; RN) and Vu, - Vu inlL? (Q; ]RN) .
Hence, by Proposition 2.3(ii) we conclude that

llun —ull1,30 = 0.
Thus, ¢ fulfills the Cerami condition. O
The following proposition will be useful for later considerations.

Proposition 4.2. Let hypotheses (2.3) and (H) be satisfied. Then for each ¢ > O there exist
C, Ce, Ce > 0 such that

~ q ~ r N T .

Cllullf 4y = Cellully' sy — Cellull Py, if lulliz <1,
o), o) =1 .  » TR Ao
Cllully 5 — Cellully gy — Cellullyy, i llulliz > 1.

Proof. We will show the proof only for the functional ¢, the proofs for the other functionals
work in a similar way.

Taking hypotheses (H)(i), (iii) into account, for a given ¢ > 0, there exist ¢; = ¢;(¢) > 0 and
¢y = () > 0 such that
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3 ~
F(x,s) < —|s|? +¢q|s|"" fora.a.x € Q,
P

. (4.30)
G(x,s) < —|s|” +¢&0s|? fora.a.x € 9%2.
p

Letu € W-H(Q). Applying (4.30), the Sobolev and trace embeddings for W17 () along with
Propositions 2.2(ii), (iii) and 2.3(c) we obtain

& ~ & ~ r
- ;llullz —Cyllull — ;”u”;ag —&llull 5q

=

1 1
;D—%Cé+6&ﬂdnvw£+5uvmﬂu

1 1 . Tl . 2
(1= o+ Clopellully + -l = &1 ()l = &2 (CTh) 1l
|1 1] . . r . r

zmm{;ﬁ—{C§+Cﬂgd,g}pHW)—q(C§)IWMH[—q(Cﬁﬁ el 25y

where Cq and Cyq are the embedding constants from the embeddings WLrP(Q) — LP(Q) and
WLr(Q) — LP(3Q) respectively, while Cg‘ and Cg’f2 are the embedding constants from the
embeddings wiH(Q) — L"(Q) and W (Q) — L2 (0Q), respectively.

Choosing ¢ such that € € <0, and applying Proposition 2.4(iii), (iv) we get the

1
CotCig
assertion of the proposition with

1 1 r "
5=min{_[1_(cg+cg’ﬂ)e],—}, 58=61<ng1)1, 55:52(Cg'£2)2. O
)4 q

Now it is easy to show that u = 0 is a local minimizer of the functionals ¢ .

Proposition 4.3. Let hypotheses (2.3) and (H) be satisfied. Then u = 0 is a local minimizer for
both functionals ¢4.

Proof. Asbefore, we will show the proof only for the functional ¢, the proof for ¢_ is working
in a similar way. Let u € WM (Q) be such that ||u|| 1,4 < 1. Applying Proposition 4.2 gives

) = Eull] 4y — Eellully 5y — Eellull Py
Since g < rq, rp there exists 1 € (0, 1) small enough such that
0o+(w)>0=¢4(0) forallue WI’H(Q) with O < lull; % < 7.
Hence, u = 0 is a (strict) local minimizer of . O
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The following proposition is a direct consequence of hypothesis (H)(ii).

Proposition 4.4. Let hypotheses (2.3) and (H) be satisfied. Then, for u € WI'H(Q) withu(x) >0
fora.a. x € Q, it holds ¢+ (tu) - —oo as t — o00.

Now we are ready to prove the existence of bounded constant sign solutions for problem (1.1).

Proposition 4.5. Let hypotheses (2.3) and (H) be satisfied. Then problem (1.1) has at least two
nontrivial constant sign solutions ug, vy € WI’H(Q) N L*°() such that

up(x) >0 and vo(x) <0 fora.a x e Q.

Proof. From Proposition 4.3 and Papageorgiou-Radulescu-Repovs [38, Theorem 5.7.6] there
exist n+ € (0, 1) small enough such that

9+£(0) =0 <inf{es(0): fulli 3y =ns} =mx. (4.31)

By (4.31) and the Propositions 4.1 and 4.4 we are able to use the mountain pass theorem (see
Theorem 2.6) which implies the existence of ug, vy € WI'H(Q) such that ug € Ky, vo € Ky_
and

9+(0)=0<my <@pi(ug) aswellas ¢_(0)=0<m_ <¢_(vo).
This shows that u( # 0 and vy # 0. Moreover, we have ¢/, (19) = 0 which means that

/ (1Vu01" =2V ug + () Vato | ~2Vug) - Vvl + / (101”210 + ) luto|*2ug ) v dx
Q Q

:/f(x,ug)vdx+/g(x,ug)vd0
Q

Q2

forall v e WLH(Q). Choosing v = —u, € WI'H(Q) we obtain

Pr(uy) =0

and so, by Proposition 2.4, we have

llug 11,2 = 0.

Therefore, ug > 0, ug # 0. In the same way we can show that vy < 0, vg # 0. Finally, by applying
Theorem 3.1, we have that ug, vo € L*°(R2). O
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5. Sign changing solution
In this section we are interested in the existence of a sign-changing solution of problem (1.1).
Following the treatment of Liu-Wang-Wang [25] and Gasinski-Papageorgiou [17] we introduce
the so-called Nehari manifold for the functional ¢ which is defined by
N= {u e WM (Q) 1 (@' (), u) =0, u 0}.
Since we are interested in sign-changing solutions, we also need the following set

No= {u e W' H@Q) :ut eN, —u € N}.

Proposition 5.1. Let hypotheses (2.3) and (H) be satisfied. Let u € WLH(Q), u # 0, then there
exists a unique ty = to(u) > 0 such that tou € N.

Proof. Let ¢,: (0, +00) — R be defined by

Cu(1) = (¢ (tu), u)

-1 p -1 q —1y, 1P ~1y,14a
=t Vullp + 177 [ Vullg,w + 7 llullp + 197 lullg,p

5D
—/f(x,tu)udx—/g(x,tu)uda.
Q a0
By hypothesis (H)(v) we have for ¢ € (0, 1) and |u(x)| > 0
t t
fx, tu)(tu) < fx, wu fora.a.x € Q,
19ul? |ul?
t t
g, tu)(tu) < gx, wu fora.a.x € 09,
19ul? |ul?
which implies
f(x, tu)u < tqflf(x, w)u fora.a.x e Q, 52)
g twu <19 'g(x, u)u  fora.a.x € 9. '
From (5.1) and (5.2) we obtain
Gu(t) = 1P Vull 4+ 177l
—tq_I/f(x,u)udx—tq_I/g(x,u)uda.
Q a0
Therefore, since p < g,
Cu(t) >0 forsmallz € (0, 1). 5.3)
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On the other hand, we have for t > 0

;Ll(t) _ 1 P q 1 14 q
L = IVl + 1Vl + 5l + el
t t 5.4
[ femw) g
ra-1 a1
Q Q2

Applying hypothesis (H)(ii) and passing to the limit in (5.4) as t — +o0 gives

Cu(?)
im = —00,
t—>—+oo $4—1
as p < q. Hence
Cu(t) <0 fort > 0 large enough. 5.5

Then, from (5.3), (5.5) and the intermediate value theorem there exists #y = fo(u) > 0 such that
;M ([0) = 07
which implies
(@' (tou), tou) = 0.
Hence

tou € N.

Note that equation ¢, (#) = 0 can be equivalently written as

q q __ p p
V0l = Nl = = Vel + = el
£, ) (tu) g(x, tu) (1)
— | ————dx— | ————do.
19 19
Q Q2

The right-hand side of this inequality is strictly increasing in ¢ > 0. Therefore, there exists a
unique fy = fo(«) such that

Su(t)) =0. O

Proposition 5.2. Let hypotheses (2.3) and (H) be satisfied. Let u € N, then ¢(tu) < ¢ (u) for all
t > 0 (with strict inequality when t # 1).
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Proof. Let k,: (0, c0) — R be defined by
k,(t)=¢(tu) forallt > 0.
Because u € N, it holds
K, (1) =0, (5.6)

which is, due to Proposition 5.1, the unique critical point of k,. From hypotheses (H)(i), (ii),
there exists, for any given 7 > 0, a constant ¢; > 0 such that

F(x,s)> £|s|’1 —c¢; fora.a.xeQandalls eR,
q

5.7
G(x,s)> £|s|q —c; fora.a.x €9 andall s € R.
q
Taking (5.7) into account, we have for r > 0
ku (1) = @(tu)
< Zhvutly + S pvund Sy + g
< —||Vu —|[[Vullg, —||\u —lullg,
p Pty arT Pty q.1
T4 Tt
— —lull§ - —IIMIIZ,;,Q +cr (12| + 19%2|§)
q q
P P py o 1 q q q q
=~ (10l ) + - (Ve el = 2 (el + el 1))
+ e (192n + [92|N) .
Taking t large enough we have
o(tu) < c3t? — cqt?
for some c3, ¢4 > 0. Since p < g we obtain
ky(t) = @(tu) <0 fort > 0 large enough. (5.8)
Applying Proposition 4.2, for ¢ > 0 small enough we obtain
ky (1) = ¢(tu)
= C5l‘q — Cétrl —cqt™?
for some cs, cg, c7 > 0. Since g < ry, rp we conclude that
ky(t) =¢(tu) >0 for ¢ > 0 small enough. 5.9
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From (5.8) and (5.9) we know that there exists a local minimizer to(#) > 0 of k,,. Since t =1 is

the only critical point of k,, see (5.6), we have that #o(x) = 1 which is a global minimizer of k.
Hence, we have

ku(t) < ky(1) forallt >0

and so

o(tu) <) forallt>0. O

Proposition 5.3. Let hypotheses (2.3) and (H) be satisfied. Then the functional |, is coercive.

Proof. It is enough to show that if {u,},>; € N and

o,) <Mg forallneN (5.10)

for some My > 0, then the sequence {u,},>1 € WI’H(SZ) is bounded.
Supposing the opposite we can assume that ||u,|; 7y — +oo. Letting y, = HuuTan we can

assume that y, — y in wiH(Q). Suppose that y = 0. Since u,, € N and y, — 0 we have for
each r > 0 that
oUy) > @(tyn)
1 p 1 q 1 p 1 q
= ;”V(tyn)”p + 5||V(t)’n)”q,u + ;Iltynllp + 5||tyl’l”q,/.t
—/F(x,tyn)dx—/G(x,tyn)dcr

Q 082

1
”fy"”f,%—_/F(Xafyn)dx—/G(x,tyn)d0—> 5#’,
Q2 9Q

1
> —
q
p

since || yall} 4y = 1 where we have used Propositions 2.4 and 5.2. Taking 7 > 0 large enough we
get a contradiction with (5.10). Hence, y # 0. Applying Proposition 2.4 we have

1 p 1 q 1 » 1 q
o(up) < ;Hvun”p + a”vun”q,u + ;”Mn”p + ;”un”q,u

—/F(x,IlunII1,Hyn)dx—fG(x, lunll1,30yn) do

(5.11)
Q aQ

=

”un”i]q{ _/F(xa ”un”],’Hyn)dx _/G(x’ ||“n||1,Hyn)dU-
Q Q2

1
p

Dividing (5.11) by ||un||({ 4> Passing to the limit as n — oo and applying (H)(ii), we obtain

Hb‘f(ﬁ;) — —oo which contradicts ¢ (u,) > 0, see Proposition 5.2. This proves the coercivity of
nlly 3

‘/’|N' =
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Let m = inf¢ and mo = inf ¢. First, we show that m > 0.
N No

Proposition 5.4. Let hypotheses (2.3) and (H) be satisfied. Then m > Q.

Proof. Recall the statement of Proposition 4.2, namely,

A q ~ r A 1z .
Ellull? 5y — Eellull;lyy — Eellull?y if lulli e <1,
~ ~ r A 12 .
Elull? 5y — Eellull}ly, — ecllully,  if lull 2> 1.

o) =
Since p < g < ry, rp it follows that for some ng € (0, 1) small enough
o) >y >0 forallue w7 (Q) with lleell1, ¢ = no.
Now let u € N and take s, > O such that s, ||u|l1 7y = no. From Proposition 5.2 we obtain
0<y <o(,uu) <eu) forallueh,

som>0. O

As a direct consequence of Proposition 5.4 we obtain that mq > 0.
Proposition 5.5. Let hypotheses (2.3) and (H) be satisfied. Then mqy > 0.
Proof. Applying Proposition 5.4 and recall that u™, —u~ € N, we have for each u € Ny

pw) =) +o(—u")>2m > 0.

Hence, mg > 0. O

Proposition 5.6. Let hypotheses (2.3) and (H) be satisfied. Then there exists yo € Ng such that
®(yo) = mo.

Proof. Let {y,},>1 € No be a minimizing sequence, that is,

@(¥n)  mo.

Clearly,

o) =) + (=)

with yF, —y, € N. Similar to the proof of Proposition 5.3 we can show that the sequences
{y,‘f boz1, 1y Ja=1 € WLH(Q) are bounded. Therefore, we may assume that

y,j'—\vl in WI’H(Q), v >0

(5.12)
vy —=v imWhHQ), 1 >0
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Suppose that v; = 0. Then, since y,j‘ € N, it holds

0=(<p’(yi),y,?)=/3%(yi)—/f(x,yn*)yn*dx—/g(x,yn*)yidﬂ
Q 02

for all n € N. From (5.12) and Proposition 2.3 we conclude that

yE—=0 inwhHQ).

Hence

0<m<gy)—>¢0) =0 asn— +oo,

which is a contradiction. Thus, vy # 0. In a similar way we can show that v, # 0. Taking Propo-
sition 5.1 into account there exists ¢, f > 0 such that

tivieN and vy €N.

Setting yo = tjv] — vy = y(')" — Yo gives yo € No. Applying the sequentially weakly lower
semicontinuity of ¢, Proposition 5.2 and the fact that yp € Ny we obtain

my = HETOO(P()%)
— 1 + -y
= dim (o) +e(=y,))
> lllinﬁg (qﬂ(tly;r) + @(—IZ)’;))

> p(fvy) +@(—nv2)
> ¢(yo)

> my.

Therefore

®(y0) =mo
with yo € No. O

Proposition 5.7. Let hypotheses (2.3) and (H) be satisfied. Let yo € Ng be such that ¢(yo) = mo.
Then yg € Ky. In particular yy € WI'H(Q) N L*°(R) is a solution of problem (1.1).

Proof. The proof of this proposition follows the idea of the proof of Theorem 1.4 in Liu-Dai
[26] and exploits the quantitative deformation lemma of Willem, see Jabri [23, Theorem 4.2].

From hypothesis (H)(v), Proposition 5.2 and the definition of Ny, for s, # > 0 such that at least
one of 5, ¢ # 1, we have
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o(syg —tyg) =0 (syg) +e(-tyg) <e(vg) +e(-yy) =@ (o) =mo.  (5.13)

Now we proceed by contradiction. So suppose that ¢’(yg) # 0. Then there exist § > 0 and
p > 0 such that

||go’(v)||1 y=p forallve W Q) with [[v— yoll1 3 < 36.

13 13
D=|-,=[x]|=,2]-
EHIRES

¢ (syf —tyy)=mo ifandonlyif s=r=1.

Let

From (5.13), we see that

Thus
+ —
= max syq —t < myg.
p (s,t)eaDw( Yo Yo ) 0
Let
. |mo—B pd
& =min ,— .
4 8

By the quantitative deformation lemma of Willem, see Jabri [23, Theorem 4.2], there exists a
continuous deformation 7: [0, 1] x W1 H(Q) > W!H(Q) such that

(i) n(l,v) =vifv¢ e~ (mo —2¢,mo +2¢1);
(i) e(n(1,v)) <mg—c¢cforallve wiH(Q) with ||v — Yolli, ¢ <6 and p(v) <mo+¢;
(i) e(n(1,v)) <e@(v) forallv e wiH(Q).

It follows easily that

1, syd —ryo . 5.14
(Srftl)ngw(n( syg —1yy)) <mo (5.14)

Let us now define 7: Ry x Ry — W-H(Q) by

h(s,t)=n (1, sy(")" — tyo_)
and put
Hots,1) = ({03 3 (0 (=130 =33) ),
1 1
Hi(s,1) = (; (¢ (0 5.0 hF 6.0). ~ {0 (=™ (5.1)). =h™ s, t>)> :
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Note that deg(Hy, D,0) =1, as

(@' Gy, yg)>0 and (p'(=syy),—yy ) >0 forallse(0,1),
(@' Gy, vy ) <0 and (¢ (=syy), —yy ) <0 foralls> 1.
By (5.14) and property (i) of n (see the choice of ¢ > (), we have that
h(s,t)=sys —ty, forall (s,t) €dD.
Thus Hyp = Hj on d D and hence
deg(H;, D, 0) =deg(Hy, D,0) = 1.

By the existence property of the Brouwer degree (see, for example, Gasifiski-Papageorgiou [18,
Theorem 4.11] or Papageorgiou-Winkert [39, Theorem 6.2.22]), we get

Hi(s,t)=0 forsome (s,t) € D.
This means that
n(L,syg —tyy ) =h(s,t) € No for some (s,1) € D.
But this contradicts (5.14) and the definition of m.
So, we conclude that yg € K, and thus yo is a solution of problem (1.1). From Proposition 3.1

we have that yg € L*(R2). O

Proposition 5.8. Ler hypotheses (2.3) and (H) be satisfied. If yo € Ny, is as in Proposition 5.7,
then yg is a nodal solution of problem (1.1) which has exactly two nodal domains.

Proof. From the definition of Ny and Proposition 5.7 it is clear that yp € Ny is a sign changing
solution. It remains to show that yp has exactly two nodal domains. Arguing by contradiction,

suppose that there exist disjoint open sets €21, €22 and Q3 on which yg has fixed sign. Without
any loss of generality, we may assume that yy has only three nodal domains. Let

yo(x) ifx €€,
Yi(x) = .
0 if x € Q\ Q%
for k=1,2,3, x € Q. Without any loss of generality, we may assume that

yl|Q1 >O, }’2}92 <O, y3 Q3 <0.

Setting § = y; + y2, we have 37 = y| and = = —y,. Since yo = y; + y2 + y3 = § + y3 and
¢’ (y0) = 0 because of Proposition 5.7 we have

0=(¢'(0). 3" )={' D + ' (3).3)= (¢’ ). 7).
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Therefore ((p’()?), $7)=0. In the same way we can show that ((p’()?), $7) = 0. From this we see
that 7, —3~ € N and so § € Ny.
Applying Proposition 5.6 and hypothesis (H)(iv) gives

1
mo =¢(y0) = ¢(y0) — 5(<p’(yo), ¥o)
. Lo, oo s /
=05 +909 = ({00, 5]+ (009, 3))
1
=90 +o(y3) — g(ﬁv/()’s), ¥3)
. 1 P 1 P
=oM+|(=———)1IVylp+{—=—=)lysllp
P q P q

1 1
+/ <;f(x, y3)y3 — F(x, y3)) dx +/ (5g(x, v3)y3 — G(x, y3)> do
Q I

11 o (1 1 ,
zmo+ | ——=—JIVyslp+{ === ) IIy3lp-
P q P g

Since p > g, we see that Q23 = {J. Thus we conclude that yg has only two nodal domains. O

Finally we can state the following multiplicity theorem for problem (1.1) summarizing the
results from Propositions 4.5 and 5.8.

Theorem 5.9. Let hypotheses (2.3) and (H) be satisfied. Then, problem (1.1) has at least three
nontrivial solutions u, vo, Yo € WI’H(Q) N L>®(2) such that

up>0, wv9=<0, yoisnodal with two nodal domains.
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