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Abstract: This paper concerns the existence and multiplicity of solutions for a nonlinear Schrodinger—Kirchhoff-
type equation involving the fractional p-Laplace operator in RV, Precisely, we study the Kirchhoff-type problem

<a +b ” ng(xi;—;;syszlp dxdy)(—A)f,u + VOO ulP~u =f(x,u) in RY,
IRZN

where a, b > 0, (—A)!S, is the fractional p-Laplacian with0 < s < 1 < p < %, V:RY - Randf: RY xR — Rare
continuous functions while V can have negative values and f fulfills suitable growth assumptions. According
to the interaction between the attenuation of the potential at infinity and the behavior of the nonlinear term
at the origin, using a penalization argument along with L°-estimates and variational methods, we prove the
existence of a positive solution. In addition, we also establish the existence of infinitely many solutions provided
the nonlinear term is odd.
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1 Introduction and main results

In this article, we consider the following fractional p-Laplacian Kirchhoff-type elliptic problem:

(a wb || 09— L0 4 dy)(—A);u S VOO U = fi,w) inRY,
o Yl (1)

u e WHP(RY),

wherea,b > 0,p € (1,00),s € (0,1), N > sp, Vis a continuous function which may vanishing at infinity and f is
a continuous function verifying suitable growth assumptions. Here, (-A)j, is the fractional p-Laplacian operator,
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which (up to normalization factors) is defined by

|u() = u@)P ) - u))

N
I~y dy, xeRY,

copun -y |
RY\Bs(x)
for any u € C{°(RY), where Bs(x) denotes the ball in RY centered at x with radius §.

In recent years, there has been a surge of interest in the study of partial differential equations involving
nonlocal fractional Laplace operators. This type of nonlocal operator comes up naturally in the real world in
many different applications, such as phase transitions, game theory, finance, image processing, Lévy processes,
and optimization; see, for example the works of Applebaum [16], Di Nezza-Palatucci-Valdinoci [26] and their
references for more details.

Inthecasea=1,b =0andp = 2, (1.1) becomes the fractional Laplacian equation of the type

(-A)u+ V(X)u = fix,u) inRY, 1.2)
which can be seen as the fractional form of the following classical stationary Schrédinger equation
~Au+V(x)u = fix,u) inR", (1.3)

During the last years, equations (1.2) and (1.3) have been widely considered. Indeed, by using appropriate tech-
niques and assuming different conditions of the potential V and the nonlinearity f, several existence, mul-
tiplicity, and concentration results of equations (1.2) and (1.3) have been established. We refer to Alves and
Miyagaki [3], Ambrosio [9-11], Figueiredo and Siciliano [28], Li, Sun and Tersian [33] and Willem [48], see also
the references therein.

In the case s = 1 and p = 2, (1.1) turns into the classical Kirchhoff-type equation of the form

—(a +b J |Vu/? dx)Au +VX)u = fix,u) inRY, (1.4)
IRN
which was proposed by Kirchhoff [32] as a generalization of the well-known d’Alembert’s wave equation

L
PUie — (p_}? + g J |ux|2 dX)”xx = flx, w),
0

for free vibrations of elastic strings. Kirchhoff’s model takes into account the changes in the length of the string
produced by transverse vibrations. Here, L is the length of the string, h is the area of the cross-section, E is the
Young modulus of the material, p is the mass density, and py is the initial tension. In [1], it was pointed out that
problem (1.4) models several physical systems, in which u described a process dependent on its own average
value. Nonlocal effects also have applications in biological systems. In fact, the parabolic version of the equation
can be used to describe the growth and movement of specific species. The motion modeled by the integral term
is assumed to depend on the energy of the whole system, where u is its population density. Some interesting
results concerning (1.4) can be found in [19] or [23]. Since Lions’ work [36], problem (1.4) began to attract the
attention of several mathematicians, we refer to the papers of Chen and Li [22], He and Zou [31], Perera and
Zhang [41], Sun, Li, Cencelj and GabrovSek [46] and the references therein.

On the other hand, the study of fractional p-Kirchhoff problems has attracted considerable attention. Pucci,
Xiang and Zhang [42] dealt with a nonhomogeneous fractional p-Laplacian Kirchhoff-Schrédinger equation
given by

- p
M( ” % dx dy)(—A)f)u + VOOlulP~2u = fix, u) + g(x) inRY,
R2N
where the potential V satisfies a Bartsch-Wang-type condition. In [51], Xiang, Zhang and Ferrara studied the
existence of two solutions for a nonhomogeneous fractional p-Kirchhoff problem, where the nonlinearity is
convex-concave. In [21], Caponi and Pucci dealt with the existence, multiplicity, and asymptotic behavior of
entire solutions for a series of stationary Kirchhoff fractional p-Laplacian equations. Subsequently, Liang and
Rddulescu applied Kajikiya’s new version of the symmetric mountain pass lemma to study a class of fractional
p-Kirchhoff-type Schrodinger—Choquard equations in [35]. In [29], Fiscella and Pucci obtained the existence
and the asymptotic behavior of nontrivial solutions for stationary fractional p-Laplacian Kirchhoff equations
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involving a Hardy potential and different critical nonlinearities. In [52], Xiang, Zhang and Radulescu obtained
a multiplicity result for a fractional p-Kirchhoff system driven by a nonlocal integro-differential operator with
zero Dirichlet boundary data. Moreover, Liang, Molica Bisci and Zhang [34] studied the multiplicity of solu-
tions of a class of noncooperative critical fractional p-Laplacian elliptic system with homogeneous Dirichlet
boundary conditions by using the Limit Index Theory and the fractional version of the concentration com-
pactness principle. The existence and multiplicity of solutions for a critical fractional p-Kirchhoff-type problem
involving discontinuous nonlinearity has been obtained by Xiang and Zhang [50] while Ambrosio, Isernia and
Radulescu [14] discussed the concentration of positive solutions for fractional p-Kirchhoff-type problems given
in the form

(£ + EXP3b[uUl 0, o)) (DU + VOOUP™ = flu)  in R,
ue WSP(R3, u>0 inR3,

where ¢ is a small positive parameter and a, b > 0. Another interesting work has been done by Thin, Xiang and
Zhang [47] who studied the existence of solutions for critical Kirchhoff-Schrédinger-type fractional p-Laplacian
problems with potential vanishing at infinity defined by

M( ” 1O = O oy g, J VOOluGolP dx)((—A);u(x) £ VOOIuP-2u) = KOOGS, u) + |ul? ~2u),

|X _y|N+sp S
where p; = NNT’;S, M, K, V are nonnegative continuous functions satisfying suitable conditions and A > 0isareal

parameter. Very recently, Lv and Zheng [37, 38], studied critical fractional p-Kirchhoff equations involving com-
petitive nonlinearities or logarithmic nonlinearity while Xiong, Chen, Chen and Sun [54] considered concave-
convex fractional p-Kirchhoff-type elliptic equation with steep well potential. Finally, other interesting results
in this direction can be found in the papers of Ambrosio [12], Ambrosio and Isernia [13], Ambrosio and Ser-
vadei [15], Arora, Fiscella, Mukherjee and Winkert [17, 18], Fiscella and Pucci [30], Nyamoradi and Zaidan [40],
Pucci, Xiang and Zhang [43], Song and Shi [45], Xiang, Molica Bisci, Tian and Zhang [39], Xiang, Zhang and
Rédulescu [49] and Xiang, Zhang and Radulescu [53]. However, in the above works, the potential V is always
nonnegative, that is,
inf V(x) > V(xp) >0,

XeRN
where V(xp) > 0is a constant.

In the past two decades, many studies have focused on the potential that can vanish at infinity, that is,
V(x) — 0 as |x| — oo, or briefly, V, = 0. We refer the reader to Alves, Figueiredo and Yang [2], Alves and
Souto [4], Ambrosetti, Felli and Malchiodi [5], Ambrosetti, Malchiodi and Ruiz [6], Ambrosetti and Wang [8],
de B.Silva and Soares [24], and references therein. It is worth mentioning that a penalization technique and
corresponding L-estimates have been applied. It should also be emphasized that the existence result shows
the interplay between the behavior of the nonlinear term at the origin and the decay of the potential at infinity.
A key factor in establishing this relationship is the result of the L*-estimates for the penalized problem, which
does not depend on the behavior of the nonlinear term near the origin.

Motivated by the papers of Alves and Souto [4], de B. Silva and Soares [24] and Ambrosio, Isernia and Rad-
ulescu [14] as well as due to the large interest shared by the mathematical community on fractional p-Laplacian
problems, we study the existence and multiplicity of solutions to problem (1.1) where the potential V may assume
negative values. Along the paper, we always assume f and V satisfy the following assumptions:

(f) f: R¥ xR — Ris a continuous function and there exists & > p such that

zf(x, z) |

70

lim sup < +co uniformly for all x € RY.

z—0

(f2) There exist aj, a; > 0and q € (p, p;) with p; = NA_[—’s’p such that

Ifx, 2)| < a1]z|T + @y forall (x,z) € RY x R.
(f3) There exist 6 > 2p and Sy > 0 such that
zf(x,z) = OF(x,z) >0 forall |z] > Sp and for all x € RY,

where F(x, z) := J'OZ fix, t)dt.
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(V1) V: RN - Ris a continuous function and either V > 0 in RN and satisfies
V(x) < Vo Tforallx € By (xo) .5)

for some Vg, 79 > 0 and xo € RY or
Q:={xeR":V(x) <0}
is a nonempty bounded set and
S
Q%
where 8 > 0 is the best constant for the embedding W*?(RY) into LPs (RY).
(V) There are constants A > 0and R > 0 (R > |xo| + 1o, for ro > 0 and xy € RY given by (1.5),if V > 0) such that

infvs>-
Q

9-p)

. (N=sp) (9~
inf x| »T

Vix) = A
|X|>R

with & > p given by (f;).
Now, we state our first main result of this work:

Theorem 1.1. Suppose hypotheses (V1)-(Vy) and (f;)—(f3) hold. Then there exists a constant A* > 0 such that (1.1)
has a positive solution for every A > A*.

Note that A* given in Theorem 1.1 depends on the radius R > 0 given in condition (V). In particular, when
condition (f3) holds with Sy = 0, and V satisfies the following version of (V5):
(V3) There are constants A > 0and R > 0 (R > |xo| + o, for ro > 0 and xo € RY given by (1.5), if V > 0) such that

(N-sp)(9-p)

——inf |x|]” »T  V(x) > A,

= x| $9)
where & > p given by (fy).

Now, we state the second result of this paper:

Theorem 1.2. Suppose hypotheses (V1), (V3), (f1)—(fy), and (f3) with Sy = 0 hold. Then there exists A* > 0such that
(1.1) has a positive solution for every A > A*.

To strengthen the interaction between the theoretical behavior of the nonlinear term and the decay of the poten-
tial, by conditions (f1) and (V3), we give a result in which the function f approaches zero at the origin: Assume
that f and V satisfy:

(ﬂ) There are constants J, ¢ > 0 such that

S
limsup |f(x, z)|e”’ < +co uniformly in RY.
z—0

(V4) There are constants A > 0, >0 and R > 0 (R > |xo| + ro, for rg > 0 and xo € RY given by (1.5),if V > 0)
such that

-5p)?
. -1
|)1({1>fR ety > A,

where ¢ given by (f1).
We can state the following result.

Theorem 1.3. Suppose hypotheses (V1), (Va), (ﬂ) and (f;)—(f3) hold. Then there exist constants A*, u* > 0 such
that (1.1) has a positive solution for every A > A* and 0 < u < ™.

Similar to Theorem 1.3, if (f3) holds with Sy = 0 and V satisfies
(Vs) There are constants A > 0,u >0 and R > 0 (R > |xg| + o, for ro > 0 and xp € RV given by (1.5), if V > 0)
such that

g S22
|)i({1>fR B T y(x) = A,

with & given by (f,).
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Then we may take A* > 0, which does not depend on R, such that problem (1.1) has a positive solution for each
A > A*. More precisely, using the arguments employed in the proof of Theorem 1.3, we also have the following
theorem.

Theorem 1.4. Suppose hypotheses (V1), (Vs), (fA1), (£,) and (f5) with Sy = 0 hold. Then there are constants \*, u*>0
such that (1.1) has a positive solution for every A > A* and 0 < u < [i*.

Remark that, under the above hypotheses, we may actually obtain solutions u* and u~ of problem (1.1) with
u* > 0and u” < 0inRY. Suppose now f is odd with respect to the second variable, that is:

(fa) flx,-z) = —f(x, z), for every (x, z) € RY x R.

Then we may use a version of the penalization technique and a minimax critical point theorem for functional
with symmetry to get the subsequent results.

Theorem 1.5. Suppose hypotheses (V1)—(V3), (f1)-(f3) and (f;) hold. Then there exists constant A* > 0 such that
(1.1) has infinitely many nontrivial solutions for every A > A*.

Theorem 1.6. Suppose hypotheses (V1), (V3), (f1)-(f), (f4) and (f3) with So = 0 hold. Then there exists A* > 0such
that (1.1) has infinitely many nontrivial solutions for every A > A*.

Theorem 1.7. Suppose hypotheses (V1), (V4), (ﬂ) and (f2)—(fy) hold. Then there exist constants A*, u* > 0 such
that (1.1) has infinitely many nontrivial solutions for every A > A* and 0 < y < u*.

Theorem 1.8. Suppose hypotheses (V1), (Vs), (), (£2), (£) and (£3) with Sy = 0 hold. Then there are constants A*,
i* > 0 such that (1.1) has a positive solution for every A > A* and 0 < u < fi*.

We know that (f3) is the classical (AR) condition, and it only considers the case 8 > 2p. When p < 6 < 2p, we can
obtain a similar existence result considering the following hypothesis:
(f3) There exist p < 8 < 2p and Sy > 0 such that

zf(x,z) > OF(x,z) >0 forevery |z| > Sy, X € RY,

where F(x, z) := J'OZ fix, t)dt.
Then we have the following theorem.

Theorem 1.9. Suppose hypotheses (V1)-(Vy), (f1)-(f2) and (ﬂ) hold. Then there exist b* > 0 and A* > 0 such that
(1.1) has a positive solution for every b € (0, b*) and A > A*.

It is not difficult to verify that, as a direct consequence of Theorem 1.9, versions of Theorems 1.2-1.4 hold under
condition (f5):

Theorem 1.10. Suppose hypotheses (V1), (Vs), (f1)—(f2), and () with Sy = 0 hold. Then there exist constants b* > 0
and A* > 0 such that (1.1) has a positive solution for every b € (0,b*) and A > A*.

Theorem 1.11. Suppose hypotheses (V1), (V4), (f1), (f2) and (f5) hold. Then there exist constants b* > 0, A* and
u* > 0 such that (1.1) has a positive solution for every b € (0,b*), A> A* and 0 < p < p*.

Theorem 1.12. Suppose hypotheses (V1), (Vs), (fAl ), (£5) and (£3) with So = 0 hold. Then there are constants b* > 0,
A* > 0and i* > 0 such that (1.1) has a positive solution for every b € (0,b*), A > A* and 0 < u < fi*.

Remark 1.13. The paper by de B. Silva and Soares [24] established the same conclusions for a semilinear elliptic
problem involving the Laplacian operator. More precisely, they considered only the casea =1,b =0, p = 2 and
s — 17. Obviously, our results are more general than those of [24].

Remark 1.14. By the subcritical and Kirchhoff problem, we will use the following techniques:

(i) In order to prove Theorems 1.1-1.4, we use the penalization argument explored by Alves and Souto [4],
which consists of a modification of the original problem such that f to be controlled by a function at infinity.

(i) Next, we use the Fountain Theorem to obtain the multiplicity of solutions.

(iii) When p < 6 < 2p, the mountain pass geometry and the boundedness of the (PS).- or (C).-sequence {un}nen
is very difficult to prove by a standard argument. In order to show Theorem 1.9, we also use the truncation
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technique in Zhang and Du [55] to prove the boundedness of (C).-sequences and later we prove that every
(C)c-sequence contains a convergent subsequence.

This paper is organized as follows. In Section 2, we give a detailed description of the properties of the function
space defined by the energy functional. In Section 3, considering the case 6 > 2p, we introduce the version of
the penalization argument used for proving our results and establish the existence of a positive solution for the
penalized problem. Then we present an estimate for the L° norm for the solution to the modified problem.
Finally, we obtain the positive solution of the original problem and the multiplicity of the solutions. In Section
4, when p < 6 < 2p, we provide the proof of Theorem 1.9.

2 Preliminaries

In this section, let us first recall some basic results related to the fractional Sobolev spaces. Let u: RY — R be
a measurable function. We say that u belongs to the space WP (RY) if and only if u € LP(R") and

Wy = [ LU0

WS (RN = T dxdy < co.

The space WP (RY) is a Banach space endowed with the norm

1
Nutllwsoryy = UG gory + (U] ey 17+

Moreover, L{(RV) denotes the Lebesgue space with norm

1
T
e, = ( | |u|fdx)

]RN
for 1 < t < co. Then WSP(RN) — L{(RYN) is continuous for any t € [p, p¢], that is, there exists a positive con-
stant C, such that
[ulperyy < Collullwspmyy  for all u € WSP(RY). 2.1
For detailed properties of W$? (RYM), we refer the reader to the work of Di Nezza, Palatucci and Valdinoci [26].
Now let E be the subspace of W?(RY) defined by

E= {u e WSP(RN) : J V0O ulP dx < oo}.
IRN
Under hypothesis (V1), we can introduce a new norm | - | on E given by

1

14
lull = Jullpry) = [a[u]’;mw) - j VOlul? dx] :
]RN
Lemma 2.1. Lets < (0,1) andp < (1, 00) be such that N > sp. Under hypothesis (V1), the embedding E — WP (RY)
is continuous in such a way that E is a Banach space that is continuously embedded into L'(R") for all t € [p, p¥].
In particular, there exists a constant C; > 0 such that

[ulriryy < Cellull  forallu e E.
Ift € [1,p}), then the embedding E —<— L'(Bg) is compact for any R > 0.
Proof. Since the result is trivially verified if V > 0 in RY, it suffices to suppose that Q # 0. Given u € WSP(RN),

we may use Holder’s inequality and the estimate |u|€ 7@ <38t [u]’;,s,p (RY) to get

A

Sp sp
CNE (e N 1 ¥
P p: : _ p 1 p
[ 1 ax < ( I dx) (I1 ’ dx) = 101F Il o < o Ty 22)
Q Q Q
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From (V7), there is a > 0 such that

inf V(x) 2 —a > —-. 2.3)
XxeQ | |ﬁ

Then we may invoke (2.2) to obtain

a|£2|%
a[u]ﬁvs,p(w) + J V(x)|ulP dx > (a -3 )[u]a,s,p(]RN) > 0.
RN

Consequently, the first part follows.
Now, fix R > 0 and note that

1
lu(x) —u@)IP ’
(”uuip(BR)-i' JJ —|X—y|N+ps dxdy
BpxBpg

is an equivalent norm on W5?(Bg) and the embedding E — WS$P(By) is continuous. By Di Nezza, Palatucci
and Valdinoci [26, Corollary 7.2], the embedding WS?(Bg) << L!(Bg) is compact. Thus, the embedding
E << LY(Bg) is also compact by the first part of the Lemma. This proves the assertion. O

Remark 2.2. In this paper we take a = 0 and Q = @ whenever V > 0 in R". Note that in this setting the above
estimates are satisfied for those values of a and Q.

The Euler-Lagrange functional associated with (1.1) is given by
d(u) = g[u]p + E([u]p )+ l VoOlulPdx - | F(x,u)dx forallu € E
ToplWR@®Y T ogp WS ®N T g ’ '
RN RN

From the conditions on f, it is easy to see that the functional ® belongs to C*(E, R). Now we give the definition
of solutions for problem (1.1).

Definition 2.3. We say that u € E is a weak solution of equation (1.1) if

— p _ p-2 _
<a+b [[ lao— v dxdy)( [[ 120 MU0 ) dxdy)
R2N R2N

|X _y|N+sp |X _y|N+ps
+ J VOO ulP2ugp dx = If(x, u)p dx
RY RY
holds for any ¢ € E.

Moreover, since in Theorems 1.1-1.4 we intend to prove the existence of a positive solution, we let f(x, z) = 0 for
every (x, z) € RN x (-o0, 0].

3 Thecase 8 > 2p

3.1 The penalized problem

In this section, we adopt a version of the penalization argument employed in Alves and Souto [4]. To this end,
for 6 > p and R > 0 given by conditions (f3) and (V;), respectively, we take k = % and consider, for every
(x,2) € RV x (0, 00),

VI K, 2) < VO0lzP
fix,2) = {flix, 2) if ~V(x0)|zIP™ < kf(x, 2) < V(0)lzIP Y,

%V(x)lzlp‘l if kf(x, z) > V(x)|z|P~.
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Furthermore, set f(x, z) = 0 for every (x, z) € R x (-00, 0], and define

fix,z) for(x,z) e RN xR, |x| <R,
8(x,z) =1,
fix,z) for (x,z) e RN xR, |x]| > R.

A direct computation shows that g is a Carathéodory function and the following hold:

g(x,z)=0 for (x, z) € RN x (00, 0],
g(x,z) = flx, z) for (x,z) e RN xR, |x| <R,
1806, 2)] < Ifix, 2)] for (x,2) € RY x R, (31)
lg(x, z)| < %V(x)lzﬂ"l for (x,z) e RN xR, |x| > R,
and
G(x,z) = F(x, 2) for (x,z) e RN xR, |x| <R,
1 N (3.2
G(x,z) < ﬁV(x)le’ for (x,z) e R xR, |x| >R,
where G(x, z) := foz g(x, tdt.
The auxiliary problem that we will consider is the following one:
_ p
(a +b ” M dx dy)(—A);u + VOOlulP%u = g(x,u) inRY,
|x = y|Vtsp (3.3)
RN .

uekE.

Remark 3.1. Observe that any positive solution u of (3.3) that satisfies k|f(x, u)| < V(x)|u|P~* for |x| > R is a solu-
tion of (1.1).

Due to (3.3), the associated Euler-Lagrange functional J: E — R given by

a b 1
00 = S0y + 3 W) + 5 [ VOO x| G0 ax
RN RN

is well defined and of class C}(E, R) and its Gateaux derivative is

)
9wy = <a+ b “’ de@)(” lu(x) - u(y)P-2(u(x) - u(y)) (v(x) - v(y))dxdy)
IRZN ]RZN

|X_y|N+sp |X_y|N+ps

+ I VOO ulP~*uv dx — J g(x, u)v dx (3.4)
RN RN
forall u, v € E. Therefore, it is easy to see that the solutions of (3.3) correspond to the critical points of the energy

functional J.
Under our assumptions, we can show that functional has the mountain pass geometry.

Lemma 3.2. Suppose V satisfies (V1)—(V) and f satisfies (f1)—(f3). Then the following hold:
(1) There exist 3, p > 0 such that J(u) > f for every u € E such that ||u| = p;
(2) There exists a function e € E with |u| > p, such that J(e) < 0.

Proof. The proof for (1) is standard and follows well-known arguments. We give a proof for the case Q # 0. By
(V1) and (V), @ c Bg(0) and V(x) > 0 for every |x| > R. Note that, by (f;)—(fy), it follows that for each > 0, there
exists C > 0 such that

|F(x,z)| < nlz|P + C,,lzlp; for every (x, z) € RV x RR.

Thus, there are positive constants d; = dj(R) and dy = dy(n) such that

F(x, u) dx < ndy||ul? + dy|lul|Ps forallu € E. 3.5)
Br(0)
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Then, combining (2.3) with (3.2), we obtain

a b 1
000 = Ty 5 (Wl + 5 [ voonur ax- [ 6o wax
RN RN
a 1 p
_[u]WSp(IRN J V(x)|ul? dx - J G(x, u) dx
p p]RN v
¢ L vora Foowdx- — [ voouPd
2 Sy 4 | VOO ax— | Foowdx- o [ Vool ax
RY Br(0) RN\Q

a aIQIN k-1
2 (1 S Wl + S [ Voo ax— | Foowax

as
RM\Q Br(0)
> dg(a[u]im(]RN) - J VOO ul? dx) - J F(x, u) dx
RN Bgr(0)
~ daflul” - | Foxwax .6

Br(0)

where

~ alQ|¥ \ k-1
&= mm{p(1 as ) pk }
From the above estimates (3.5) and (3.6), one has

I(u) = dsl|lullP - ndq|lullP — d||ulPs  for every u € E.

By using the above estimate and taking n > 0 sufficiently small, statement (1) follows by finding appropriated
values of 3, p > 0.

On the other hand, by hypotheses (V1)-(V;) and taking Vo, = 0, if Q # 0, we suppose that B,(xo) < Br(0)
and V(x) < Vo, for each x € By, (xo). Note that, by (f2) and (f3), there exist constants Cy, C; > 0, depending on ry,
such that

F(x,z) > C1|z|0 - Cy forevery (x, z) € By, (xp) x [0, 00). 3.7

Then, considering a nonnegative function ¢ € E'\ {0} such that supp(¢) c B, (xp), we obtain

bt?P
j(t¢) < — [¢]WSP(BrU(X0) p ([¢]I;VS*F’(B,0(XO)))2 + [p J V00|¢)|p dx — J’ F(X, t¢)) dx (38)
By, (x0) By, (x0)
for every t > 0. Combining (3.7) with (3.8), we have
I(t¢) < —[¢1Wsp<3r o (10T o) + O | velorar-cie | 161 dx+ B )l 69
By (X0) Byy (X0)

which implies that J(t¢) — —co as t — +oo, since 6 > 2p. Hence, taking e = t¢, with ¢ > 0 sufficiently large, we
have that |le|| > p and I(e) < 0. The proof is complete. O

Consequently, using a version of the Mountain Pass Theorem (see Willem [48]), there exists a (PS). sequence
{un}new ¢ E such that
J(up) —» ¢ and J'(up) — 0,

where the minimax value c is given by

c —mf sup J(y(1)),
Vel tef0,1]

with
={y € C([0,1],E) : y(0) = 0, I(y(1)) < 0}
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Lemma 3.3. There exist constants B1, B2 > 0 such that 1 < ¢ < Ba.

Proof. Note that by Lemma 3.2, ¢ > § > 0, and we take f; € (0, ). On the other hand, fix ¢ € E \ {0}. Then, for
all t > 0, as in (3.9) we can get

at? bt?P
9040) < 10 s a0 + T (O Wnsis )+ | velorar-cie [ 1ol drs Calr, (o)l ~oo
BVU(X()) BrQ(XO)

ast — +oo. Thus, if B2 =: maxq I(tp) > 0, it follows from the definition of ¢ that ¢ < 5. The proof of the lemma
is complete. O

Lemma 3.4. The sequence {up}nen is bounded in E.
Proof. Note that by (f;) and (f3), there exists a positive constant C = C(R) such that

%f(x, 2)z - F(x,z) > -C forevery (x,z) € RV x R. (3.10)
Hence, it follows from (3.1), (3.2) and (3.10) that

¢+ 0n(D) = ) - ~7' )ty

0
_(a a p b b P )
= (I—) - 5)[u]ws.p(]R1v) + (5 - 6)([u]stP(IRN))
1 1 1
+ (— - 5) J V(x)|up|P dx + J (ag(x, Un)tn — G(X, un)) dx
p RN RN
@Yt (2 Y (21 [ Voot
> <p 0)[ ]WS,P(]RN) + <2p 0)([u]ws,p(]RN)) + (p 0) V) |un|P dx
IRN
1 -0
+ j <§f(X, Un)un — F(x, un)>dx+ I;pk J V(X)|tn|P dx
Br© RV\B4 (0)
1 1 p b b P 2 1 1
> (5~ gty (35~ 5) W+ (5 -5) [ vooluap ax

Br(0)
(6-p)(Op-06+p)

(0p)? V(O unl? dx — C|BR(0)]

RN\Bg(0)

2 K<a[u]’évs,p(]RN) + j VOO unl? dX> - CIBr(0)1,
RN

where 11 (0-p)Op-0+p)
. -p)\tp-0+p
K:mm{———, }>0.
p 0 (6p)?

Consequently, by a > 0 and 6 > 2p, we obtain

¢ +0n(1) = Kllun|” - CIBr(0)],
which means that {u,}nen is bounded in E. O
Remark 3.5. Note that by Lemmas 3.3 and 3.4, there is L > 0 such that |u,| < L for every n.

By Lemma 3.4, the embeddings of E in W*?(RY) and the Sobolev embedding theorem, up to a subsequence, we
may suppose that there exists u € E such that

Up — U weakly in E,

Uy - u strongly in L{, (RY) for all ¢ € [1, p}), (3.11)

Un(x) - u(x) ae.xeRY.

Now we give several useful conclusions.
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Lemma 3.6. Assume that conditions (f;)—(f3) and (V1)—(V3) hold. Then for any € > 0, there existsr = r(¢) > R > 0
such that

_ p
liﬁn_gp J (a j % dy + V(x)lunlp) dx < ¢, (3.12)
RN\B, RN
lim sup J V) (unlP~?up - [ulP~2u)(up — u) dx = 0, (3.13)
n—oo Br
un — u strongly in L'(RM)for all t € [p, p?). (3.14)

Proof. First, we consider r > R and a function 1 = 1, € C3°(By) such that 3 = 0if x € B-(0), = 1if x ¢ B-(0)
with 0 < ¢¥(x) < 1,and |VY(x)| < %,where Cisaconstantindependent of r, for all x € RY. As {1 }nen is bounded
in E, the sequence {{u,} e is also bounded. This shows that I' (u,)(Wuy) = 0,(1), namely,

— 14
(@ -+ bltn)yp ) ” %W{) dxdy + J VOO unl?t dx
R2N

RN

=o0p(1) + J' &(x, up)Yup dx

RN

- (a+ b[uy]

)
p ) ” [un (%) = unIP~2(n(X) = un () (PO - ‘/’(y))un(y) dx dy.

WsP(RN) X — y|N+ps
o Ix =yl

Then, by the definition of ¥ and (3.1), we obtain

2 = U ()P 1
a ” %w(x)dxdy+ <1 - %> j VOOlun [Py dx
]RZN ]RN
- p-2 - -
gon(l)—(a+b[un]§,s,p(m)) ” [t (X) = un(W)IP2(Un(X) = un(y))(W(X) = ()

X — y|N+sp
J =yl

un(y) dxdy. (3.15)

Due to the boundedness of {u,}nen in E, we can suppose that a + b[un]’fw,p
and Holder’s inequality, we get

®Y) ~ ¢ € (0, 00). From Lemma 3.4

” [un (%) = un)IP~2(Un(X) = un )W) - Y(¥))

|x — y|N+sp

up(y)dxdy o~ Y1V

< c( ” BRI=YOIF, e dxdy)p. (3.16)
]RZN

R2N

In addition, by the definition of ¢, Lemma 3.4 and the polar coordinates, it follows that

J:l‘ Mlun(xnp dxdy

X — y|N+sp
_ p - P
[x — y|N+sp Ix = y[Fsp
RN ly—x|>r RY [y—-x|sr
dy C dy
P _ Y d p L
< [ unol ( | IX_y|,v+sp>olx+ 5 | luaco ( | |x—y|N+spp>dX
RN y-xI>r RY y-xlsr
dz C dz
p _4z Al p 4z
< [ lunco ( | |Z|N+Sp>dx+ 5 | ol < | |Z|N+S,,_,,>dx
RN lz|>r RV lzlsr
[ee] r
dp C dp
<C J [t (O dx( j T ) t J [un ()P dX( J W)
RN r RN 0
C C C C
<% J lun(OIP dx + %P J un (O dx < J un O dx < — — 0 3.17)
RV RY RN

as r — oo. Using (3.15), (3.16) and (3.17), we conclude that (3.12) is verified.
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On the other hand, since u, — win L*(B,), for all t € [1, p}), by Lebesgue’s Dominated Convergence Theo-
rem, we obtain that
lim J VOO |up|t dx = J VOO |ult dx,
n—oo
B, B,
which shows that (3.13) holds. The proof of part (b) is finished.
In particular, it follows from (3.12) and Fatou’s lemma that
_ p
J (a j [un) = un O 4, V(x)Iunlp)dx< . (3.18)

N+s
X — 14
RM\B, RN | Yl

For any n large enough, by (3.18), we obtain

1
p _ p P p
lup — ule(IRN) = |un = ulpp(p,y + ltn - uILp(IRN\Br) <ée+|up— u|LI’(]RN\B,) <€e+ T J VX)) uy — ulP dx

RN\B,
|(un(x) = u(x)) = (un(y) — u))|? )
<e+C a dy + V(x)|uy — ulP ) dx
_ y|N+s
RN{Br ]RJ’; =y
<1+ Ce,

where Vj = infyecry (o) V(x) > 0. This implies that u, — u in LP (RM). Then, by interpolation, we have that
(3.14) holds, which shows part (c). O

Lemma 3.7. Assume that conditions (f1)-(f3) and (V1)-(V) hold. Then the functional J satisfies the (PS). condition.

Proof. The proofisbased on the proofs of Lemmas 3.4-3.6. Indeed, from Lemma 3.4 and the growth assumptions
on g, we have that

-1 -1
j (806 Un)tty — gOX, W)ty — W) AX| < (Ul gy + 11l5 eyt = Ulzo ey
RY 1 1
+ Cllnl gy + 10l vyt = Ul oy
< Clup = ulppryy + Clup — Ulpawy),

where ¢ is given by (f). The above estimate and (3.14) provide

nlin;o J (g(x, up)un — g(x, Wu)(up —u)dx =0. (3.19)
RN
Now, we prove that [|u, — ul| — 0asn — co.Consider ¢ € Etobefixedand B, : E — Rthelinear functional
on E defined as

-2
By(v) = ” [0(X) — eW)IP“(0(X) — () (V(X) — v(¥))

b=y

dxdy forallvecE.
IRZN

Note that, by Holder’s inequality, B, is continuous on E, which shows using u, — u in E that

T ((@+ Blunfyspgy) = (@ + DUy ) Bulttn = w) = 0, (320)
where we have that (a + b[un]a,s,p(]RN)) —(a+ b[u]’;/ws,p(w) ]RN)) is bounded in R. Moreover, since u, — u in E,

9’ (up) — 0, and (3.14), we have that (J'(uy,) - 9’ (u), up — u) — 0, as n — oo. Then, by (3.19) and (3.20), one has
0n(1) = (3" (un) = ' (), up — u)
= (@ + bl )y o)) Buy (Un = W) = (@ + bl o)) Bulttn = 0)
+ (@ + D]y o)) = (@ + DU oy ) Bulltn = W)
+ j VOO (1unl? 2t - [ulP~?u)(un - u) dx - j (g0, Un)un — g0x, W) (uy — u) dx
RN RN

= (@ + b[Un]ysp ) (Bu, (Ut = U) = By (U — W) + j VOO (JunlP~2up - [ulP~u)(un — u) dx + 0n(1),

RN
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and so,

lim ((a + DlUn] s o) Buy (U = ) = Bt — W) + J VOO (1unlP 1 = [ulP~u)(up - ) dX) =0.
RN

Then, by the inequality
(IxIP2x - yIP2y)(z-w) 20 forallx,y € R,

it follows that
(@+ blun]yp o)) Bu, (Un — 1) = By (it — w)) 2 0,

and we also obtain
VOO (unlP2upn — [ulP?u)(un —u) >0 ifx e RY\ Q.

Thus we may invoke (3.13) to get
Tim (@ + B[un]fysp ) (Bu, (tn = ) = Bu(utn = 1)) = 0,
lim J VOO (tnP~2up — [ulP~2u)(up — u) dx = 0. (3.21)
RV\Q

Let us recall the Simon’s inequalities [44] given as

cp(IEP2E~ nlP~2n) - (E- 1) ifp>2,
1§-nlP < , , , vy (3.22)
Col(EP2E~InlP2n) - (E-mIZ(EP + ") = ifl<p<2

for all £, p € RY with positive constants ¢p and Cp depending only on p.

Case (i). Suppose that p > 2. Then, by (3.21) and (3.22), it follows that

= Wy =[] 14800 = ) = w00 + wOIP1x =y~ axly

R2N

<Cp ” [lun () = un P2 (un(x) - un(y))

R2N

—[u(0) = u@)P2@x) = u))]W@n(X) = un(y) = u(x) + u@))Ix - yI" VP dx dy
=Cp [Bun(un —u) - By(up — w)] = on(1).

Similarly, by (3.21), we obtain
J VX)) up — ulP dx < J V(X)|uy — ulP dx
RN RN\Q
e [ VOOl 2ty — P00 - w3lx = 0401
RM\Q
In conclusion, ||u, — u] — 0asn — oo.

Case (ii). Suppose that 1 < p < 2. Since u, — u in E, there exists ¢ > 0 such that |u,| < o for all n € N. Then,
applying the inequality
(a+b)2%p sa%p +bZ_Tp foralla,b>0,1<p <2,

it follows from (3.21), (3.22) and Holder’s inequality that

2-p
[t = Wl gy < Cp(Buy (U — 1) = Bu(ttn = W) F ([tn gy + [Wangy )

» pQ2-p) p(2-p)
< Cp(Bu, (tn = ) = Bu(tn = ) ([tn] gy + (Ul ey )

< Ch(Buy, (Un — 1) — By(un - w)* = 0g(1).
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Similarly, we also get that

J V) |up — ulP dx < j V(X)|un — ulP dx
RY RV\Q

gc;,’< j V(x)(|un|l’-2u,.—|u|P—2u)(un—u)dX>z=0n<1>-
RN\Q

Then |lu, — ull — 0 as n — co. This fact implies that u, — u strongly in E. O

Remark 3.8. Actually, in the proofs of Lemmas 3.2-3.7, we have only used (V1) and the fact that V is positive on
RY \ Bx(0). The decay of V at infinity is not needed.

As a byproduct of Lemmas 3.2-3.7 and the Mountain Pass Theorem (see Ambrosetti and Rabinowitz [7]), there
exists u € E such that
Ju)=c>0 and 7I'(u)=0,

which shows that u is a weak solution of problem (3.3).
Furthermore, u~ = min{u, 0} = 0. Indeed, by the definition of u~, (3.4) and the fact u is a weak solution
to (3.3), we obtain that
I'(u)u” =0,

which together with (3.1) and (3.11) yields

_ [u™(x) —u=(y)IP -
el = || e by [ voorur ax
R2N RN
= 9" @) = b By ) + J glx, u)u~ dx
RN
= =b([U yep )’

<0.

This implies that u~ = 0. Since ¢ > 0, the function u is a nontrivial and nonnegative weak solution of (3.3). Con-
sequently, from a Moser iteration argument, we can prove that u € L°(RY) n C°(RY) (see Lemma 3.11 below).
Then, by the maximum principle (see Del Pezzo and Quaas [25]), we can get that u is positive in RY. It remains
to prove that u is also a positive solution of problem (1.1).

Let us denote
b L p 2 0 0
([¢]Ws,p(30)) + P J Veol@IP dx — C1t J [@1” dx + C2|BO|:|;

B By

atP
d:=sup | —[01%, + —
L p (Plur-ecs 2p

where the constants Cq, C; are given in the proof of Lemma 3.2 and By := By, (xo).
Lemma 3.9. Any solution u of (3.3) satisfies the estimate
lull? < K~(d + CIBR(0))),
where C, K are given by the proof of Lemma 3.4, respectively.
Proof. Note that, by (3.14), we obtain that ¢ < d. In addition, arguing as in the proof of Lemma 3.4, we have
¢ 2 KllullP - C|Bg(0)].
Thus, lull” < K~(c + C|Br(0)|) < K~1(d + C|Br(0)]). O

Remark 3.10. If we suppose (f3) with Sy = 0, the estimate provided by Lemma 3.9 is independent of R. Indeed,
since in this case the constant C given by (3.10) is zero, we get [u|]? < K1d.
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3.2 A priori estimates of the solution of the penalized problem

In this part, we establish an estimate for the L® norm of the solutions u in terms of its L?* norm. Here, we
shall consider the problem (3.3) with V satisfying (V1) and g: RV x R — R a Carathéodory function fulfilling
the subsequent assumptions:

(g1) There exist R > 0 and k > 1 such that

1806 2] < V012

forall z € R, for all x € RN \ Bg(0).
(82) There exista; > 0,az >0, and q € (p, p;) such that

-1
lg(x, 2)| < a1]z|"" + ay

for all z € R and for all x € RV,
Note that for (V1) and (g1) we have that Q ¢ Br(0) whenever Q # @. For our problem, we shall adopt some ideas
found in Alves and Souto [4] and Ambrosio, Isernia and Radulescu [14].

Lemma 3.11. Suppose (V1) and (g1)-(g2) hold. Let u € E be a solution of problem (3.3). Then u € L™ (R") and
|u|L‘X’(]RN) <M.

Proof. Ttis sufficient to prove u* € L*°(RY). In addition, we shall prove the lemma under the hypothesis Q # 0.
For each L > 0, let uy, := min{u, L} and denote the function

e(u) =€ q(u) = uuf(g b € E,
with o > 1 to be determined later. Note that ¢ is increasing, thus we have
(a-Db)((a)-¢€(b)) >0 foranya,b € R.
Consider the functions

o =" and o) = f(e’(r))idr
. p . O b

and note that

1
L(u) > Euug-l. (3.23)
Hence, from (2.1) and (3.23), we obtain
1
1 P -1 o-1\P
[L(u)]wsp ]RN) = C |L(u)|Lp (]RN) 2 C* aluu |Lp5 IRN) (324)

In addition, for any a, b € R, it holds
Q'(a - b)(&(a) - €(b)) = |1£(a) - L(D)IP.
In fact, suppose that a > b, it follows from Jensen’s inequality that

Q'(a - b)(&(a) - e(b)) = (a - b)p_l(f(a) —€(b))

=(a-Db)P {Z(T

=(a-b)P ' [ (L' ()P dr

S — o c-w—

a

> ( J L'(1) dr)p

b
= (L(a) - L(D))P.
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A similar argument holds if a < b. Thus, we infer that

L)) — L@@ < [ux) — u@) P2 ) - u@) (et ™ 00 - u@)yul P ).

Using ¢(u) as the test function in (3.3), in view of the above inequality and (g1), we get that

AL yep gy + J VOolulPul ™ dx
IRN
<a j J () ~ )P ) ~ uy) ey Vo) —up o) |
) R2V [x - J’|N+sp
100 - u@)IP2u) - uy) @00 - wn Ul )
+ b[u]Wsp IRN)]Jl x _y|N+sp dx dy
+ [ voonpal® ax
RN
Jg(x U)uuL(o Y dx
IRN
= J g0 whay ™ dx+% J vOoluPu ™ dx.
Br(© RN\B1(0)

By the fact that Q ¢ Br(0), we have

ALy gy + j VOO P dx + X - J Voo lulPul ™ dx < J 1806, wlud 7™ dx,

Q RM\Q Br(0)

which leads to
D dx,

alLw)? lg(x, u)quf(U_l) dx +a J Iulpuf(a

Br(0) Q

WS p(IRN <

where a is given by (2.3). The above estimate and (3.24) provide
—1|p

o
| uuy LP5 (RN)

<d?C, [L(u)]?,ys,p(RN)

p
< oaC* j lg(x, u)|uu o-1) dx+aJ|u|pu p(a-1) dx)

Br(0) Q

< CG”( j lg(x, u)|uuf(671) dx + a J |u|pup(a 2 dx) (3.25)
Bg(0) Q

On the other hand, by the growth assumptions on g and (3.25), it follows that
luug~ 1|ip ) C0p<a1 J |u|qup(a Ddx + a J uuL(g b dx+aJ|u|puLw b dx) (3.26)
Br(0) Bz(0) Q
Applying Hélder’s inequality, we have that
Lp . pi-ap)
J Iulquf(a_l) dx < ( J uPs dx " ( J (uuf‘l)Pé‘%% dx) " ,
Bg(0) Br(0) Bg(0)

s —(a-p)
S
Ps

- =] 1),
j A dxs|BR(0)|ps< j (up V) e dx) :
BR(O) BR(O)
ps q p)

_ @ *PP; ps
Jlulpuf(“ Vdx <@l ( j (uug~1yri-p dx) ,
Q Br(0)
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PPs

where p < 5ap < p:.Since u > uy, in RV, using Holder’s inequality one more time, we have

ps—(q-p)

e «
1 ‘ [ P59 [
J |u|qu€(g )dX < < j ups dx> ( J’ |u|Ps*(‘I*P) dx s

Br(0) Bg(0) Bg(0)

ps-(q-p)
- L S :
j uf dxs|BR(0)|vs< j(uul’w-“)vs-w—m dx)
Bg(0) Br(0)

plo-1)+1 PS —(q-p)

ap ol ps—(a-p) pp§ o [ [
< |BR(0)| ps ' PO Py J |u|ﬂs**(qu) dx ,

Br(0)
. ps—(q-p)
- e ST P
J|u|pu€(g 1) dx < |Q| 7% ( I |u|ps —@-» dX) ,
Q Bg(0)
which together with (3.26) implies
1)+1 (o-1)+1
U gy < COP (@l + aalulfe V™) < CoP (ulbg. + ulhe: ™),
where .
: pDs Cax ) ¢ ek
a* = m, asz = a; j uPs dx +a|Q|?  and ag = az|Br(0)| s  “O.
Bg(0)
Now, taking o = <, we have
po D pU p(o-1)+1
Ul ooy < COP AU oy + 115 ey )

and replacing o by ¢/, j € N, in the above inequality, we obtain that

pa Jip pol p(d-1)+1
lu |pr oy < COPIT: o+ 17 -
Then, by an argument of induction, we may verify that
Ul oy < 077 F T PCH DT ETTD (A g g) (3.27)

for every j € IN. Note that

=1 S i o

Z == and == .

ia ol ia o (0-1)

Since ¢ > 1, passing to the limit as j — oo in (3.27), we may infer that u € L*°(R") and
|l ooy < OO (PC +1)7T (1 + Ul 1z ey)- (3.28)

From inequality (3.28) and the argument used at the end of the proof of [14, Lemma 2.8], we can conclude that
u € L°(RN) n CO(RM). O
Lemma 3.12. Suppose (V1) and (g1)—(g2) hold. Let u € E be a solution of problem (3.3). Then

N-sp

lu(x)| < M(I |) ~ for all x € RN and for all |x| > R,

where R > 0 is given by (g1) and M is given by Lemma 3.11.
Proof. Letv e C®(RN \ {0}) be the function
R\
v(x) =M (—) .
(x) X

for each x € RY. Moreover, since +sp is s-harmonic (see for instance Bucur-Valdinoci [20]), it shows that
[x| P~
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(—A)Is,v =0in RN \ Bg(0). Obviously, by Lemma 3.11, we obtain the inequality

N-sp
R\ 771
U(0) < Ul gy < M(m) " _y(x) forall0<|x| <R.

Next, we define the function

wt(x) =

(u(x) —v(x))* if|x| = R,
0 if [x] < R.

Since (—A)f,v =0in RN \ Bg(0), w* € E,w*(x) = 0 for every |x| < R, and w* > 0, it follows from (g) that

(@ B0 By o) 0 By gy = | 00w x| Voo dx

RN RN
1
< (E - 1) J VOO WP dx
RN\Bg(0)
<0.

Hence, we have w* = 0, which implies that u(x) < v(x) in |x| > R. Similarly, by defining

w(X) =

(-u(x) —v(x)* if|x| 2R,
0 if [x] < R,

we can also get —u(x) < v(x) in |x| > R. Thus

N-sp

R p-1 N
lu(x)| SM(M> for all x ¢ R™ and for all |x| > R.

The proof is complete. O

3.3 Existence results for problem (1.1)

Now we present the proofs of Theorems 1.1-1.4.

p

Proof of Theorem 1.1. From Lemmas 3.2-3.9 and the estimate |u],; @ < 8§71 u] W (RNY?

itive solution u € E, which satisfies

problem (3.3) has a pos-

- B 1
Ul s oy < € i= [K71(a8 - a|QI¥)71(d + C|BR(O)])]?,

where C, K and d are given by Lemma 3.7. Next, using the hypotheses (f), (f2), there exists a constant C > 0 such
that
Ifx, z)] < Clz|”*  forall x| > R.

Therefore, it is enough to show that an appropriate u satisfies the inequality

(N-sp)(9-p)

W < CM@?—P)(E) " forall|x| > R.

|x]
.. (N-sp)(9-p) .
Fixing A* = kCM®Y-PR™»1 and A > A* > 0, it follows from (V) that

If(x, u(x))| < %V(x)|u(x)|p‘1 for all |x| > R.

This shows that u is a positive solution of (1.1). The proof of Theorem 1.1 is complete. O

When (f3) holds with Sy = 0, we may provide a relation between the parameter in hypothesis (V;) and the value
of R.
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Proof of Theorem 1.2. Since f satisfies (f3) with Sy = 0, we may invoke Remark 3.10 and (3.28) to infer that the con-
stants C and M, do not depend on the values of A and R. Consequently, supposing that (V3) holds, the argument
used in the proof of Theorem 1.1 shows that problem (1.1) has a positive solution for every A > A* = kCMJP,
The proof is complete. O

Proof of Theorem 1.3. As (f;) shows that (f;) holds, we may exploit the arguments used in the proof of Theo-
rem 1.1 to infer that problem (3.3) has a positive solution u € E. Fixing 0 < ¢ < ¢, from (ﬂ) and (f;) we may find
C > 0 such that

_ s
Ifix, z)| < Ce 1.

Consequently, we may obtain

(N-sp)d

Ifix, u(x))| < Ce™® ™ 7" forall |x| > R,

where y* = E(MR%)“’. Thereby, fixing 0 < u < u*, A* = kCand A > A* > 0, it follows from (V) that
1
Ifx, u(x))| < EV(X)W(X)VJ_I for all |x| > R.
This shows that u is a positive solution of (1.1).

Proof of Theorem 1.4. The proofis analogous to Lemma 1.3, we omit it here.

3.4 Multiplicity of solutions

In this subsection, we give the proof for the multiplicity results. Before we prove Theorem 1.5, let us recall the
following version of the Fountain Theorem which can be found in Willem [438].

Theorem 3.13. Let X be a Banach space with the norm || - || and X; a sequence of subspace of X with dim X; < oo for

eachj € N. Further; X = (Pjc Xj, the closure of the direct sum of all X;. Set Yy = GB;‘:O Xj, Zk = ;2 X;. Consider

an even functional I € CYX,R) (i.e. I(-u) = I(u) for all u € X). Suppose, for every k € N, there exist px > ry >0

such that:

(A1) ak := maxyey,,juj=p, (1) <0,

(Az) bk = infugzk,"u":rk I(U) — +ooask — o,

(As3) the Palais—Smale condition holds above 0, i.e. any sequence {u,}nen in X which satisfies I(u,) — ¢ > 0 and
I'(uy) — 0 contains a convergent subsequence.

Then I possesses an unbounded sequence of critical values.

To apply the Fountain Theorem, we still consider the odd extension of the function g: RN x R — R, which is
a Carathéodory function satisfying

&(x, 2) = f(x, 2) for (x,z) e RY xR, |x] <R,
18(x, 2)I < If(x, 2) for (x,z) e RV x R,
18(x,2)| < %V(x)lzlp‘l for (x,z) e RN xR, |x| >R,

and .
G(x,z) = F(x, 2) for (x,z) e RN xR, |x| <R,

- 1
G(x,2) < ﬁV(x)zp for (x,z) e RV xR, |x| > R,

where G(x, z) := jOZ g(x, t) dt. The symmetric version of the auxiliary problem that we will consider is the fol-
lowing:

=yl

(a +b ” Jut) — upP dx dy)(—A);u + VOOlulP~u = g(x,u) inRY,
e (329)

ucetE.
Observe that any solution u of (3.29) satisfying k|f(x, u)| < V() ulP~! for |x| > R is a solution of problem (1.1).
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Moreover, the associated Euler-Lagrange functional J:E->R given by
~ _ a P b p 2 1 -
Jw) = E[u]ws,p(RN) + E(W]WSJORN)) 5 VOlulP dx - | G(x, u) dx
RN RN
is of class C!(E, R) and the critical points of J are weak solutions of (3.29). By assumption (f;), we know that
3(0) = 0 and J is an even functional.
We choose an orthogonal basis {e;} of X := E and define
Yy = spanfey,...,ex}, Zr:=Yji,.
In addition, to complete the proof of our result, we need the following Lemma.

Lemma 3.14. Suppose that (V1) holds. Then, for p < t < p;, we have

Bx:= sup |l — 0, k— oo
ueZy,lullpmy =1

Proof. Itis clear that 0 < Bx41 < Bk, so that fx — B >0, as k — oo. For every k € N, there is uy € Zx such that
lukllzesy) > % and |luxllgs,) = 1. By the definition of Zx, we can obtain that ux — 0 in E. By Lemma 2.1, the
Sobolev embedding theorem implies that ux — 0 in L!(Bg). Thus, taking k — co, we have proved that 8 = 0,
which completes the proof. O

Next, we will verify that the functional J satisfies the remaining conditions of Theorem 3.13.
Lemma 3.15. Suppose (V1)-(Vy) and (f1)-(f3) hold. Then the functional J satisfies (Ay).

Proof. As in the proof of Lemma 3.2, we consider By := By, (Xo) ¢ Br(0) such that V(x) < V,, for every x € By,
and take a function ¢ € Yx \ {0}, such that supp(¢) c By, (Xo). Then

- at? bt?P
J(tg) < 7[¢1’;Vs,p(30) + g([m’;vs,pwo))z + j Vool @IP dx - 1t j 191° dx + C2|By|,
By By

where Cq, C are given by (3.7). Since on the finite-dimensional space Yk all norms are equivalent, it follows
from 6 > 2p that
ar:= max Ju) <0
ueYy,lull=px
for some pj > 0large enough. O
Lemma 3.16. Suppose (V1)-(V3) and (f1)—(f3) hold. Then the functional J satisfies (A).

Proof. As in the proof of Lemma 3.2, we consider the case Q # 0. By (V1) and (V3), Q ¢ Bz(0) and V(x) > 0 for
every |x| > R. From (f;)-(f), we get

J(u) = dsllull’ - ndqllull? - da(n)llulPs  for all u € Zx,
where dj, d are given by (3.5), and

1 aQIF k-1
dg.—mm{p(l— S ) Pk }>O.

J(w) = dallull? - do(mBY ul”  forall u € Zy,

for enough small > 0 such that d, = ds — nd; > 0. Using the above estimate and choosing ry :
have

Then we have

_ ﬁi;/(P*P;)’ we

pp§

b= _inf Jw= _inf Jwlp,+ inf IJwlg > _inf  Jwls, = (di— d(n)B; "

ueZ, lull=rg ueZy,ull=rg ueZ, llull=rg ueZy,ull=rg

Since, by Lemma 3.14, fx — 0 as k — co and p; > p, we obtain
by — +00.

Thus, (Ap) is proved. O
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Proof of Theorem 1.5. Let E = Yy & Zx. By (f4) and Lemma 3.7, the functional 7 satisfies the (PS). condition, and
J satisfies (I3). Then Lemmas 3.15 and 3.16 imply that all conditions of Theorem 3.13 are satisfied. Thus, from the
Fountain Theorem, problem (3.29) possesses infinitely many nontrivial solutions by using the estimate provided
by Lemma 3.12. Hence, problem (1.1) also possesses infinitely many nontrivial solutions. O

4 Thecasep <0 <2p

4.1 The penalized problem

In this section, we study the existence of a positive solution for (1.1) in the case p < 6 < 2p. For this, we first
define a cut-off function ¢ € €1([0, 00), R) (see Zhang and Du [55]) which satisfies

1, 0<t<1,

0, t>2,
{0 = ,

maXso |( (t)l < 21 t> 0)

J'(t) <0, t>0.

Moreover, using {, for any T > 0, we then define the truncated functional Jg(u): E - Rby

p 1
T30 = S0+ (i S+ [ VOOIP ax = [ Gx,wax

RY RN

By a standard argument, we can infer that IJZ e C1(E, R) and its Gateaux differential is

-2
@) Wy = ” [u(x) — u()IP~*(u(x) - u(y))

=y

(v() - v(y)) dxdy
IRZN

_ p-2 -
gL Yl [[ L0 28O0 15 - vy ety

=y

R2N

P _ p-2 -
2Tp((”u" >< ” W) — W) u(y))(V(X)—V(v))dXdy

N+ps
X - p
IRZN | yl

J V) |ulP~ 2uvdxdy)([u]ws,, ]RN))Z J VOO ulP~2uv dx dy — Jg(x, u)v dx

RN RN RY

for all u, v € E. With this penalization, by choosing an appropriate T > 0 and restricting b > 0 small enough,
we may obtain a Cerami sequence {up}nen Of JZ satisfying |un|| < T, and so {u,} is also a Cerami sequence of J
satisfying |lun| < T. Also, we are able to find a critical point u of Jg such that |lu|| < T and so u is also a critical
point of J.

In order to obtain the critical point for J7, we show that Jg satisfies the mountain pass geometry.

Lemma 4.1. Suppose (V1)-(Vy), (fy), (f) and (f;) hold. Then we have the following:

() ForanyT > 0andb > 0, there exist B, p > 0 (independent of T and b) such that Jg(u) > [ forevery u € E such
that |u| =

(II) There exist b > 0 and a function e € E with ||u| > p, such that foreach T > 0and b € (0, b) we have JT(e) <0.

Proof. Similar to the proof of (1) in Lemma 3.2, we also give a proof for the case Q # @. By (V1) and (V3), @ ¢ Br(0)
and V(x) > 0 for every |x| > R. Then, by (f;)—(f), combining (2.3) with (3.5), we also obtain

O Jupp 1
HOREU zp(( (G- = [ voonur ax- | 6oxwax
RN RN
> dsf|ull? - ndy|ull? + dal|ull?,
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where dj, d are given by (3.5), and

1 aQI¥ k-1
ds ._mm{p(l S ), Dk }>0.

Using the above estimate and taking n > 0 sufficiently small, the item (I) follows by finding appropriated values
of B,p > 0.

On the other hand, by hypotheses (V1)-(V;) and taking V., = 0, if Q # 0, we suppose that B, (xo) < Br(0)
and V(x) < Ve, for each x € By, (Xo). We first define the functional J(u): E — Rby

1
I(w) = g[u]g,s,,,(w) s J VOO ulP dx — j G(x, u) dx.

RN RN

Then, by (3.7), we can choose a positive smooth function ¢ € E \ {0} such that supp(¢) c By,(xp), to get

at?
9 < - 0nas o * | velspax-cie? [ 1917 dxs Calr o)l - -0

BrU(XO) Bro(xﬂ)

as t — oo, since p < 6 < 2p. Thus, there exist ¢, > 0 large enough and e = ty¢ such that J(e) < —1 with |e| > p.
Since

b e|P b
7(e) = 3(e) + 5((%)([e1’;vs,p(w))2 <14 (el
there exists b = ZPZP > 0 such that Jlf(e) <0foreach T >0andb € (0, i')). The proof is complete. O

lwsp @y
Remark 4.2. We point out that the function e € E \ {0} is a positive smooth function and does not depend on T
and b.
Next, we recall the following version of the Mountain Pass Theorem which can be found in Ekeland [27].
Theorem 4.3. Let X be a Banach space with its dual space X*, and suppose that ® € (X, R) satisfies

max{®(0), P(e)} <u<n< ||ir”1f D(u)
ull=p

forsome u < n,p >0ande € X with |e| > p. Let ¢ > n be characterized by

¢ = inf max ®(w(t)),
wel te[0,1]

whereT = {w € C([0,1],X) : @ (0) = 0, w(1) = e} is the set of continuous paths joining 0 and e. Then there exists
a sequence {un}nen S X such that

(up) »c=n and (1+ |unl)I®'(un)lx: — 0 asn — oo.
By Lemma 4.1, we consider the mountain pass value
T._ T
¢, =1nf sup J; (y(¢))
b yer te[0,1] b

with
I'={y e C([0,1], E) : y(0) = 0, y(1) = e}.

From Lemma 4.1 and Theorem 4.3, we deduce that for each T > 0 and b € (0, I;), there exists a Cerami sequence
{untnen C E (here we do not write the dependence on T and b) such that

Jhun) — ¢y and (1 + unl)I(Ty) (un)llg- — 0. 41

The above sequence is called a (C)Cg-sequence for J,f.

Lemma 4.4. For each T > 0 and b € (0, b), there exist constants BT, BI > 0 such that BT < cT < BI.
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Proof. Note that by Lemma 4.1, c; > § > 0, and we take ] € (0, B). On the other hand, fix e as in Lemma 4.1.
Then it is easy to see that

T (te) < 25 L 2it0 [ Velel dx - Cif® % dx + C|B
b( e) [e]Wsp(Br (Xo) p ([e]Ws’p(BrO(XU))) + oolel X—-C1 |€| X+ 2| ro(XO)l-
BTO(X()) BrO(XO)

Consequently, there exists a constant ,BZT > 0 (independent of T and b) such that
T T T
¢, < max J, (te) < p,.
b= tefo,1) p(t0) < By
The proof is complete. O

In the following lemma, we shall show that for a properly chosen T > 0, after passing to a subsequence, the
sequence {Up}nen given by (4.1) satisfies ||uy|l < T, and so {up}nen is also a bounded Cerami sequence of J
satisfying [un|l < T.

Lemma 4.5. If {uy}new C E is a Cerami sequence satisfying (4.1), then, up to a subsequence, there exists b* > 0
such that for any b € (0, b*), there holds
lunll < T.

In particular, this sequence {u,}nen 1S also a Cerami sequence at level C; ford, ie.,
Iun) - c; and (1 + [uglD9' (un)llg- — 0.

Proof. Suppose by contradiction, for any T > 0, there exists a subsequence of {u,}nen (still denoted by {un}nen)
such that ||u,| > T. We divide the proof into the two cases [|u,|? = 2TP and TP < |un|P < 2TP.

Case (i). Assume that [|u,||P > 2TP holds. By Lemma 4.4 and k = p6/(6 — p), we have
Br+1>ch+1

1
> J,f(un) - é(jg)’(un)un

h (% B g)[u"]I;VSvP(1RN> " <% 5)5( = )([ wsomen)’

- 307 (Vo kP o + (5 - ) [ VoIl ax

20T1P 0

RN

+ J (%g(x, Un)Un — G(X, un)) dx

]RN
a 1 1
2 (5= 5l + (5 - 5) | VOOlual” ax
RN
+ J <1f(x up)u, - F(x,u ))dx+p_ J V(x)|un|P dx
0 > Un)Un > Un ka n
Bg(0) RN\Bg(0)
11 » 11 (0 -p)(6p -6 +p)
> <I_7 - g)a[un]wsp(nw) (p - 5) J V() unlP dx + 6)° J V(O unl? dx
Bg(0) RY\Br(0)
> K(a[un]’évs,p(m) + j VOO P dx) = KllunlP,
]RN
1 (0-p)(6p-0+p)

where K = min{% T } >0, for n large enough, which is a contradiction when T > 0 is large

enough.

(6p)?

Case (ii). Assume that TP < |uy,||P < 2TP holds. We have

0< (("u"” )sl nd (("u""p>30s|(’(”';'fp”p)lsz,
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which shows that

1 1
Klun|l? - gn(ﬂ,f)'(u,.)up lunll < Kllug|? + 5(3,{)’(un)un

<3hn + (5 - 5 )0 )t ?

llun P 2
v e (P Nat? iy gy
T g l 2p
< 77 (1) +4b(r 2p>T
=1 J7 (un) + CHT?. 4.2)

Lete € E \ {0} be as in Lemma 4.1. By J] (un) — ¢} as n — co, we have

Jp (un) < 2¢j) <2 max J; (te) < 2] 4.3)
for n large enough. Moreover, we obtain
1
KllunllP ~ EII(UZ)'(un)IIE* lunll = KT? - T. (4.4)

So from (4.2), (4.3) and (4.4) we get
KTP - T < 2B + ChT??,

which is a contradiction if b7 := Tz,, >0, b* = mm{b bT} and b € (0, b*) for T large enough. Thus, we obtain
lunll < T. O

By Lemma 4.5, the embeddings of E in W*?(RY) and the Sobolev embedding theorem, up to a subsequence, we
may suppose that there exists u € E such that

Up — u weakly in E,

Up > u strongly inL! (RY),forallt e [1, ps),

loc

Up(x) - u(x) fora.a.xeRY.

Similar to the proof of Lemma 3.7, we can obtain that for all b € (0, b*), {un}new C E contains a convergent
subsequence. Furthermore, u~ = min{u, 0} = 0. Since ¢ > 0, from a Moser iteration argument and the maximum
principle, we can get that u is a positive solution of problem (3.3). It remains to verify that u is also a positive
solution of problem (1.1).

4.2 Existence results for problem (1.1)

Proof of Theorem 1.9. From Lemmas 4.1-4.5 and the estimate
|l o gy < 8‘1[u]’;,5,p(RN) for every b € (0, b*),

problem (3.3) has a positive solution u € E. Next, using hypotheses (f;)—(fy), there exists a constant C > 0 such
that
If(x, z)| < Clz|”* forall |x| > R.
Thus, we still have the inequality
R (N—5p2<10—p)
o ueoyl < MO ()

and A > A* > 0, it follows from (V) that

lu(x)|P~! forall |x| > R.

(V- p)(ﬂ P)

Fixing A* = kCMY-P)R
IfCx, u(x))] < %V(x)lu(x)lp‘l for all |x| > R.

It follows that u is a positive solution of (1.1). The proof of Theorem 1.9 is complete. O
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