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Abstract

We consider a nonlinear Dirichlet problem driven by the p-Laplace operator and with a right-hand side
which has a singular term and a parametric superlinear perturbation. We are interested in positive solu-
tions and prove a bifurcation-type theorem describing the changes in the set of positive solutions as the
parameter A > 0 varies. In addition, we show that for every admissible parameter A > O the problem has
a smallest positive solution u#; and we establish the monotonicity and continuity properties of the map
A= uy.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

Let @ € RY be a bounded domain with a C2-boundary 9. In this paper, we deal with the
following nonlinear parametric singular problem
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—Apu=u"V+Arf(x,u) in€,
u=>0 in €2, Py)
u=0 on 0%2,

where 1 < p < 00,0 <y <1and A, denotes the p-Laplace differential operator defined by
Apu = div (|Vu|p_2Vu) for all u € W, ().

In the right-hand side of (P;), u~7 is the singular term while Af is the parametric term with
A > 0 and a Carathéodory function f : Q2 x R — R, that is, x — f(x,s) is measurable for
all s € R and s — f(x,s) is continuous for a.a. x € 2. We assume that f(x,-) exhibits
(p — 1)-superlinear growth near 400 but without satisfying the usual Ambrosetti—Rabinowitz
condition, AR-condition for short. We are interested in finding positive solutions and our goal
is to determine how the set of positive solutions of (P;) changes as the parameter A > 0 varies.
We are going to prove a bifurcation-type result which produces a critical parameter value A* > 0
such that

e problem (P;) has at least two positive solutions for all A € (0, A*);
e problem (P;) has at least one positive solution for A = 1*;
e problem (P;) has no positive solutions for all A > A*.

This result was motivated by the work of Papageorgiou—Smyrlis [ 15] who proved such a theorem
for problem (P;,) under the hypotheses that the perturbation term f(x, -) is (p — 1)-linear near 0.
This condition removes from consideration nonlinearities with a concave term near 0%. Our
framework removes this restriction and incorporates perturbations which exhibit the competing
effects of concave and convex terms. This changes the geometry of the problem. Moreover, our
growth condition on f(x, -) is more general than that in Papageorgiou—Smyrlis [15].

Nonlinear singular Dirichlet problems were also investigated in the papers of Giacomoni—
Schindler-Takac [5], Papageorgiou—Rédulescu—Repovs [14] and Perera—Zhang [16] for different
settings and conditions.

2. Preliminaries and hypotheses

Let X be a Banach space and let X* be its topological dual. We denote by (-, -) the duality
brackets to the pair (X*, X). Given ¢ € C!(X,R) we say that ¢ satisfies the Cerami condition,
C-condition for short, if every sequence {u,},>1 € X such that {¢(u,)},>1 € R is bounded and
such that (1 + |lu | x) ¢’ (u,) — 0in X* as n — oo, admits a strongly convergent subsequence.

This is a compactness-type condition on the functional ¢ and leads to following minimax
theorem known as the mountain pass theorem.

Theorem 2.1. Let ¢ € C' (X, R) be a functional satisfying the C-condition and let uy,uy € X,
luz —uillx > p >0,

max{g(u1), p(u2)} < inf{o@) : [lu —uillx = p}=:n,
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and ¢ = inf, cr maxo<;<1 @(y (1)) with I' = {y € C([0,1], X) : y(0) = uy, y(1) = uz}. Then
¢ > n, with ¢ being a critical value of ¢, that is, there exists i € X such that ¢'() = 0 and
p) =c.

By Wol’p (2) we denote the usual Sobolev space with norm || - ||. Thanks to the Poincaré
inequality we have

lull = I Vull, forall u e Wy (),

where | - ||, denotes the norm of L7 (£2) and L” (Q; RN ) respectively. Furthermore, we need
the ordered Banach space Cé Q) ={uecCcl(Q): u| 90 = 0} and its positive cone

Cy@4 = {ue CH@ :u(x) = 0 forall x €3},
This cone has a nonempty interior given by

_ _ 9
int (c(‘)(sz)+) - {u € Cl(Q)4 1u(x) > Oforall x € Q2 and a—:

< 0} ,
Q2
where 7 is the outward unit normal on 9€2.
The norm of RY is denoted by | - | and “-” stands for the inner product in RY. For s € R, we
set s* = max{s, 0} and for u € Wé’p(Q) we define u® () = u(-)*. It is well known that

ut e Wé’p(Q), ul=ut+u", u=ut—u".
Foru,v € Wol’p(Q) with u(x) < v(x) for a.a. x € Q we define

[u, v] = [y € Wy () u(x) < y(x) < v(x) fora.a.x € QJ,

int [u, v] = the interior in C} (%) of [u, v] N CA (),
Co (@

[w) = {y € Wy P(Q) : u(x) < y(x) foraa.x € Q).

By | - |[v we denote the Lebesgue measure on RY. By p* > 1 we denote the Sobolev critical
exponent for p defined by

N .
o= N—_pp if p<N,
+oo if N <p.

Finally, if i1, hp € L°°(R2), then we write &; < h; if and only if for every compact K C Q we
have 0 <mg < hy(x) — hi(x) fora.a. x e K.
Let A: W, P (Q) - W17 (Q) = W, P (@)* with L+ 2 =1 be defined by

(A(u),<p)=/|Vu|p72Vu~V(pdx forallu,goeWOl’p(Q). 2.1
Q
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The next proposition states the main properties of this map and it can be found in Gasinski—
Papageorgiou [4, Problem 2.192, p. 279].

Proposition 2.2. The map A : Wé P(Q) - W’I’P/(Q) defined in (2.1) is bounded, that is, it
maps bounded sets to bounded sets, continuous, strictly monotone, hence maximal monotone
and it is of type (S) 4, that is,

Un > uin Wy'P(Q) and  limsup(A(u,), u, —u) <0,
n—>0o0o

imply u, — u in Wg’p(Q).

Moreover, we denote by A1 the first eigenvalue of (—A, Wol’p(SZ)) and by ii] € Wol’p(SZ) the
corresponding positive, L”-normalized, that is, || || » = 1, eigenfunction. We know that )Aq >0
and i € int (Cé (§)+), see Gasinski—Papageorgiou [3].

Also, for a given ¢ € C! (X, R) we denote by K, the critical set of ¢, thatis, K, ={u € X :
¢'(u) = 0}.

Now we introduce the hypotheses on the nonlinearity f: Q2 x R — R.

H: f:Q x R— Risa Carathéodory function such that f(x,0) =0 for a.a. x € Q2 and
(1) ifa € L*(2) with s > N, then

0< f(x,s) <a(x) (1 +sr—1)

fora.a. x € Q, forall s > 0 and for p <r < p*;
i) if F(x,s) =fos f(x,t)dt, then

. Fx,s)
lim
s—>+00 sP

=+oo uniformly for a.a. x € ;
>iii) if

Ly:| STV R A f(x,5)s — pF(x,9)]

fax.) = [1 -

with A > 0, then
M (x, 1) < Malx, 82) + T (x)
fora.a. x € Q, forall 0 <s; < sy with t, € L! (R2) and A — 7, is nondecreasing from
(0, +00) into L1 ():
(iv) there exist ¢; > 0 and ¢ < p such that

fx,8) =c [s’—l +sq_1]

for a.a. x € Q and for all s > 0;
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(v) for every n > 0 there exists m,; > 0 such that

fx,s) =my

for a.a. x € Q and for all s > 13
(vi) for every p > 0 there exists &, > 0 such that the function

s— f(x,s) —}—éps"’_1
is nondecreasing on [0, p] for a.a. x € Q.

Remark 2.3. Since we are interested on positive solutions and the hypotheses above concern the
positive semiaxis Ry = [0, +00), without any loss of generality, we may assume that

f(x,s)=0 fora.a.xeQandforalls <O0. 2.2)
Hypotheses H(ii), H(iii) imply that

. fx,s)
m

s—>+oo sP—1

=+o00 uniformly for a.a.x € Q.

Hence, the perturbation term in (P, ) is (p — 1)-superlinear in the second variable. However, we
do not employ the usual AR-condition for superlinear problems. Recall that this condition says
that there exist ¢ > p and M > 0 such that
O0<tF(x,s) < f(x,s)s fora.a.x € Qandforalls> M, 2.3)
0< essQian(~, M). 2.4)

In fact this is a unilateral version of the AR-condition on account of (2.2). Integrating (2.3) and
using (2.4) we obtain the weaker condition

¢t < F(x,s) fora.a.x e, forall s > M and for some c; > 0.

Hence, the AR-condition implies that f(x, -) exhibits at least (r — 1)-polynomial growth. This
excludes superlinear nonlinearities with slower growth near +o0o from consideration. Instead
we employ the quasimonotonicity condition on 7, (x, -) in hypothesis H(iii). This condition is a
slight generalization of a hypothesis introduced by Li—Yang [11]. This superlinearity hypothesis
is different from the one used by Papageorgiou—Smyrlis [15]. There are easy ways to verify H(iii).
For example, condition H(iii) holds if there exists M > 0 such that

sV +Af(x,s)
-_—
sp—1

is nondecreasing on [M, 4+-00) for a.a. x € Q or
s = fa(x,s)

is nondecreasing on [M, 4-00), see Li—Yang [11].
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Hypothesis H(iv) allows perturbations which have concave terms. This is excluded from the
hypotheses of Papageorgiou—Smyrlis [15]. Hypothesis H(iv) is satisfied if, for example, f(x, -)
is differentiable for a.a. x € Q2 and for every p > 0 there exists ¢, > 0 such that

fix,s) > —cpsp_]
fora.a. x e Qand forall0 <s < p.

Example 2.4. For the sake of simplicity we drop the x-dependence. The following functions
satisfy hypotheses H:

fis) =s"""with p < 7 < p*,

(sHr-1 ifs <1,

f®)= sP~Hlns+1] ifl<s

with 1 <9 < p < c0.

Note that f, fails to satisfy the AR-condition and it is outside the framework of Papageorgiou—
Smyrlis [15].

3. Positive solutions

We introduce the following two sets

L = {X > 0: problem (P,) has a positive solution},

Sy, = {u : u is a positive solution of problem (P;)} .
Proposition 3.1. If hypotheses H hold, then L # (.

Proof. We consider the following purely singular Dirichlet problem

—Apu=u""inQ, ul,,=0u=>0. 3.1
From Papageorgiou—Smyrlis [15, Proposition 5] we know that problem (3.1) has a unique posi-
tive solution & € int (C} (Q).). Moreover, we consider the following auxiliary Dirichlet problem

—Apu=1inQ, ul,,=0. (3.2)
Problem (3.2) has a unique solution e € int (Cé (§)+) which can be shown easily. For 1 <t <
~+o00, we have e* € int (Cé (§)+) and using Proposition 2.1 of Marano—Papageorgiou [12], see
also Gasinski—Papageorgiou [4, Problem 4.180, p. 680], there exists ¢3 > 0 such that i1 < c3e”
and so

<>
—_-—
IA
)
W=
B

which implies
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eV < C412; ’
for some ¢4 > 0. From the Lemma in Lazer-McKenna [9] we know that

i, " e L™ ().
This fact along with (3.3) gives

1
e el @ and ||, sea |
Hence

lim sup ||e_7 ||t <c4.
T—>+400

On the other hand, from the Chebyshev inequality, we have

" [{e™ zadly = e[
with n > 0, or equivalently,

n|{e™ =]
This fact yields

. —y .
n< llin-;l-rg || e || . provided
From (3.4) and (3.5) it follows that

{e™ zn}|y >0
€7 eLl®(Q) and |e 7| — e[, ast— +oo.

Now let ¢5 > ||e’7’ ||<>o and mg = ||e||o. For t > 0 we consider the function

9 (t) =

1

tP=l — stV

r=lr—1 g=1.4-1
_mo t +my 4

tpy=1 cs

— —1

cy |m” 1tr+y—1+mg tq+)/—1:|
1

C1

cs
mllr—p mg‘qu—ﬂ] ci [mg‘lzrﬂ—l + mg‘1t4+y—1]

tP—4

cs
— -1 — —1 ’
c1 [m’ =4 4 mf ] c [mg trdv=1 4 md qurV*‘]

(3.5)

34

(3.3)
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Since g < p < r we see that
9(t) > —ooast— 0T and () — 0" ast — +oo.
Therefore, there exists #y > 0 such that
Ao =0 (tg) =max[v(¢) :t > 0] > 0.
Let A € (0, Xo). We can find ¢ > 0 such that ¢ (¢) > A. Hence
P71 > o517V + aey [m(’)_lt"1 + mg_lt"‘l] ) (3.6)

We set i1 = te € int (C} ()4 ). Then, because of (3.6), hypothesis H(iv) and the choice of cs, m,
we obtain

—Apii=1"""[=Ape]

:tp_l
> 5tV + Ay [mg_ll‘F1 +mg_lt‘171] 3.7
>u " + hey [ﬁ"l + u’l—l]

>u YV +Af(x,u) foraa.xeQ.

Since u € int (Cé (§)+), as before, there exists ¢ € (0, 1) small enough such that du < u. If
iip =¥ €int(C}(Q)+), then

—Apitg=—A, @) =07 (—Api) =97 'd T < @id) T =iy (3.8)

since ¥ € (0, 1). Using the functions iig, & € int (C(l) (§)+), we introduce the following truncation
of the reaction of problem (P;)

up(x)™" +Af (x,u0(x)) if s <up(x),
&.(x,8) =35V +Arf(x,s) if ip(x) <s <u(x), (3.9
ux)"’ +rf (x,u(x)) ifu(x) <s,

with A € (0, Ag). Evidently, g, : 2 x R — R is a Carathéodory function. We set G, (x,s) =
f(j g, (x, 1)dt and consider the functional vy, : Wg’p(Q) — R defined by

1
Vi (u) = ;IIVullﬁ —fo(x,u)dX-

On account of Proposition 3 of Papageorgiou—Smyrlis [15] we have that ¢, € C 1(WO1 P(Q)).
Moreover, from (3.9) it is clear that v, is coercive. The Sobolev embedding theorem implies that
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Y, is sequentially weakly lower semicontinuous. So, by the WeierstraB—Tonelli theorem, there
exists u) € W(}’P(Q) such that

V() :inf[lpk(u) ‘ue W(}*P(Q)] .

Since u;, is a global minimizer, it fulfills 1//1(14 ») = 0, which is equivalent to

(A(us), h) =fgk(x,ux)hdx forall h € Wy'? (). (3.10)
Q

Taking h = (g — u;k)jL € Wol’p(Q) in (3.10) gives, thanks to (3.9), (3.8) and the fact that f > 0,

(). o =) = [ [ +7 i) o = i) *
Q

> /ﬁay (iio — up) T dx
Q

> (A (ito) , (o — uz)™).

Because of the monotonicity of A, see Proposition 2.2, we obtain that itg < u; . Next, we choose
h=@u,—-u)"e Wol’p(Q) in (3.10). This gives, by applying (3.9) and (3.7), that

(A, w,—wt)= / [67 +Af ] —whrdx <(A@), (up —)7").
Q

As before, by applying Proposition 2.2, it follows that u; <u. So, we have proved that
uy, € [iio, ] . (3.11)
From (3.9), (3.10), (3.11), it follows that
(A(uy), h) = / [u;y +Af(x, uk)] hdx forallh e Wol’p(Q). (3.12)
Q

Since g € int (Cg(§)+), as before, we have that ﬁay € L*(R2) for s > N and since 0 <
u,” <iiy”, see (3.11), one has that u, ” € L* (). From (3.12) it follows that

—Apup(x) = ()7 + Af(x,up(x)) foraaxeQ, ul,,=0. (3.13)

From (3.13) and Proposition 1.3 of Guedda—Véron [7] we have that u; € L>(R2). Let &, (x) =
u,(x)7V + Af (x,u;(x)). Then &, € L*(£2), see hypothesis H(i). We consider now the following
linear Dirichlet problem
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—Av=¢, inQ, v‘m.

This problem has a unique solution v, which by the linear regularity theory belongs to W2*(£2),
see Gilbarg—Trudinger [6, Theorem 9.15, p. 241]. Then, since s > N, the Sobolev embedding
theorem implies that

la & . N
neCy () with a=1- v (3.14)

We set &y (x) = Vv, (x). Then k; € CO% (2, RN), see (3.14). From (3.13) we obtain
—div (|vm(x)|l’*2vm(x) _ kx(x)) =0 foraaxe®, wu,=0.

Invoking Theorem 1 of Lieberman [10], we infer that u € C(% (€2)4 \ {0}. Finally from (3.13) and
the nonlinear maximum principle, see for example, Gasinski—Papageorgiou [3, Theorem 6.2.8,
p. 738] and Pucci-Serrin [17, p. 120], we conclude that u;, € int(C}(Q)4). It follows that
0,r0) S Landso LF#P. O

From the proof above we infer the following corollary.
Corollary 3.2. If hypotheses H hold and A € L, then S;. C int (C}(Q)+).

In the next proposition we show that £ is in fact an interval.

Proposition 3.3. If hypotheses H hold, A € L and 0 < u < X, then € L.

Proof. Since A € L there exists u; € Sy C int (Cé (§)+), see Corollary 3.2. Since u < A and
f >0, we have

—Apup (X)) = up ()77 A (0 un (X)) = ua ()Y A+ pf (x, up (x))

for a.a. x € Q. Recall that & € int (C(l) (§)+) is the unique solution of (3.1). Since u; €
int (Cé(§)+) there exists ¢ € (0, 1) small enough such that ra < u;. We set u, = tu €
int (Cé (§)+) and introduce the following truncation nonlinearity

B (X)TV +puf (6, G4 (x))  if s < ity (x),
8ux, ) =157 +uf(x,s) ifit,(x) <s <u(x), (3.15)
()7 A+ puf e un(x) ifu(x) <,

which is a Carathéodory function. We set Gu(x, §) = fo 8u(x, 1)dt and consider the functional
Vo Wol’p(SZ) — R defined by

o 1 ~
Wu(u)=;IIVMllﬁ—/.GM(x,u)dx.
Q
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As before, we have 1}“ eC I(W(;’p (R2)), see Papageorgiou—Smyrlis [15, Proposition 3]. From
(3.15) it is clear that v, is coercive. Also, it is sequentially weakly lower semicontinuous. So, by
the Weierstra3—Tonelli theorem there exists u,, € W(} "7 () such that

B () = inf [ ) 1w € Wy P ()]
Hence, &L (1) = 0 which is equivalent to
(Auy), h) =/§M(x,uu)hdx forall h e Wol’p(Q). (3.16)
Q

We choose h = (ﬁ* — uﬂ)+ € Wol’p(Q) in (3.16). Then, using (3.15), f >0, (3.1) and &t, = tu
for 0 <t < 1, we obtain

<A(uu),(zl*—uu)+>=/[ﬁ?+uf (x,zl*)] (it —uy) " dx

Q

> f iz’ (IZ* - uﬂ)+dx

Q

> (A G (@ = 1) ).

Hence, by Proposition 2.2, i, < u,. Next, we choose h = (uﬂ — uk)+ € W&’p(Q) in (3.16).
Then, as before, by applying (3.15) and since f >0, u < A and u, € S, we obtain

(A (up) . (up — uk)+> =/ [u;y + uf (x,uu)] (o —uz) " dx

Q

< [u;y +Af (x,uk)] (up — uk)erx
=<A (uy), (”u —u)»)+>.

Using Proposition 2.2 we see that u,, < u.
So, we have proved that

wy € [iy, un]. (3.17)
From (3.15), (3.16) and (3.17) we infer that u,, € S, Cint (C}(R)4) andsop e L. O
A useful byproduct of the proof above is the following corollary.

Corollary 3.4. If hypotheses H hold, 0 < u < A € L and uj, € S, C int (C}(Q)+), then p € L
and there exists u, € S, C int (Cé (§)+) such that uy —u, € Cé ()4 \ {0}.
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In fact using hypotheses H(v), (vi) we can improve the conclusion of the corollary above.

Proposition 3.5. If hypotheses H hold, 0 < . < % € L and ifuy, € S), C int (C}(Q)+.), then jn € L
and there exists u, € S, C int (C(]) (§)+) such that uy — u, € int (Cé (§)+).

Proof. From Corollary 3.4 we already know that € £ and we can find u; € S, C int (C(l) (§)+)
such that u; —u, € C(l) ()4 \ {0}. Let p = ||u;||oo and let ép > 0 be as postulated by hypoth-
esis H(vi). Since u;, € S, Cint(CJ(Q)+),ux € Sp € int(C}(Q)+), uy < u; and because of
hypotheses H(v), (vi) we derive

— Apuy(x) + )xégpuﬂ(x)”_l —u,(x)77
= pf (%, 1 (0)) + Apuy (0!
= hf (v up () +AEpup ()P~ — (= ) f (x4 (x) (3.18)
<Af (&, un () + A pun (1)
=—Apu;(x) + Aépufq —u;(x)7V
for a.a. x € Q. Let hig(x) = (A — p) f (x, u, (x)). Since u,, € int (C4(Q)+) and using hypothe-
sis H(v), we see that 0 < /. Therefore, from (3.18) and the singular strong comparison principle,
see Papageorgiou—Smyrlis [15, Proposition 4], we conclude that uy — u, € int (Cé (Q)+). m|
We set A* =sup L.
Proposition 3.6. If hypotheses H hold, then \* < oo.

Proof. Recall that

. fx,s)
1m

s—>4o0 sP—1

=+o00 uniformly fora.a.x € Q,

see hypotheses H(ii), (iii). Therefore, for a given k > 1, there exists M > 0 such that

f(x,s)>ks?™! foraa.x € Qandforalls> M. (3.19)
On the other hand, we have
STV +Af(x,8)>M7V +Af(x,s) (3.20)
for a.a. x € 2, for all 0 <s < M and for all » > 0. Note that, since f >0,

. M7V 4 Af(x,s)
lim —MM—~

0 = +o00 uniformly for a.a.x € Q,
s—0F sP—

which implies that there exists §; > 0 such that
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MY +Af(x,s) > s foraa.xeQandforall0<s <S5;.
Combining this with (3.20) we see that
sV +Af(x,8) > AisP~! foraa.x e Qandforall 0 <s <§y. (3.21)
Finally, note that on account of hypothesis H(v), there exists A > 1 large enough such that
STV ARf(rs) = MY 4 Amy, = A MPT > hsP! (3.22)
for a.a. x €  and for all §; <s < M. Combining (3.19), (3.21), and (3.22) we conclude that
sV 4+ Af(x,s)> AisP~1 foraa. x € Q and forall s > 0. (3.23)
Let A > X and suppose that A € £. There exists u; € S, C int (Cé (§)+). Let ¢ > 0 be such that
tiy <uy. (3.24)
Assyme that r > 0 is the largest positive real number for which (3.24) holds. Let p = ||u; ||co and
let &£, > 0 be as postulated by hypothesis H(vi). Applying (3.24), hypothesis H(vi) and (3.23)

gives

—Apus (x) + AEpup ()P —up (x) 7Y

= Af (6, up(x)) + 2pup (x)P !

> 0f (x, 1y () + A€, (11 (x)) !

= 2f (et () + 4y (it ()" 4 (A= 7) f (.1t () (329
1 tftl(x))pi1 + 1, (tftl(X))Pf]

-
> A, (101 (x)) + 1€, (ti (0))” " = (141 (0)) 7 foraa.x € Q.

We set hg(x) = (A - X) f (x, tﬁl(x)). We see that since ] € int (C(l) (§)+) and because of

hypothesis H(v), we have 0 < /. Therefore, from (3.25) and Papageorgiou—Smyrlis [15, Propo-
sition 4] we infer that u; — til; € int(CJ(S2)+) which contradicts the maximality of ¢ > 0,
see (3.24). This shows that A ¢ £ and so A* <A < 400. O

Next we show that the critical parameter A* > 0 is admissible.
Proposition 3.7. If hypotheses H hold, then .* € L.
Proof. Consider a sequence {A,},>1 < (0, A*) € L such that A,, — (A*)~ as n — oco. From the

proof of Proposition 3.3 we know that there exists u, € Sy,  int (C}(Q)4) for each n € N such
that
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{un}n>1 is increasing and ity =t <u, foralln eN. (3.26)

Let 1@)\" eC! (WO1 "P(Q)) be as in the proof of Proposition 3.3 resulting from the truncation of the
reaction of (P;) with A replaced by A, at {it,(x), up4+1(x)} = {tu(x), uy4+1(x)}, see (3.15). We
know that u,, € (i, up41] is the minimizer of &An. Therefore, because of (3.15) with u) = u;41
and hypothesis H(v), we have

- A 1
Ui ) = s, @) = 117 [ [ s iy ax
Q

tP - _ o .
=;||Vu||§—z‘1 ”/ul de—kn/f(x,u*)u*dx (3.27)
Q Q

tP . _ 1
<—|Iva|b -+ V/u‘ Vdx.
P Q

‘We know that
||Vﬁ||§=[ﬁ‘*ydx,
Q
see (3.27). Hence, since t € (0, 1),
tP | Vil? gtH/ﬂl*de.
Q

This finally gives

U3, (n) <0 foralln €N, (3.28)

see (3.27).
Consider now the Carathéodory function g, : Q2 x R — R defined by

Ui (X) 7V A+ A f (0,05 (x)) if s < it (x),

_ o~ (3.29)
STV + A f(x,s) if i, (x) <s.

8r,(x,5) ={

We set G;m (x,5) = f(; 8, (x, t)dt and consider the C!-functional O, WOI’p(Q) — R defined
by

. 1 ~
() = IVl / Gy (x, u)dx.
Q

Note that
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Pha [”7*5“)1+1] = wx" [ﬂ*aun+l].

Then, see (3.28), we have ¢, (u,) <0 for all n € N and so

IVl — / Gy, (6, t)dx < 0.
Q

Applying (3.29) and the fact that u, € [iis, un41] leads to

IVun |l — f p [ﬁi‘V o f (x, a*>] idx

¢ (3.30)
_IL [u,lfy —uiﬂ/] —Anp/[F(x,un)—F(x,zZ*)]dx<O.
4 Q Q
Moreover, we know that
(A(uy), h) = / 8r, (x,up)hdx forall h e W(}’p(Q) and for all n € N. (3.31)

Q

Choosing h = u, € W(;’p(Q) in (3.31) and applying (3.29) and the fact that u, € [y, up+1]
yields

Va1 +/ [u,‘,‘V o f(x, u,,)u,,]dx —0 forallneN. (3.32)
Q

Adding (3.30) and (3.32) we obtain

/ fa, (X, un)dx < My for some M; > 0 and for all n € N. (3.33)
Q

Suppose that {u,},>1 C WOl "7 (Q) is not bounded. By passing to a subsequence if necessary, we
may assume that [|u,|| — +o0. We set y,, = ”Z—Z” for n € N. Then we have ||y,||=1and y, >0
for all n € N. So, we may assume that

Vn X y in Wé’p(Q) and y,—y inL"(Q), withy>0. (3.34)

First assume that y 7 0 and set Q* = {x € Q: y(x) > 0}. We have |Q*|y > 0 and u,(x) — +00
for all x € Q*. We have

F(x,un(x))  F(x,uy(x))

Yu(x)? = 400 fora.a.x € Q"
Nl |7 up(x)? "

and so, by Fatou’s Lemma,
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F(x,
llunll?

Since F > 0, we have
F 5 F 9
/ (x un)dx S/ (x un)dx
llun P lunll?
Q* Q

and so, by (3.35),

Hypothesis H(iii) implies that
0 <, (x,up(x)) + 1ax(x) fora.a.x € QandforallneN.

Then

T (0! 4 PG () = (' o o f Gt ()it (5) + T3 ()

fora.a. x € Q and for all n € N.

From (3.31) with h =u, € W(;’p(Q) we obtain by using (3.29) and (3.26)

||Vun||§=/[u,l,_y+knf(x,un)u,,]dx for all n € N.
Q

Applying (3.38) in (3.37) gives

pha / Fxoun)dx < [Vunllh + ey
Q

Hence

F(x,up) o ol
DA /7dx <||Vyullp» + for alln € N.
"I lugll? "I g P

Comparing (3.36) and (3.39) we have a contradiction.

1477

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

1
Next suppose that y = 0. For p > 0 we set v, = (pu)?y, for all n € N. Then v, €
int (Cé (SZ)+) and v, — 0in L" (), see (3.34) and recall that y = 0. Then, by (3.29), we get

/G,\n(x,vn)dx—>0 asn — oQ.
Q

(3.40)
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Since ||u,|| — 400, there exists a number ng € N such that

<1 foralln > ny. (3.41)
lleen

1
(pu)r
Moreover, let t,, € [0, 1] be such that
(/3)»,, (tnu,) = max ¢An (tun), neN.
0<r<l
Applying (3.41), the representation ||y, || = 1 for all n € N and (3.40) leads to

@rp (tntty) = @, (vy)  foralln > ng

=u||Vyn||§—/Gx,,(x,vn>dx
Q (3.42)

=u— / é(x, vy)dx > foralln > ny > ny.

Q

s
2

But recall that p > 0 is arbitrary. So, from (3.42) we infer that
@1, (tatty) — 400 asn — oo. (3.43)
We have
@.,0) =0 and @, (u,) <0 forallneN.

From this and (3.43) it follows that #,, € (0, 1) for all n > n,. Therefore, we obtain

d .
AL (tup)|,_,, =0 foralln>n,

which means

”v(tnun)”pngkn(xatnurz)undx
Q

and so
P@An (tatn) + p / G)L,, (x, thuy)dx = / §xn (x, tyuy) (taup)dx.
Q Q
Then we use hypothesis H(iii), (3.29) and recall that ¢, € (0, 1) for all n > n; to get

Por, (tnitn) < / Ao (st )dx + Mo
Q
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for some M5 > 0 and for all n > n;. Taking (3.43) into account gives

/ﬁx,, (x,up)dx — 400 asn — o0o.
Q

But this last convergence contradicts (3.33).
It follows that {uy},>1 € Wé’p (£2) is bounded and so we may assume that

up S u* inWyP(Q) and w, —u* inL'(Q) withu* > i, (3.44)

Choosing h = u, —u* € Wol*”(sz) in (3.31), recalling that u,, ” € L () with L + 1 =1, passing
to the limit as n — oo and applying (3.44) results in

lim (A(uy), u, —u™) =0.
n—o0
Since A has the (S)-property, see Proposition 2.2, we infer that

Uy — u* in Wy P (Q). (3.45)

So, if we pass to the limit in (3.31) and apply (3.45), then we obtain

(Au*), h) = /gx* (x,u*Yhdx forall h e WP (Q) with u* > i,
Q

Therefore, we have

(A(u™), h) :/[(u*)*y +1* f(x,u™)| hdx forall h € W(}”’(sz).
Q

Hence, u* € Sy» Cint(C}(R)4) and A* € L. O
In summary, we have proved that
L£=(0,1].
Next we show that we have two solutions for all A € (0, A*).

Proposition 3.8. If hypotheses H hold and 0 < A < 1%, then problem (P))) has two positive solu-
tions ug, i € int (C(l) (Q)+).

Proof. From Proposition 3.7 we know that A* € L. So, there exists u* € Sy € int (C}(2)+),
see Corollary 3.2. According to Proposition 3.5 we can find ug € S;, € int (C}(Q)+) such that

u* —up € int (cg (§)+) . (3.46)
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Moreover, let 9 € (0,1) C £ and uy € Sy C int (Cé (§)+) be such that

1o — 1y € int (cg (§)+) , (3.47)
again by Proposition 3.5. From (3.46) and (3.47) it follows that

up € int [uﬁ,u*]. (3.48)
(eH(9)

We consider the Carathéodory functions k;,, k. : Q2 x R — R defined by

ko (x. 5) = wy (X)) +Af(x,uy(x)) ifs <wuyg(x), (3.49)
BEUT s 1t s) if up(x) <s '

and

up ()7 +Af (x,up(x)) ifs <uy(x),
lgx(x,s)z sV +Af(x,s) ifug(x) <s <u*(x), (3.50)
w*(x)7V +Af(x,u*(x))  ifu*(x) <s.

We set K;.(x,s) = [y ku(x, 0)dt, K;(x,s) = N k;(x,t)dt and consider the C!-functionals
03, 6. : Wy P (Q) — R defined by

1
Gx(u)=;IIVullz—/Kx(x,u)dx,

. 1 ;
m(u>=;nwnﬁ—/m(x,u)dx.
Q

From (3.49) and (3.50) it is clear that

~

Oy ) = Oy ey (3.51)
Moreover, as in the proof of Proposition 3.1, using (3.49) and (3.50), we show that
Ko, C [up) Nint (cg (§)+) and Kj, C[ug,u;]Nint (cg (§)+) . (3.52)

From (3.52) we see that we may assume that K5, = {uo}, otherwise we already have a second
positive solution for problem (P, ), see (3.50) and (3.52).

From (3.50) and since u;V € LP,(Q) we infer that &; is coercive and from the Sobolev em-
bedding theorem, we know that 6, is sequentially weakly lower semicontinuous. Therefore, we
can find ug € WO]’P(Q) such that

&3 (ug) =inf [aq(u) ‘ue W(}”’(Q)] . (3.53)
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That means u(’g € K;, and so ug = ug. From (3.48), (3.51) and (3.53) it follows that ug is a local
C(l) (€)-minimizer of oy, and from [5] and [13] we know that

ug is a local Wé’p(Q)-minimizer of oy, (3.54)
We assume that K, is finite or otherwise, on account of (3.49) and (3.52), we already have an

infinity of positive smooth solutions for problem (P;) and so we are done. From (3.54) we infer
that there exists p € (0, 1) small enough such that

o5 (uo) <infloy(u) : [lu — uoll = pl =m,, (3.55)

see Aizicovici-Papageorgiou—Staicu [1, Proof of Proposition 29].
Hypothesis H(ii) implies that if u € int (CJ (€)+.), then

o, (tu) > —00 ast — +o0. (3.56)

Claim: o, satisfies the C-COIlditiOI}.
Consider a sequence {u,},>1 C Wo’p (€2) such that

|oy(uy)] < M3 for some M3 > 0 and for all n € N, (3.57)
(1 + unl) of (un) > 0 in WP (Q) as n — oco. (3.58)

From (3.58) we have

(3.59)

<A(un>,h>—ka(x,un)hdx < Eallnl
J 1+ [l |

for all h € WP () with &, — 0. We choose h = —u;; € W,"”(R) in (3.59) and use (3.49) to
obtain

|Vu, ||Z <ce|lu, | for some cg >0 and forall n € N.
Hence
{n}n=1 € WyP () is bounded. (3.60)

Then from (3.57) and (3.60) it follows that

|V HZ - / pKy(x,ul)dx <My for some My > 0 and forall n € N.
Q

This implies
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[V - / pluy? +1f Geoup) g dx

{uﬁrfuﬁ}

- [ e ]

{u1?<u;r}
— pA / [F(x,uf) — F(x,up)] < My
{u19<u,4{}
for all n» € N and so

||Vu,f”i—ﬁ/(u:)l_ydx—pA/F(x,u:)dx§M5
Q Q

(3.61)

for some Ms > 0 and for all n € N. Moreover, we choose h = u,} € WOI”’(Q) in (3.59) which

gives

- || Vu,j ||£ + / [u;y + Af(x, ulg)] u,‘fdx
{uiiuﬁ}
+ / [(u,‘f)ﬂ/ + Af(x, u:{)] utdx <e,
{u19<u,,+}
for all n € N. This leads to
—|vur ]+ / () 7 dx +4 / f G u yuk dx < M
Q Q

for some Mg > 0 and for all n € N. Adding (3.61) and (3.62) yields

/ fa(x,uydx < M7 for some M7 > 0 and for all n € N.
Q

(3.62)

(3.63)

Applying (3.63) and reasoning as in the proof of Proposition 3.7 (see the part of the proof
after (3.33)), we show that {u,},>1 C Wé’p(Q) is bounded and so, due to (3.60), {u,}n>1 €

W,'? () is bounded as well.
So, we may assume that

up S u inWyP(Q) and u, —u in L'(R).

(3.64)

Choosing h =u, —u € W(}’p(Q), passing to the limit as n — oo and applying (3.64), we obtain

lim (A(uy,), up, —u) =0,

n— oo
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which by the (S)4.-property of A, see Proposition 2.2, results in u,, — u in W(} "P(2). Therefore,
o, satisfies the C-condition and this proves the Claim.

On account of (3.55), (3.56) and the Claim, we are able to apply the mountain pass theorem
stated as Theorem 2.1 and find i € Wol’p (€2) such that

it € Ko, € [up) Nint (C3 )+ )  and my < 03 (2). (3.65)

see (3.52). From (3.49), (3.55) and (3.65) we conclude that & € S; C int (C}(Q2)+) and @ # uo.
This finishes the proof. O

Summarizing the situation for the positive solution of problem (P)) as the parameter A > 0
varies, we can state the following bifurcation-type theorem.

Theorem 3.9. If hypotheses H hold, then there exist 1* > 0 such that the following is satisfied:

(a) problem (P;) has at least two positive solutions uy, ii € int (Cé (§)+) for all ) € (0, 1*);
(b) problem (P)) has at least one positive solution u™ € int (Cé (§)+) for A =2\%;
(¢) problem (P,) has no positive solution for all A > 1*.

4. Minimal positive solutions

In this section we show that problem (P;) has a smallest positive solution # € int (C}(2)+)
for every A € L = (0, A*] and we prove the monotonicity and continuity properties of the map
A— Uj.

From Filippakis—Papageorgiou [2] we know that the solution set S is downward directed
for every A € L = (0, A*], that is, if uy, up € Sy, then there exists u € S, such that u < u; and
u=<uj.

Proposition 4.1. If hypotheses H hold and ). € L = (0, 1*], then problem (P,) has a smallest
positive solution u) € Sy C int (C6(9)+), that is, uy < u forallu € S,.

Proof. Invoking Lemma 3.10 of Hu—Papageorgiou [8, p. 178] we know that there exists a
decreasing sequence {u,},>1 € S, such that infS, = inf,~1u,. Recall that S; is downward
directed.

Claim: i < u,, for all n € N (see the proof of Proposition 3.1).

Fix n € N and let 9 € (0,A) € L. According to Proposition 3.5 there exists uy € Sy
int (C}(R2)+) such that u, — uy € int(C{()4). We introduce the Carathéodory function e, :
Q x R — R defined by

uy(x)7V ifs <uy(x),
e,(x,s) =157 ifug(x) <s <u,(x), “4.1)

u,(x)77  ifu,(x) <s.

We set E,(x,s) = fos e, (x, t)dt and consider the C!-functional Vo Wol’p(Q) — R defined by
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1 p
Ya(u) = ;IIVunII,; — | En(x,u)dx.

From (4.1) it is clear that y, is coercive and the Sobolev embedding theorem implies that y;, is
sequentially weakly lower semicontinuous. Therefore, we find i € W(}’P (£2) such that

i (o) = inf [ ya() € Wy " ()]

In particular, we have y, (iip) = 0 which says that

(A (iio) , h) =/en (x,iip) hdx forall h e WP (Q). 4.2)
Q

We choose h = (uy — iig) " € W(}’p(Q) in (4.2). Then, applying (4.1), the nonnegativity of f and
the fact that uy € Sy gives

(A (o), (uy —iip)*) = f uy” (uy —iig) " dx
Q
< / (1457 + 9 ()| o — i) * v
Q

=(Auy), (up —iip)*).

Proposition 2.2 then implies uy < iig. In the same way, choosing & = (119 — uy)t e Wol’p(Q) in
(4.2) and applying again (4.1), f > 0 and u, € S, results in

(A (o), (o — un) )= / " (o — up) "t dx
Q

< / [t + 27 )] @0 — ) dix

Q
= (A(un), (0 — un)™).
As before, by Proposition 2.2, we obtain g < u,. So, we have proved that
g € [uy, up). 4.3)
From (4.1) and (4.3) it follows that iu( is a positive solution of the auxiliary problem (3.1).

Therefore, ii9 = u which implies i < u, for all n € N. This proves the Claim.
We have

(A(un),h)=/[M;V+Af(x,un)]hdx (4.4)

Q
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forall h e W(;’p(SZ) and for all n € N. Since 0 < u, <u; foralln > 1, from (4.4) with h = u,, €
W(;’p (£2) and using hypothesis H(iv), we infer that

{in}n=1 € Wy P (R) is bounded.
So, we may assume that
up S, inWyP(Q) and u, — @, in LP(Q). 4.5)
Moreover, we can say that
up(x)7V - u,(x)7Y fora.a.x € Q.
From the Claim we know that
0<u,(x)7V <a(x)”” foraa.xeQ.

Since i(-)"" € L” (), see the proof of Proposition 3.1, from Gasinski—Papageorgiou [4, Prob-
lem 1.19, p. 38], we have

u," %7 in LP(Q). (4.6)

Therefore, if we choose h = u, — u, € Wol’p(Q) in (4.4), pass to the limit as n — oo and use
(4.5) as well as (4.6), then

lim (A(up), up —u;) =0,

n—0o0

which again by Proposition 2.2 leads to
w, = in WyP(Q). 4.7)

So, if we pass to the limit in (4.4) as n — oo and use (4.5), (4.6), (4.7), we obtain

(A @), h) =/[ﬁ;V FAf (x,m)] hdx forall h € Wi ().
Q

From the Claim it follows that & < u, . Therefore we conclude that
i, € Sy Cint (cg (§)+) and 1, =infS;. O

In the next proposition we examine the map A — u; from £ = (0, A*] into Cé (Q) and deter-
mine the monotonicity and continuity properties of this map.
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Proposition 4.2. If hypotheses H hold, then the map A — u,_from L = (0, A*] into Cé (Q) is
(a) strictly increasing, that is,

0<v <isA® implies T, Ty eint(CH):);
(b) left continuous.
Proof. (a) From Proposition 3.5 we know that there exists uy € Sy C int(Cj()4) such that
i, — up €int (CJ(R)+) and so, since iy < uy, it follows i, — ity € int (C}(Q)4). So, the map
A — u,, is strictly increasing.

(b) Suppose that {A,, A}y>1 < L = (0,A*] and assume that A, — A~. We set u, =u,,, €
Sy, € int(Cy(R)4) for all n € N. We have

<A(ﬁ,,),h>=/[ﬁ,7y+,\nf(x,ﬁn)] hdx (4.8)

Q
forall h e WO1 P () and for all n € N. Moreover, by Proposition 4.1,
0<uj; <up, <upx. 4.9)

On account of (4.9) and by the choice h =u, € Wol’p(Q) in (4.8), we infer that {u,},>1 C
Wé’p(Q) is bounded. We have

—Aplty =y + Ay f(x,uy) inQ,
u,=0 on 092,

for all n € N. From (4.9) we see that
0<u,” §ﬁl_y € L*(Q2) withs > N and forall n € N,
see also H(i). Similarly, (4.9) and hypothesis H(i) imply that
{f . un()}y>1 S L7 () is bounded.
Then Proposition 1.3 of Guedda—Véron [7] implies that
lunlloe < Mg for some Mg > 0 and for all n € N.

From this as in the proof of Proposition 3.1 and using Theorem 2.1 of Lieberman [10], there exist
a € (0, 1) and My > 0 such that

Ty €Cy™ (@) and iyl reg < Mo forallneN. (4.10)
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Then, (4.10), the compact embedding of C(l)‘a(ﬁ) into Cé () and the monotonicity of the se-
quence {un},>1 imply that

W, — il in CA(Q).

We claim that i, = u,. If this is not the case, we can find zo € © such that u; (z9) < 1, (z0)
which implies u; (z9) < u, (zo) for all n > ng. But this contradicts (a). Therefore, i, = u; and so
A — u; is left continuous. O

Summarizing the situation concerning the minimal positive solution of problem (P, ), we can
state the following theorem.

Theorem 4.3. If hypotheses H hold and ) € L = (0, A*], then problem (P;) has a smallest posi-
tive solution u) € int (Cé (Q)+) and the map ) — u), from L = (0, A*] into Cé (RQ) is

o strictly increasing, that is, 0 < ¥ < A <A™ implies u) — uy € int (Cg (§)+);
o left continuous.
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