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Abstract

In this paper we present new embedding results for Musielak—Orlicz Sobolev spaces of
double phase type. Based on the continuous embedding of W17 (Q) into L™+ (), where
"H. is the Sobolev conjugate function of 7, we present much stronger embeddings as known
in the literature. Based on these results, we consider generalized double phase problems
involving such new type of growth with Dirichlet and nonlinear boundary condition and
prove appropriate boundedness results of corresponding weak solutions based on the De
Giorgi iteration along with localization arguments.

Mathematics Subject Classification 35B45 - 35B65 - 35D30 - 35J60 - 46E35

1 Introduction

Recently, Crespo—-Blanco—Gasiniski-Harjulehto—Winkert [16] studied the so-called double
phase operator with variable exponents given by

div (|W|P<X>—2w n ,u(x)|Vu|q(x)_2Vu) . ue W@ (1.1)

with p, g € C(Q) such that 1 < p(x) < g(x) < Nforallx € Q,0 < u(-) € L'(Q) and
W1H(Q) is the corresponding Musielak—Orlicz Sobolev space being a uniformly convex
space. Under the assumptions above, it is shown that the operator is continuous, bounded and
strictly monotone. Moreover, under some Lipschitz continuity properties on the exponents
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and the weight function, we have the continuous embedding
wiH(Q) — LT (), (1.2)
where the function H, is called the Sobolev conjugate function of H given by
Hix, 1) = t"® + w(x)t9Y for (x, 1) € Q x [0, 00),

see Definition 3.1 for the precise characterization of H... The proof of the embedding (1.2)
is based on general embedding results of Musielak—Orlicz Sobolev spaces obtained by Fan
[29] under the additional condition
+

- + L

p- N
with ¢ and p~ being the maximum and minimum of ¢ and p on &, respectively. It is known
that the embedding in (1.2) is not sharp, see Adams—Fournier [1], Donaldson-Trudinger [28]
or Fan [29]. In the case of sharp embedding results from Orlicz Sobolev spaces into Orlicz
spaces we refer to the work of Cianchi [14]. So far, there does not exist any generalization
of such sharp embeddings to Musielak—Orlicz Sobolev spaces.

The main objective of the paper is twofold. In the first part we want to discuss how we can

obtain better embedding results from WLH(Q) into L9(Q) by using the embedding (1.2). It
will be seen that we get indeed a much better continuous embedding of the form

whH(@Q) — L9 (Q), (1.3)
with
* M * —_—
G0, 1) = 17" £ ()T 0 (x,1) € R x [0, 00), (1.4)

where for a function r € C(Q) with 1 < r(x) < N for all x € ©, the critical exponent r*(-)
is given by

Nr(x) —

ri(x) = N oo’ x e Q.

In addition we are able to prove that the exponent ‘Z(%) in (1.4) of u is optimal under all
possible exponents so that (1.3) hold true. However, we do not know if the embedding in
(1.3) is sharp under all generalized ®-functions. In the first part we furthermore obtain trace
embeddings from WLH(Q) into L?(3S2). Based on a general trace embedding result for
Musielak—Orlicz Sobolev spaces obtained by Liu—Wang—Zhao [50], we show the following
critical trace embedding

wi(Q) — LT (%), (1.5)
with
T*(x, 1) = tP*® 4 u(x)%)ﬂ*@‘), (x,1) € 2 x [0, 00), (1.6)
where for a function r € C(Q) with 1 < r(x) < N forall x € Q, the critical exponent r,(-)
is given by

Fe(x) 1= M’ xeQ.
N —r(x)

We also prove corresponding “subcritical” embeddings related to (1.3) and (1.5) which turn
out to be compact.
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In the second part of the paper, based on the new embedding results in (1.3) and (1.5), we
study the boundedness of weak solutions to Dirichlet and Neumann problems of the form

—div A(x, u, Vu) = B(x, u, Vu) in Q,

1.7
u=20 on 092, (L.7)

and
—div A(x, u, Vu) = B(x, u, Vu) in ,

(1.8)
A(x,u, Vu) -v =C(x, u) on 0€2,

where Q is a bounded domainin RV, N > 2, with Lipschitz boundary I' := 9€2, v(x) denotes
the outer unit normal of  at x € I and the functions A: @ x R x RY — RN, B: O xR x
RY — RandC: T x R — R are Carathéodory functions that fulfill structure conditions as
developed in (1.4) and (1.6), see hypotheses (D1), (D2), (N) and (N3). Our results are based
on the so-called De Giorgi—-Nash—Moser theory, which provides iterative methods based
on truncation techniques to get a priori bounds for certain equations, see the works of De
Giorgi [25], Nash [57] and Moser [55]. The techniques developed in these papers provided
powerful tools to prove local and global boundedness, the Harnack and the weak Harnack
inequality and the Holder continuity of weak solutions. For more information we refer to
the monographs of Gilbarg-Trudinger [36], LadyZenskaja—Ural’ceva [46], LadyZenskaja—
Solonnikov-Ural’ceva [47] and Lieberman [48]. Our proofs for L°°-bounds are mainly based
on the papers of Ho—Kim [41], Ho—Kim—Winkert—Zhang [42] and Winkert—Zacher [69,
70]. We also mention the boundedness results in the works of Barletta—Cianchi—Marino [4]
(for problems in Orlicz spaces), Gasiriski—-Winkert [33, 35] (for double phase Dirichlet and
Neumann problems), Ho—Sim [40] (for weighted problems), Kim—Kim—Oh—Zeng [44] (for
variable exponent double phase problems with a growth less than p*(-)), Marino-Winkert
[53, 54] (for critical problems in WP ()) and Winkert [68] (for subcritical problems in
wir(Q)).

Coming back to the operator (1.1), it is clear that this is a natural extension of the classical
double phase operator when p and g are constants, namely

div (|W|f’*2w + M(x)|Vu|4*2w). (1.9)

It is easy to verify, that if infg 1 > o > 0 or u = 0, then the operator in (1.1) becomes the
weighted (g (-), p(-))-Laplacian or the p(-)-Laplacian, respectively. The energy functional
I: WhH(Q) — Rrelated to the double phase operator (1.1) is given by

|Vu|P&) V|9
I(u) = / + u(x) dx, (1.10)
e\ PW q(x)

R(x, &) = L|s|f’<x> + Mmqm forall (x, &) € @ x RY
p(x) q(x)

of I has unbalanced growth if 0 < () € L% (), that is,

where the integrand

el = Rx,§) < e (1+1617)
for a.a.x € Q and for all £ € RY with ¢, ¢, > 0. The main feature of the functional

I given in (1.10) is the change of ellipticity on the set where the weight function is zero,
that is, on the set {x € Q : w(x) = 0}. This means, that the energy density of / exhibits
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ellipticity in the gradient of order g(x) in the set {x € Q : u(x) > ¢} for any fixed
& > 0 and of order p(x) on the points x where p(x) vanishes. Therefore, the integrand
R switches between two different phases of elliptic behaviours and so it is called double
phase.

We point out that Zhikov [74] was the first who considered functionals defined by

u |—>/(|Vu|p+/L(x)|Vu|q)dx,

whose integrands change their ellipticity according to a point in order to provide models for
strongly anisotropic materials. This type of functional given in (1.10) has been treated in many
papers concerning regularity of local minimizers. In this direction we mention the works of
Baroni—Colombo—Mingione [5-7], Baroni—Kuusi—-Mingione [8], Byun—Oh [12], Colombo—
Mingione [17, 18], De Filippis [19], De Filippis—Palatucci [26], Harjulehto-Histo—Toivanen
[38], Marcellini [51, 52], Ok [58, 59], Ragusa—Tachikawa [65, 66] and the references therein.
Moreover, recent results for nonuniformly elliptic variational problems and nonautonomous
functionals can be found in the papers of Beck—Mingione [9, 10], De Filippis—Mingione [20—
24] and Histo—Ok [39]. For other applications in physics and engineering of double phase
differential operators and related energy functionals given in (1.9) and (1.10), respectively, we
refer to the works of Bahrouni—Rédulescu—Repovs [2] on transonic flows, Benci—D’ Avenia—
Fortunato—Pisani [11] on quantum physics and Cherfils-1l"yasov [13] on reaction diffusion
systems. For example, in the elasticity theory, the modulating coefficient p(-) dictates the
geometry of composites made of two different materials with distinct power hardening expo-
nents ¢ (-) and p(-), see Zhikov [75].

At the end we also want to mention some recent existence results in the direc-
tion of double phase problems developed with different methods and techniques. We
refer to the papers of Bahrouni-Radulescu—Winkert [3] (Baouendi—Grushin operator),
Colasuonno—Squassina [15] (double phase eigenvalue problems), Farkas—Winkert [31]
(Finsler double phase problems), Gasiski-Papageorgiou [32] (locally Lipschitz right-hand
sides), Gasinski—Winkert [34, 35] (convection and superlinear problems), Liu—Dai [49]
(Nehari manifold treatment), Papageorgiou-Radulescu—Repovs [60, 61] (property of the
spectrum and ground state solutions), Perera—Squassina [63] (Morse theory for double
phase problems), Zhang—Rédulescu [73] and Shi-Réddulescu-Repov§—Zhang [67] (double
phase anisotropic variational problems with variable exponents), Zeng—Bai—Gasirniski—
Winkert [71] (implicit obstacle double phase problems), Zeng—Raddulescu—Winkert [72]
(implicit obstacle double phase problems with mixed boundary condition), see also the
references therein. It is worth pointing out that while these works treat double phase
problems in terms of two exponents p(-) and ¢(-) with p(-) < ¢(-), its nonlinear terms
have a growth that does not exceed p*(-). Our new embeddings will provide a neces-
sary ingredient to study double phase problems which have a growth between p*(-) and
q*().

The paper is organized as follows. In Sect.2 we recall some properties of the double
phase operator with variable exponents and present relevant embedding results. Section3
is devoted to the study of the critical and subcritical embeddings mentioned above, see
Propositions 3.4, 3.5 and 3.6 for the critical case and Propositions 3.7 and 3.8 for the subcritical
case. In Sect. 4 we consider problems (1.7) and (1.8) where we suppose subcritical growth and
prove a priori bounds for corresponding weak solutions, see Theorems 4.2 and 4.3. Finally,
using the critical embedding in (1.3), we also develop boundedness results for weak solutions
of (1.7) and (1.8) in this case, see Theorems 5.1 and 5.2 in Sect. 5.
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2 Preliminaries and notations

In this section we recall the main properties to Musielak—Orlicz Sobolev spaces and the double
phase operator with variable exponents. These results are mainly taken from Crespo—Blanco—
Gasiniski-Harjulehto—Winkert [ 16], we refer also to the books of Diening—Harjulehto—Hésto—
Ruizi¢ka [27], Harjulehto—Histd [37], Musielak [56], Papageorgiou—Rédulescu—Repovs [62],
Radulescu—Repovs [64] and the papers of Colasuonno—Squassina [15], Fan [29], Fan—Zhao
[30], Kovacik—Rakosnik [45] and Liu—Wang—Zhao [50].

Let  be a bounded domain in RY with Lipschitz boundary I' := 8 and let M(2) be
the space of all measurable functions u: Q2 — R.

We start with the following definition.

Definition 2.1 (i) A continuous and convex function ¢: [0, c0) — [0, c0) is said to be a
d-function if ¢(0) = 0 and ¢(¢) > O forall ¢ > 0.

(i) A function p: 2 x [0, co) — [0, 00) is said to be a generalized ®-function if p(-, 1) €
M(2) forall t > 0 and ¢(x, -) is a -function for a.a.x € 2. We denote the set of all
generalized ®-functions on 2 by ®(£2).

(iii) A function ¢ € ®(R) is locally integrable if ¢ (-, 1) € L'(Q) forall t > 0.

(iv) Given ¢, ¢ € ®(£2), we say that ¢ is weaker than v/, denoted by ¢ < ¥, if there exist

two positive constants C1, C, and a nonnegative function s € L! (€2) such that

p(x, 1) < C1¥(x, Cot) + h(x)

fora.a.x € Q and for all ¢ € [0, 00).
(v) Let ¢, ¥ € ®(£2). We say that ¢ increases essentially slower than i near infinity, if
for any k > 0
¢ (x, kt)

m
1—00 1//();7 [)

We write ¢ < V.

=0 uniformly for a. a. x € Q.

For a given ¢ € ®(£2) we define the corresponding modular p, by

) 12/ @ (x, ul) dx.
Q

Then, the Musielak—Orlicz space LY ($2) is defined by
L?(Q) := {u € M(L2) : there exists o > 0 such that py(au) < +oo}

equipped with the norm
lully,o := inf {Ol >0 py <E) < 1}.
o

Similarly, we define Musielak—Orlicz spaces L¥ (I") on the boundary equipped with the norm
| - llp,r, where we use the (N — 1)-dimensional Hausdorff surface measure o on RV,
The following proposition can be found in Musielak [56, Theorems 7.7 and 8.5].

Proposition 2.2 (i) Let ¢ € ®(2). Then the Musielak—Orlicz space LY () is complete with
respect to the norm || - ||y, @, that is, (L‘p(Q), |- ||(p,g) is a Banach space.
(i) Let ¢,y € ®(2) be locally integrable with ¢ < . Then

LY(Q) — L¥(Q).
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Next, we define Musielak—Orlicz Sobolev spaces. For this purpose, we need the following
definition.

Definition 2.3 (i) The function ¢: [0, 00) — [0, 00) is called N-function if it is a ®-
function such that

lim @:O and lim@:oo

t—0t 1 t—oo t

(i) We call a function ¢: Q2 x R — [0, 0o) a generalized N-function if ¢ (-, ¢) is measurable
for all + € R and ¢(x, -) is a N-function for a.a.x € 2. We denote the class of all
generalized N-functions by N (2).

Let ¢ € N(R) be locally integrable. The Musielak-Orlicz Sobolev space W !¢ (Q2) is defined
by

Whe(Q) :={u € LY(Q) : |Vu| € LY(Q)}
equipped with the norm
lullte = llully + IVully,

where || Vull, = || [Vul ||y The completion of C{°(R2) in W!-#(Q) is denoted by WOW(Q).
The next theorem can be found in Musielak [56, Theorem 10.2] and Fan [29, Propositions
1.7 and 1.8].

Theorem 2.4 Let ¢ € N(2) be locally integrable such that
inf 1 0.
et D>
Then the spaces W-#(Q) and W(}’w(ﬁ) are separable Banach spaces which are reflexive if

L?(Q) is reflexive.

Let us now come to our special Musielak—Orlicz Sobolev space and its properties, which
was introduced in [16]. In the following, for 4 € C(2) we denote

h™ := inf h(x) and At := sup h(x).

xeQ xeg
We suppose the following assumptions:

(H1) p,q € C(RQ) suchthat 1 < p(x) < N and p(x) < g(x) forallx € Qand 0 < u(-) €
LY(Q).

Under hypothesis (H1), let H: € x [0, c0) — [0, co) be the nonlinear function defined
by

Hix, 1) =P 4+ p(0)t?™ forall (x, 1) € Q x [0, 00). 2.1
Recall that the corresponding modular to H is given by

pr(u) = /QH(x, |ue]) dox. 22

Then, the corresponding Musielak—Orlicz space L () is given by
L™(Q) = {u € M(Q) : pr(u) < +o0},
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endowed with the norm

||u||H:inf{z >0 py (5) < 1}.
T

Next, we can introduce the Musielak—Orlicz Sobolev space wLH(Q) defined by
Wh(Q) = {u e L™(Q) 1 |Vu| € L™(Q))}
equipped with the norm
Nelli,2¢ = Nullm + 1Vuln,

where |[Vu|n = || IVu| ||. Moreover, WOI’H(Q) is the completion of CSO(Q) in WLT(Q).
We know that L7 (), W (Q) and WOI’H (2) are reflexive Banach spaces, see [16, Propo-
sition 2.12].

The following proposition gives the relation between the modular p3; and its norm || - ||,
see [16, Proposition 2.13].

Proposition 2.5 Let hypotheses (H1) be satisfied, u € L™ (Q) and let py be defined as in
(2.2).

() Ifu # 0, then |ullye = A if and only if pr () = 1.

(i) ||ulln < 1 (resp.> 1, = 1) ifand only if pry(u) < 1 (resp.> 1, = 1).
e + -
(i) If llullz < 1, then |ull, < pr(u) < ullf, .

. - +

(V) If lullye > 1, then ullf, < pr(u) < |lull, -

On W' (Q), we will also work with the following equivalent norm

. ~ u
el g i=inf {3 >0 pia(5) <1}, 23)

where the modular g1 7 ¢ is given by
et = [ [I9u 4+ uwuit ) 4 o] ax - 24
Q

foru € WHH(Q).
The following results can be found in [16, Proposition 2.14].

Proposition 2.6 Let hypotheses (H1) be satisfied, let y € WM () and let P1.1.Q be defined
as in (2.4).

(i) Ify #0, then ||yl1,1.2 = A if and only if p1.1.0(5) = 1.

i) [lh760 < 1 (resp.> 1, = 1) ifand only if 1. r.0(») < | (resp.> 1, = 1),
e + ~ -
(i) If Iyl < 1 then |y1{ 5 o < Ara() < IVI] 40

: - ~ +
@) IfIylisee > L then 191} 4o < Araea() < 1919 50

When () = 0, we write LPO(Q), LPO(T), WhPO(@), Wy P (@), 11 p0y.00 I po.r
and || - |1, (). g in place of L™(), L), Wh (), Wy ™), |l - .. Il - ll2.r and
I - 11,7 2, respectively. For a function r € C(2) with 1 < r(x) < N forall x € Q we define

w,n_ Nr) _ (N—=1Drx) —
re(x) = N v and ry(x) = N —ro) prnas x € Q. 2.5)

The following embedding results can be found in [16].
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Proposition 2.7 Let hypotheses (H1) be satisfied. Then the following embeddings hold:

() LT(Q) — L'OQ), WH(Q) — WO @), wi'(Q) < W,"(Q) are contin-
uous for all r € C(Q) with 1 <r(x) < p(x) forall x € Q;

(i) ifp € CO1(RQ), then W' (Q) — L"O(Q) and Wy ™ (Q) < L"O(Q) are continuous
forr e C(Q) with1 <r(x) < p*(x) forall x € Q;

(i) WHH(Q) < L"O(R) and Wy "' (Q) < L"O(Q) are compact for r € C(Q) with
1 <r(x) < p*(x) forallx € Q;

@iv) if p € whr(Q) for some y > N, then WLH(Q) — L'OT) and WOI’H(Q) <
L") are continuous forr € CQ) withl <r(x) < p«(x) forall x € Q;

) WEH(Q) — L™O(T) and W(;'H(Q) — L"N(T") are compact for r € C() with
1 <r(x) < ps(x) forall x € Q;

(vi) if u € L*®(R), then LIO(Q) < L™(Q) is continuous.

Remark 2.8 Note that for a bounded domain @ ¢ RN and y > N it holds C*'(Q) C
w7 (Q).

Let us now suppose stronger conditions as in (H1):

(H2) p,q € C(Q) such that 1 < p(x) < N and p(x) < g(x) < p*(x) for all x € Q and
0 < p(-) € L>(RQ).

Under (H2) we have the following result, see [16, Proposition 2.18].
Proposition 2.9 Let hypothesis (H2) be satisfied. Then the following hold:

1) WhH(Q) — L™(Q) is a compact embedding;
(ii) there exists a constant C > 0 independent of u such that

lullze < CllVully forallu € Wy ().

Next we mention the following lemma concerning the geometric convergence of sequences
of numbers will be the key to our arguments to obtain the boundedness of solutions via the
De Giorgi iteration. The proof of the lemma can be found in the paper of Ho-Sim [43, Lemma
4.3]

Lemma2.10 Let {Z,},n = 0,1,2, ..., be a sequence of positive numbers, satisfying the
recursion inequality

Znp1 < Kb (ZVTM 4 ZM0m) D on=0,1,2,...,

forsomeb > 1, K > 0and py > puy; > 0. If

1
Zp < min (1,(21() m b ﬂ%)
or
[ P N T S |

Zo <min [ 2K) #1b “%,(ZK)iﬁb me g )

then Z, < 1 for some n € N U {0}. Moreover,
[

Z, < min (1, QK) mib M b‘”) . foralln > ny,

where ng is the smallest n € N U {0} satisfying Z, < 1. In particular, Z, — 0 as n — oc.
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Furthermore, in the next sections we frequently use Young’s inequality of the form
1 S N L n
ab < —ga" + ——¢ b1 <ga +& T1hnT foralla,b>0,e>0,n> 1.
n

Let us now fix our notation. We write Ny := N U {0} and for a real number t > 1 we
denote by 1’ := ﬁ the conjugate number of ¢. For a measurable function v: 2 — R we set

vy :=max{v,0} and v_ := max{—v, 0}.

By | E| we denote the N-dimensional Lebesgue measure of E C RY and by |E|s the (N —1)-
dimensional surface measure of E C RV, For 1 < p < o0, the space LP(E) is the usual
Lebesgue space with norm || - ||, £.

3 New embedding results for Musielak-Orlicz Sobolev spaces W' 7 (Q)

In this section, we want to discuss new embedding results for the space W' () into an
Musielak—Orlicz space L¥(€2) for a suitable ®-function ¢. These results extend those in
Proposition 2.7.

First, we are going to introduce the Sobolev conjugate function of H. We define for all
xeQ

tH(x,1) if0<tr<1,

Hi(e. 1) =
D =00 o 1.

It is well known, since €2 is a bounded domain, that L () = L*1(Q) and Wl’H(Q) =
WLHI(Q), see Musielak [56]. Hence, for embedding results of WLH(Q) we may use Hj
instead of H. For simplification, we write H instead of H;.

We start with the following definition.

Definition 3.1 We denote by H(x, ): [0, 00) — [0, 00) forall x €  the inverse function
of H(x, -). Furthermore, we define H; ': Q x [0, 00) — [0, o) by

N+l

s 2y—1
H;l(x,s)zf 000 4r forall (x, ) € 2 x [0, 00), 3.1)
0 T N

where Hy: (x,1) € Q x [0, 00) — s € [0, 00) is such that H;l (x, s) = t. The function H,
is called the Sobolev conjugate function of H.

In order to have further properties on W17(€2) and WOI‘H(Q), we suppose the following
stronger assumptions as those in (H1) and (H2).

_ _ +
(H3) p.q € CY1(Q) such that 1 < px) < gq(x) < N forall x € Q, (%) <1+ % and
0<u()ec(Q).

The next proposition, obtained in [ 16, Proposition 2.21], provides fundamental embedding
results on W7 (Q) and Wol’H(Q).

Proposition 3.2 Let hypotheses (H3) be satisfied. Then the following hold:
i) WLH(Q) — LM(Q) continuously.
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(i) Let K: Q2 x [0, 00) — [0, 00) be continuous such that K € N(RQ) and K <K H, then
WLH(Q) — LK(Q) compactly.

(ili) It holds H < Hs and in particular, WHT(Q) — LY (Q) compactly.

(iv) There exists a constant C > 0 independent of u such that

lullze < ClVully forallu € Wy (). (3.2)

It is worth pointing out that in [16, Proposition 2.21] the authors did not assume ¢= < N
as well as they used a stronger condition of %, namely Z—t <1+ % However, from the
proof of [16, Proposition 2.21], we can easily see that it indeed needs the condition g™ < N
and while one can relax the condition of % as mentioned above. Note that thanks to the
Poincaré-type inequality (3.2), the norm ||V - || is an equivalent norm on WOI’H(Q).
Regarding the critical boundary trace embedding, we have the following proposition.

Proposition 3.3 Under hypotheses (H3) it holds that
N—1

W@ < L ()

continuously, where
N—1 N—1 _
HY (x, 1) i=[Hae(x, )] ¥ forall (x,1) € Q x [0, 00).

The proof of this result can be easily obtained by repeating the argument in the proof of [16,
Proposition 2.19] to verify the conditions of Theorem 4.2 in Liu-Wang-Zhao [50]. We leave
the details for the reader.
In the following, we will give an exact form of the critical terms, which will help us to
study double phase problems with a larger class of nonlinear terms than in previous works.
We have the following proposition.

Proposition 3.4 Let hypotheses (H3) be satisfied. Then we have the continuous embedding
Wi (@) — L9 (@), (3.3)
where G* is given by
G (x, 1) == t7"™ 4 ,u(x)%tq*(x) for (x,1) € Q x [0, 00). (3.4)
Proof First, we are going to prove that
Grx.1) <2 [(q*)"*]+ Ho(x, 1) forall (x,1) € Q x [0, 00), (3.5)

where H, is the Sobolev conjugate function of H given in Definition 3.1.
1

For any (x,1) € Q x [0, 00) we have H(x, ) > t’® and so H~'(x, 1) < 7@ . From
this and (3.1) we get

1

L 316} 1 _

H;l(x, 1) < / rder = p*(x)tP® forall (x,1) € Q x [0, 00).
0 T N

It follows that

1 —
t="H"(x, Halx, 1) < p*(0) [Ha(x, ]7@  forall (x, 1) € Q x [0, 00),
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this means
Ho(x, 1) > [p* )17 PO forall (x,1) € Q x [0, 00). (3.6)

Similarly, we obtain for any (x, t) € (ﬁ\u_l({O})) x [0, co) that

1
'H_l(x, 1) < p(x) a@rao

which implies

1 1
T p(x)” 9@ ga S E
HII(XJ)S/ Ldf:q*(x)u(x) 70
0

N+1
T N
for all (x, 1) € (Q\u~"({0})) x [0, 00). Thus we have

b= G Ha(x, 1) < gF (R [Ha(x, )70

for all (x, ) € (Q\u~'({0})) x [0, co). This finally gives

* m * —_—
Ho(xr, 1) = [¢* )]0 O p(x) 7 17 forall (x, 1) € Q x [0, 00). (3.7)
From (3.6) and (3.7) we get that
L * * M * p—
[p* 0] @ PO 4 [0 @ () @ 177 < 21, (x, 1) forall (x,1) € R x [0, 00).

Then, (3.5) follows.
Invoking Propositions 2.2(ii) and 3.2 along with (3.5) we have the continuous embeddings

Wi (Q) — LT (Q) — L9 (Q),
which shows (3.3). The proof is complete. O

Even the embedding wlH(Q) < L™ () is not optimal as mentioned in the Introduction,
we will try to determine the optimal Musielak—Orlicz Space L57s«(£2) among those with
By 5.« of the form

Bryo(x, 1) i= 1" 4 1 (x)*D ™ for (x,1) € Q x [0, 00),

where r, s, « are positive continuous functions on Q, such that the following continuous
embedding holds
WEH(Q) — LBrse(Q). (3.8)

By the optimal N (€2)-function By, s,.«, for the embedding (3.8), we mean that if (3.8) holds
for any data (p, g, i, 2) satisfying the assumption (H3), then there must be r < rp, s < 59
and o > «.

Proposition 3.5 Let hypotheses (H3) be satisfied with constant exponents. Then Bp* is
the optimal N (2)-function for the embedding (3.8).

X
a4

Proof For simplification, let 2 = B be the unit ball in RN and let D, q,a are constants
satisfyingoe > 1,1 < p < g < N and % <1+ % First, we will show that if (3.8) holds
thenr < p* and s < ¢*.

Fix u € CX°(B) \ {0}. For each A > 0, we define

v (x) :=u(Ax), x € RV,
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Clearly, v, € WOI’H(B) for all A > 1. If the embedding (3.8) holds, then by Proposition 2.9
we find C > 0 such that

vallB, 0.2 = ClIVUrll3 forall 2 > 1. (3.9)

By the definition of the Musielak—Orlicz norm, we easily see that for ¢ (x, 1) := 1% +w(x)?
in B x [0,00) with 1 <« < B,and 0 < w(-) € L'(B), it holds

1 a 3
- (/ |v|°‘dx> +(/ w(x)|v|ﬁdx>
2 B B
1 1
1 o B
< ol < 2% (/ |v|“dx> +<f w<x>|v|'~"dx)
B B
for all v € L¥(B). By means of this fact, from (3.9) we find a constant C > 0 such that
1 1
(/ lvxlrdx) +<f u(x)“wmdx)
B B
1 1
— P q
_C|:</ IVv;Llpdx> +</ ,u,(x)IVv;\qux> i| forall A > 1.
B B

In order to see s < g™, let u(x) = 1. From (3.10) we get

1 1 1
(/ |v,\|sdx> 56‘[(/ |Vvk|”dx>p+</ |Vv)\|qu)qj| forallA > 1. (3.11)
B B B

By change of the variable y = Ax we get from (3.11) that

Ay (/ ()l dy)s
B
sc[x ; (/ |w<y)|1’dy) A5 (/ |y||w<y>|‘1dy)

Since the preceding inequality holds for all A > 1, noticing % < %, we obtain

(3.10)

i| forall A > 1.

N _a=N

s q
Next, let ;(x) = |x|. Then, from (3.10) we have

1 1
</ s | dx) <C [(/ IVv;\lpdx>p+</ |x||Vv,\|qu)q:| forall A > 1,
B
an
1 1 1
K _ P q
</ |x|°‘|v)\|sdx> §C|:</ |Vvk|pdx) +</ |x||VvA|qu> i| forall A > 1.
B B B

(3.12)
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By change of the variable y = Ax we get from (3.11) that

N ¥
AT </ Iu(y)lrdy>
B
7 g—N—-1 é
§C|:A g (/ |Vu(y)|”dy> +a (/ |y||Vu(y)|qdy> } forall A > 1.
B

Since the preceding inequality holds for all A > 1, noticing that % <14 % is equivalent to
p—N - g—N-1
P q

, We obtain

N —N
— < P , e, r <p*.
r p

Finally, we will show o > qq—*. For this purpose, let p, g, o > 1 be constants satisfying

M<q<Nand

—=1+—=-¢ (3.13)

for ¢ € (0, 1) small enough. From (3.12) we get

1
_etN :

; (/ Iylalu(y)lxdy>

B
1 1

_ =N g—N—1 q

§C|:A g (/ |Vu(y)|”dy> +A a (/ |y||Vu(y)|qdy> i| forall A > 1.
B B

pN

q—N—1

Since the preceding inequality holds for all A > 1, noticing > , we obtain
_a+ N < p—N .
q* p
From this and (3.13) we easily deduce that
NZ
o= é. (3.14)
9 N-—gq

This means that if ¢ < ‘fq—*, then by taking p € (1, ¢) satisfying (3.13) with ¢ > O sufficiently

small such thata < - — A?’fzg we have that (3.14) cannot happen. Hence the embedding

q
(3.8) does not hold. Thus, we have shown that the necessary condition for (3.8) to be valid
forall p € (1,¢q) and forall 0 < u(-) € Covl(ﬁ) isr<p*s<gqg*anda > %.

O

Next, we will look for an explicit form for the critical boundary trace embedding. We have
the following proposition.

Proposition 3.6 Let hypotheses (H3) be satisfied. Then we have the continuous embedding
Wh@) < LT(D),

where T* is given by

5 (X) .
T, 1) = 17 W () T 199 for (x, 1) € Q x [0, 00)
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with the critical exponents p., qx given in (2.5).
Proof From Jensen’s inequality and (3.5), we have

* L, N1 % N x\q" + re)
[T, H] 7T <2777 G*(x, 1) < 27 [(q ) ] Ho(x, 1) forall (x, 1) € Q x [0, 00).
This implies that

N-1
*7+ N N—1 —
T*(x,1) < 2([(q*)‘f | ) [Ho(x, 01’7 forall (x,1) € @ x [0,00).  (3.15)
Let u € W' (Q). From Proposition 3.3 we have u € LY ("), where W(x, t) :=

[H(x, t)]%. Hence, u € LT*(F) due to (3.15). We set A = ||u|lyy,r and assume first that
A > 0. Then, we obtain

ED do,

A

1=/I:W<x,‘%‘>d02c61/r7*(x,

N—-1

A\ N
where ¢g :=2 ([(q*)q ] ) . This implies

u
12/']’* X, : do.
r (g0 T
Co A

Hence, we get

1 1
(g)F A= (g)F

lullz=r < ¢ co . llullw,r.
From this and Proposition 3.3 we arrive at

lullzr =< Cllulli,+.

where C is a positive constant independent of u. The proof is complete. O
In the last part of this section we prove new compact embedding results.
Proposition 3.7 Let hypotheses (H3) be satisfied and let
W(x, 1) =1 4 /L(x)%ts(") for (x,1) € Q x [0, 00),

where r,s € C(Q) satisfy 1 < r(x) < p*(x) and 1 < s(x) < g*(x) for all x € Q. Then, we
have the continuous embedding

whH(Q) — LY (Q). (3.16)

Furthermore, if r(x) < p*(x) and s(x) < g*(x) for all x € Q, then the embedding in (3.16)
is compact.

Proof First, it is clear that
W, ) <t 414 p@x) @ 7™ 41 =G*x,1)+2 forall (x,1) € Q2 x [0, 00).

From this along with Propositions 2.2 and 3.4 we obtain (3.16).
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Let us now suppose that 7(x) < p*(x) and s(x) < ¢*(x) for all x € Q. In order to prove
the compactness of the embedding in (3.16) it is sufficient to show that ¥ « H, due to
Proposition 3.2 (ii). This means, for any k > 0, we need to show that

W (x, kt) .
im ————— =0 uniformly for a. a. x € Q. 3.17)
t—>00 Hy(x, 1)

Indeed, from (3.5) we have for (x, 7, k) € 2 x [0, 00) x (0, 00) the estimate

s(x)
W(x, kt e+ KOO LS00 () 90 15
# = 2[(‘1* ! ] u Z‘En)
+(x, 1) 17700 () T 14

0 4 () 40 5@

e+
<2[(@)"] (1+87 +7) B
tP* ) o (x) 9@ 4 (x)

Then, by using Young’s inequality with ¢ > 0, we obtain
. IIC)) . _(L)+
1) < etP" O 4T FOm < gtP O 4] 4
and
s(x) *(x) s(x) 7*(x) s\

HEOTTEW < o) T 4 T < epon T W 4o (7F) 41,
Combining the last three estimates, we easily get (3.17) and this completes the proof. O

Similarly to Proposition 3.7, we have the following compact boundary trace embedding.

Proposition 3.8 Let hypotheses (H3) be satisfied and let
+ ) me L (x) s
(x,1t) =t + pu(x) 9@ ¢ for (x,1) € Q x [0, 00),

where £,m € C(Q) satisfy 1 < £(x) < ps(x) and 1 < m(x) < g, (x) for all x € Q. Then,
we have the continuous embedding

whH(Q) — LT (). (3.18)

Furthermore, if £(x) < ps(x) and m(x) < qx(x) for all x € Q, then the embedding (3.18)
is compact.

Proof We have

g () —
T(x, 1) < P9 414 pu(x) 5 190 41 = T, 1) +2 forall (x, 1) € Q x [0, 00).
(3.19)

Then, the embedding (3.18) follows from Propositions 2.2 and 3.6 by taking (3.19) into
account.
Next, suppose that £(x) < p.(x) and m(x) < g4(x) for all x € Q and note that

whH Q) > WP (Q) > L. (3.20)

Let {u,}nen be a bounded sequence in WLH(Q). From (3.20) we can suppose, up to a
subsequence not relabeled, that u, — u in measure on I'. Let ¢ > 0 be given and set

= 7%(” —uk(x) for j,k € N.
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From Proposition 3.6 we see that {v; x}; ken is bounded in LT*(F), say ||vjkll7+r < ko
for all j, k € N. Arguing as in the proof of Proposition 3.7, we find #op > O such that

1 t _
Y(x, 1) < ZT* (x, k—) for all (x, 1) € Q x (ty, 00).
0

Then, arguing as in the proof of Theorem 8.24 of Adams—Fournier [1], we find N, such that
lvjkllx,r < 1forall j,k > N,. That is, we have shown that [lu; — ug|ly,r < & for all
j.k > Ng.Hence, u, — uin LT(F). The proof is complete. O

4 A priori bounds for generalized double phase problems with
subcritical growth

In this section, we prove the boundedness of weak solutions to the problems (1.7) and (1.8)
when the nonlinearities involved satisfy a subcritical growth as developed in Propositions 3.7
and 3.8. The proofs are using ideas from the papers of Ho-Kim [41], Ho-Kim-Winkert-Zhang
[42] and Winkert-Zacher [69, 70].

Let hypotheses (H3) be satisfied. We suppose the following structure conditions on .4 and
B:

(D1): The functions A: © x R x RN — R¥ and B: © x R x RN — R are Carathéodory
functions such that

Jae5) N-1 ()
(i) 1A, 1,E)] < e [m PO () T[] 70 4 [ [PO 4 )l 4 1] ,
. s()
(i) A(x,1,8) & = ar [|E1PD + pu()[E119] — a3 [Itl’(") + ()7 [0 4 1] :
) () ) IR R 765}
(i) [BCx, 1.6) < B | 1771 4+ p )7 PO 4 [£] 70 + () T TVO |0 41
for a. a.x € Q and for all (£,&) € R x R, where a1, o2, a3, B are positive constants and
r,s € C(2) satisfy p(x) < r(x) < p*(x) and g(x) < s(x) < ¢*(x) forall x € Q.

For the second problem (1.8) with nonlinear boundary condition we need the additional
assumption on C:

(N1): The functionC: I' x R — R is a Carathéodory function such that
h(x)
ICx, Dl =y [Itlw‘)_1 + ju(x) 90 [P0 4 1]
fora.a.x € I' and for all t € R, where y is a positive constant and £, 7 € C(SQ) satisfy

p(x) < £(x) < ps(x) and g(x) < h(x) < gx(x) forall x € Q.
The weak formulation of (1.7) and (1.8) read as follows.

Definition 4.1 (i) We say thatu € W, "(2) is a weak solution of problem (1.7) if
/ A(x,u, Vu) - Vo dx =/ B(x, u, Vu)p dx 4.1
Q Q

is satisfied for all g € W, ().
(i) We say that u € WLH(Q) is a weak solution of problem (1.8) if

/ A(x,u,Vu) -Vodx = / B(x,u, Vu)p dx +/ C(x,u)pdo 4.2)
Q Q r

is satisfied for all ¢ € WHT(Q).
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Under the assumptions (D) and (N) we know that the terms in (4.1) and (4.2) are well-
defined due to Propositions 3.7 and 3.8.
For the Dirichlet problem (1.7) we have the following result.

Theorem 4.2 Let hypotheses (H3) and (D1) be satisfied. Then, any weak solution u €
W(}’H(Q) of problem (1.7) belongs to L°°(2) and satisfies the following a priori estimate

lullos. < € max { 1wl . 1412 o) “3)
where C, 11, T2 are positive constants independent of u and
. () —
W(x,1) =1 + u@x) 1@ Y for (x,1) € Q x [0, 00).

Proof The proof is based on the ideas used in Ho-Kim [41], Winkert-Zacher [69, 70] and
will use Lemma 2.10. Let u be a weak solution of problem (1.7).

Step 1. Defining the recursion sequence and basic estimates.

For each n € Ny, we define

s(x)
Zy = / [(u — k)" 4 () 1 (u — K,,)S(x)] dx,
Ay

where
A ={xeQ: ulx)>«}, kelR 4.4)
and
1
Kp ‘= Ky 2—27 , neNy 4.5)

with k. > 0 to be specified later. Obviously,
kn /" 2k, and ky <k < 2k, foralln € Np.
It is clear that
Ay CAy, and Z,y < Z, foralln € Ny. (4.6)

Moreover, from the estimates

Knt1 Toont2 1 Kn+1

_ r(x) r(x)(n+1)

u—K 2

IAKH,ls/ <7 ) dxs/ o =) dx,
A Kn+1 — Kn A Ky

Kn+1 Kn

Ux) — iy = u(x) (1— o ) “X) raaxeA

and

we obtain the following inequalities

ux) < (2"+2 — D(ukx) —«,) fora.a.xeA for all n € Ny 4.7

Kn+1

and
Al = (k7 0" ) 2000 2, <2 (14" ) 20007 Z, foralln € No. (4.8)

By the assumptions on the exponents we have

/ [ = )7 4 1)~ s )7 e
A

Kn+1
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<),

Combining this with (4.6) and (4.8) gives

s(x)
[(u — k)" + () (= k) + 2] dx.

Kn+1

/ [ = k)P 4 0@ = k)T dx <5 (1407) 20007 7, (49)
A

Kn+1

for all n € Ny.
Next, we are going to show the following estimate for truncated energies

/ [|W|P<X) + M(x)IVu|’1(X)] dx < C1 (14«7 )2 D 7, forall n € Np.
Kn+1

(4.10)

Here and in the rest of the proof, C; (i € N) are positive constants independent of u, n and
k«. To this end, testing (4.1) by ¢ = (4 — ky41)+ € W&’H(Q) gives

/ A, u,Vu) - Vudx = / B(x,u, Vu)(u — kpy1) dx. “4.11)
A

Kn+1 A’(nJrl

Sinceu > u —ky41 > 0on Ay, ,, using (D)(ii) and (Dy)(iii) along with Young’s inequality

and the fact thatu < u”™ + 1 on A, ,,, we obtain the estimates

/ A(x,u, Vu) - Vu dx
A

Kn+1

ZOQ/
A

and

[|Vu|p(") + ,u(x)IVu|q(x)] dx — a3/

[u’m + M(x)%usm + l:| dx
A

Kn+1 Kn+1

/ B(x,u, Vu)(u — kp41) dx
A"JH»I
()1 X s)—1 Za ot &
<8 WO 4 () @@ w4 | V| O 4 p(x) 40T @ | Vu Yo 4+ 1 udx

A’(n+l

s(x)
<2 [ [ s pcorvu @] av+ [ [W) ) 0 W 4 l] e

A'(n+1 AK"+|
Combining the last two estimates with (4.11) and then using (4.7) it follows

/ [|Vu|p(’“) +,u(x)|Vu|‘7(x)] dx
A

Kn+1

s(x)
< C3/ [ur(x) + () e SO 4 1:| dx
A

Kn+1

<G f ([(2"+2 — D@ = )]+ 0 [ = 1y — m]“")) dx + C3lAq,,, |
A

Kn+1

S(x)
< 2T [(u —160) @) 4 () 4O (u — Kn)“”] dx + C3|Ag,, |-
Agy

From this and (4.8) we obtain (4.10).
Step 2. Estimating 7,1 by Z,.
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In the following, we estimate Z, | by Z, with n € Ny. To this end, let { B;}/ | be a finite
open covering of Q, where B; (i € {1,---,m}) are open balls of radius R in RN such that
Q; == B;NQ 3G e {l,---,m}) are Lipschitz domains. We may take R sufficiently small
such that

|Qi] <1 foralli € {1,---,m}, (4.12)
and
pi<r7 =r<(p*); and ¢* <s7 <s; < (q¥); forallie{l,--- . m}, (4.13)
where for a function f € C (Q) andi € {1, -, m}, we denote

fFi=max f(x) and f~ := min f(x).

x€2; x€Q;

Letn € Ny and denote v, := (u — ky+1)+. Foreachi € {1,--- ,m},a > 0, and,é > 0, we
denote

N N B 2
Thi(@, B) = / [vf{ + p(x)a® vf] dx.
Q;
We have

s(x) n s(x)
Znt1 = / [”Z‘“ + u(x)mvi‘”} dr <)’ / [UZ(” + u<x)mvim] da-
Q :
i=1

Q;
From this and the basic inequality
P <% 447 forallt > Oandforall@ f,7 with0 <@ < B < 7, (4.14)

we obtain
m
Zug1 Y [ToiCros)) + Toi G sH]- (4.15)
i=1

From (4.13), we can fix & such that

0<e< min min(p"); =" (¢%); —s7]. (4.16)

1<i<m !

Leti € {1,---,m} and let x € {4, —}. By Holder’s inequality and (4.12) we have

.
r* i
T (rf,s7) =/ [vn’ + p(x) 7o vn’] dx
A"n+lin

*
rl

i

e e -

= (/ Unl dx) l |AKn+l N Qilri e
Q;

*
K

1
sie o« st +e .
i s*+e i =
+ (/ w(x) 1@ vy dx) [ Ay N[5

i

* *
K3
ri i

& r¥+e rFte S;j s¥4e "i"*'s
< Ak N Q| rTsTe </ vy dx) b4+ </ pu(x) @@ v, dx
Q; Q;

4.17)
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Denote

s¥+te
W, (x, 1) o= 17T () 90 T

By (4.16), it holds
rf+e<(p*), and sf+e<(q%), .
Hence, we have
WhPO(Q) e WP (@) « LT () (4.18)
and
whH(Q) — LY () (4.19)

in view of Proposition 2.7 (for the case €2 = €2;) and Proposition 3.7 (for the case Q2 = €2;),
respectively. Taking the embedding (4.18) and Proposition 2.6 (for the case © = 0 and
Q = ;) into account we have

r* r* r¥
i i

>4 r{'ﬁ * = +
(f v adx) < Gsloally oy < Cs [ RS + R ] (4.20)

where

Rui = [ [IV0nl7® 4 ol 9unl#® ] axr [ o4 peouf ] a,

On the other hand, by invoking the embedding (4.19) and Proposition 2.6 we have

*
Sy s* s*
I3 L

Si e ¥+ 3;'? s s pi q.+
o m(x) S U dx = ”Un”ql;hgi = C6||Un||1l,H,QI. <GCs Rn,,i + ani
i

4.21)
From (4.17), (4.20) and (4.21), we obtain
. I ’i Si %
Toi(r},s7) < C7lAg,,, N7 +7+ .+ R+ R R (4.22)
Invoking (4.22) and (4.14) we infer
T 57) = Csl A, |7575 (R + Ry, (4.23)
where
Ry = / (190217 + ) [ 90,79 dx + / (08 + aCowf ] dx
Q Q
and

r. s, + +
0 <y := min min|—, "=t —1 <y, = max max | ——, ——¢ — L.
1<i<m p; q: <i p;
1 1 1
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Using the estimate (4.23), we deduce from (4.15) that
Zut1 = Col A |57 (RIT 4 Ry72). (4.24)
On the other hand, combining (4.9) with (4.10) gives
Ry < Cio (1 + K*—”) 2T 7 forall n e No.
Thus,
Ry R < Oy (a0 20 e (7050 700m) - 405)

Moreover, (4.8) implies that

R _ er _ ert ert £
|A, oy 77074 < Cia (x* T 4k, ’*“*“) pYasreavily JAREAE (4.26)
From (4.24), (4.25) and (4.26) along with (4.14) we arrive at
Znt1 <Ci3 (K; M by ”2) b (ZyT + Z) ™) forall n € Ny, 4.27)
where
Ocmim — et —
W=, = Wt AT 28)
l<bo— 2(r++x+)(l+l/2)+%
and
0<é:= ——— <& = _ 4.29
<h=nt oo a L shEnt o (4.29)

Step 3. A priori bounds.
In this step, we will obtain (4.3) by using an argument similar as in Ho-Kim [41, Proof of
Theorem 4.2]. From Lemma 2.10, we get using (4.27) that

Z,— 0 asn — o0 (4.30)

provided

1 1

4oL | 3-8
Zofmin{(2C13(K*_’”+K;“2))_5‘b ‘*’(2013("?““’?“2)) Foton }

4.31)
In order to specify k. satisfying (4.31), we first estimate
zo= [ [w- et +umw—ef] e [ wwunan @
Q Q
Note that
L 1k
/ W(x, u))dx < (2C13) 7 (™ + 1, ") b O,
¢ U (4.33)

T 2

5

1 1
/ W(x, [u)dx < 2C13) 2 (e +1"2) %2
Q
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is equivalent to

-8

L
i " < 2C3) T (/ W, Iul)dX> )
Q

_ _ _1_h=hy —8
KM " < 20T T TR (/ W(x, Iul)dX) .
Q

On the other hand we have that

_1_h-y — —8
2" < (2C13) 70T T TR min (/ W(x, |u|)dx> , (/ W(x, |u|)dx> ,
Q Q
_1_h-y - —5
26, 2 < (2C13)_1b S % min (/ W(x, |u|)dx> , (/ W(x, |u|)dx> ,
Q Q

is equivalent to

5 8
i I o
K*Z(4C13)‘”b’”( 62 maXI ‘I’(X,|“|)dx>/] v(/ ‘Ij(x,|“|)dx>/1 )
Q
( s sl 2—12 %
Ky > (4C13)/‘2 AT max \IJ(x, |u|)dx) , (/ W(x, |u|)dx>
Q
(4.34)

Therefore, by choosing

L nl L(L_,_M)
K = max {(4C13)“1 ,(4C3) }b“l e
Ll L)

max </ \D(x,|u|)dx)rz,</ \I/()c,|u|)d)c)ﬂ s
Q Q

(4.34) holds and so (4.33) follows. From this and (4.32), we derive (4.31). Hence, (4.30)
holds. Meanwhile, by Lebesgue’s dominated convergence theorem, we have

zZ, = / [(“ —Kn)'y A M(x)qm (w — Kn)S(X)] &
Q

-~ /Q [(u h ZK*):L(X) + M(x)‘j%)’(u — 2K*)1(X)] dx asn — oo.
This implies that
/Q [(” - ZK*)'jr(x) + u(x)qm (u — 2 )A(x)] —0
and so

esssup, cq U(x) < 2ky.

Replacing u with —u in the arguments above, we obtain

esssup, cq(—u)(x) < 2ky.
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Therefore,

5 5
lullos.0 < C max (/ qf(x,|u|)dx>”2,</ \If(x,|u|)dx)“' , (4.35)
Q Q

where C is a positive constant independent of u. Note that by Proposition 2.5, we have the
following relation

- +
[ s tuy ax < max iy o et o
Q
Combining this and (4.35), we derive (4.3) and the proof is complete. ]
Next, we want to prove a priori bounds for problem (1.8). We have the following result.

Theorem 4.3 Let hypotheses (H3), (D) and (Ny) be satisfied. Then, any weak solution u €
wLH(Q) of problem (1.8) belongs to L°°(2) N L*°(T") and satisfies the following a priori
estimate

lulloo, + llulloo,r < € max {(lullw.@ + llullv.,r)™ . (lullwe+ lulv.r)?}, (4.36)

where C, 11, Ty are positive constants independent of u and
s hx)
W(x, 1) =1 4 p() a0 5 Y (1) = 1) () e
forall (x,t) € Q x [0, 00).

Proof The proof uses similar ideas as the proof of Theorem 4.2.
Step 1. Defining the recursion sequence {X, },cn, and basic estimates.
For each n € Ny, we define

Xn:=Zn+Yy,

where

s(x)
Zy = / |:(” - Kn)r(x) + pu(x)a® (u — Kn)s(x):| dx

n

and

h(x)
Y, = / [(u — 1) ) 4 () 9 (u — K,l)’“x)} do.

n

Here A, and {x;},cN, are given by (4.4) and (4.5), respectively, and
Iy ={xel :ukx)>«}, kelR. (4.37)
It is also clear that
[y Cly, and Y, <Y, foralln e Np.
Arguing as that obtained in (4.7) and (4.8) we have
u(x) < (2"+2 — D(u(x) —k,) fora.a.x €Iy, and for all n € Ny (4.38)
and
T lo < (K*—“ + K;ﬁ) 20Dy, <o (1 + K;‘+) 2Dy forall n € N.
(4.39)
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Furthermore, we are going to show the following truncated energy estimate

/ [|W|W> + /L(x)qu|q(x)] drx < C1(1 4«22 X, foralln € Ny, (4.40)
A

Kn+1

where a9 := max{r™, "} and By := max{r™, s, £T, h*}. As before, we denote by C;
(i € N) positive constants independent of u, n and k.. In order to prove (4.40), we test (4.2)
with ¢ = (u — ky41)+ € WH(Q) in order to get

f A(x,u, Vu) - Vudx
A'(nH
(4.41)
=/ B(x,u,Vu)(u—Kn+1)dx+/ C(x,u)(u — kp41)do.
A

r
From the previous subsection, by using the structure conditions in (D)(ii) and (D1)(iii), we
have

Kn+1 Kn+1

/ A(x,u, Vu) - Vudx
A

Kn+1
5(x)
> 052/ [qulp(X) + ,u(x)IVulq(x)] dx — a3/ [ur(X) + p(x) o g™ 4 1] dx
A"n+l A‘(n+1
and

/ B(x,u, Vu)(u — kp41) dx
Ak g1

<2 [ [ s pcorvu @] s

) s(x)
[u*“) + () @ U™ 4 1] dx.
A A

Kn+1 Kn+1

From the fact that 0 < u — k41 < u < u*™ + 1 on I',., and hypothesis (N) we get

f Clx,u)(u — kpy1)do < 7//
T r

Kn+1

h(x)
[uax)q 4 ()70 1 1} 1 do
Kn+1
¢ b
527// w9 4 ()@ " 41 do.
I
Kn+1

Combining the last three estimates with (4.41) and then using (4.7) and (4.38), we obtain

[ [+ weorwu] ax
A

Kn+1

s(x) h(x)
< C3/ [ur(x) + p(x) e 5O 4 1] dx + C4/ [ue(x) + p(x) e ' 4 1] do
A Iy

Kn+1 Kn+1
<G f ([(2"+2 — D — k)] ™+ p0) T [ = 1 — xn)]“”) dx + C3| Ay, |
A

Kn+1

+Cy f ([(2"+2 — D —kn)]"™ + i [ = D — m]’“”) do + CalT, . lo
I

Kn+1

This yields

f (V617 4 @)Vl ® | dx < 528X, + CalAw, 1| + Cal o
A

Kn+1
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Combining this with (4.8) and (4.39) we obtain (4.40).

Step 2. Estimating X, | by X,,.

Let n € No. We are going to estimate X, by X, through estimating Z,; by Z, and
Y, 41 by X,,. To this end, let {B;} | be a finite open cover of Q as in Step 2 of the proof of
Theorem 4.2 with the same notations. Denote by I the set of all i € {1, --- , m} such that
I'; := B; N T # (). We may take R such that (4.12) and (4.13) hold and

10Q4|, <1 foralli el (4.42)
and
pi <7 <tf <(po; and ¢ <h <hf <(q); foralliel. (4.43)
From Step 2 of the proof of Theorem 4.2, we have
Zur = Co (" + k212 6" (Z)F0 4 Z)72) foralln e Ny, (4.44)

where b, 111, o are given by (4.28) and &1, 8, are given by (4.29).
Next we estimate Y+ by X,,. Foreachi € I, & > 0, and 8 > 0, we denote

N . B 5
Hil,i(&s B) = / [Uff + pu(x)a® vfz}] do,
0%
where v, := (4 — Kk,41)+. We have

Yot =/ [vﬁ(") + p(x)a® v,}l’(x)] do < Z/ [vﬁ(") + p(x)a® v,}:("):| do.
r 02

iel
From this and (4.14) we obtain
Yurr < [Hai(6] b7 + Hyi (6, hD)]. (4.45)
iel
From (4.43), we can fix ¢ such that

0<e< mi}q min {(p.); — €, (g7 —h'}. (4.46)
1S

Leti € I and let x € {4, —}. By Holder’s inequality and (4.42) we have

*

Y s o S
Hoi (€5, 2) = / [v,; b ()T u,;] do

T,y N0
L +e ete e
< <f v, da) ! T MO lo'
aQ;
n*
hite peye e s
+ w(x)1® v,"  do T,y NO2%|o"
9%
(’? h:.'
e * i e . h*+e
—r 0 te O +e i hite
< Teppls ™ (f vy da) T+ (/ w(x)4® v, do) ’
9 9%
(4.47)
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We denote

O, (x, 1) = tlite 4 M(x)%t"?“ for (x, 1) € © x [0, 00).
Since £7 + & < (p«); and h} + & < (g4); (see (4.46)), we have
whrPO Q) < WP () — LUt 0Q) (4.48)
and
whH(Q) — L) (4.49)

in view of Proposition 2.7 and Remark 2.8 (for the case 2 = ;), and Proposition 3.8 (for
the case 2 = ;). Applying Proposition 2.6 (for the case © = 0 and Q2 = ;) and the
embedding (4.48), we have

o e* o
I3 1

o+ T o -~ ¥
(/m *’do) < Crllvally iy, < Cs | Ra' + R, (4.50)

where
R, ;:f (190,179 + (o)1 V0, 11| dx—i—/ (08 + eowf™] ax.
Q

On the other hand, by invoking the embedding (4.49) and Proposition 2.6 we have

n*
hite . W te
(/ n(x) KS) vh e da) '
LIS
h h;‘
i . i
= “Un”q:.”ggzi =< C9||Un||1,7-[’gl. <G| R, +Ry 4.51)
From (4.47), (4.50) and (4.51), we obtain
Vid (f’? h}' h’?‘
* * l/++;++s ”T pj T T
Hyi (€], h7) < CrolTi, .y lo R, +R,' + R, + R . (4.52)
From (4.52) and (4.14) we infer
Ho g (85, 1) < C1t|Ta, |57 (R},*” + RHn) 4.53)
where
} ¢ hy _ & hf
0 < y; := min min +,—+ —1 <y := max max { —, — 1.
1<i<m p; 4; 1<i<m pl pl
Utilizing the estimate (4.53), we deduce from (4.45) that
Yoi1 < CiilTe, Vigaas (R,i+ 7Rt VZ) for all n e N. (4.54)

Note that by (4.9) and (4.40) we have
Ry < Cia(1 + 102" X, forall n € Ny,
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where ag and Sy are given in (4.40). It follows that
R L RIH2 — ), (1 n K*—ao(lwn) onbo(l+72) (x ( I+ X1+n)

On the other hand, we deduce from (4.39) that

& _ el” _ ett as 3
Fntie et nt e et nt e TFooF Ny T ht e
|FK,,+1 o < Cig | K« + Ky 20 it e Y, .

From (4.54), (4.55) and (4.56) we arrive at
Yut1 < Cis (/c;ﬁl + K;"‘Z) b (XW‘ + X}ﬁSZ) forall n e N,
where

o y A7)+ —28
— <=« -
o htqe HRTOONTYIT O

— =, ett
1<b:= 2.f50(1+}’2)‘f‘m7

0< iy =

and
£

_ & _
O<ér=1+——"—"=<bO=pp+—F———"F7—
<o =Y+ = y+£++h++e

{F+ht+4e
Finally, combining (4.44) with (4.57) gives
Xpor = Crg (™ 4 K2 ) B (X4 + X1¥2) foralln e Ny,
where
0 < n1 == min{u1, 1} < n2 := max{ua, iz}, 1 < by := max{b, b},
and
0 < Aj ;= min{8;, §;} < A := max{éy, ).

Step 3. A priori bounds.

(4.55)

(4.56)

4.57)

(4.58)

We will also apply Lemma 2.10 to the sequence {X,},cn, With the recursion inequality

(4.58). Note that

Xo = / [(M K*)p(x) + ux) (W — K*)‘i(")] dx
Q
+/ [(H - K*)W) + M(x)q(X> (u—« )h(x):|
r

S/ ‘If(x,lul)dX+/ Y (x, |ul) do
Q r
and

Xy = / [(u — /cn)Jr 04 M(x)q(t) (u— Kn)s(x):l
Q
+/ [(H - Kn)+X) + ,u(x)qm (u— Kn)h(x)] do

s(x)
— / |:(u — 2K*)r(x) + (x) 1 (u — ZK*)S(x)i| dx
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h(x)
+/ |:(u — 2/(*)5)() + u(x)a® (u — ZK*)TX)] do asn — oo.
r

By repeating the arguments in Step 3 of the proof of Theorem 4.2 we get that
lulloo.g2 + lulloe,r = € max {G)™, G}, (4.59)

where C, 71 and 7, are positive constants independent of u and

G(u) ::/ \ll(x,|u|)dx+/ Y (x, |u])do.
Q r

In view of Proposition 2.5 we easily derive (4.36) from (4.59) and this completes the proof.
O

5 The boundedness for generalized double phase problems with
critical growth

The aim of this section is to discuss the boundedness of weak solutions to the problems (1.7)
and (1.8) when we suppose a critical growth based on the Propositions 3.4 and 3.6 via the
idea in Ho-Kim-Winkert-Zhang [42] using the De Giorgi iteration together with a localization
method. Let hypotheses (H3) be satisfied and we state our hypotheses on the data.

(D»): The functions A: @ xRxRY — RN and B: @ xR xRN — R are Carathéodory
functions such that

P

* () N—1 q
PO () T e

*)
70+ EPO u(x>|5|q(x>—‘] :

() [ACx, 1,8)] < oy [1 + It]
(i) A(x,1,8)-& > o [|EIPD + n(0)E]7D] — a3 [W’*(x) + u(x)% )97 4 1] ,

p(x)

" [/ALES I q(x)
(ifi) [BCx, 1, 6) < B [W W () T [ O g| T0 pa () T @0 + 1] ,

fora.a.x € Qandforall (£,&) € Rx RY, where a1, a3, a3 and B are positive constants.
For problem (1.8) we need an additional assumption for the boundary term.
(N2): The function C: I' x R — R is a Carathéodory function such that
e < y (1172071 4 ) 565 91 4 1]
fora.a.x € I" and for all € R, where y is a positive constant.

The definitions of weak solutions to problems (1.7) and (1.8) are the same as that given
in Definition 4.1. In view of Propositions 3.4 and 3.6, these definitions make sense under the
above conditions (D7) and (N»).

We start with the Dirichlet problem (1.7) and have the following result.

Theorem 5.1 Let hypotheses (H3) and (Dy) be satisfied. Then, any weak solution u €
Wy "H(2) of problem (1.7) is of class L™ ().

Proof As before, we can cover 2 by balls {B; J7L, withradius R such that each Q; := B; N Q2
(i=1--,m is a Lipschitz domain. Note that by (H3), it holds ¢g(x) < p*(x) for all
x € Q. Thus, we may take the radius R sufficiently small such that

g == max g(x) < (p*); := min p*(x) foralli e {l,---,m}. (5.1)

xe; X€EQ;
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Let u be a weak solution to problem (1.7) and let x, > 1 be sufficiently large such that
/ H(x, |Vu|)dx —l—/ H(x, |u|)dx +/ G*(x, lup)dx < 1, 5.2)
AK* AK* AK*

where A, for k € R is defined in (4.4) and recall that, for all (x, 1) € Q x [0, 00),

* m *
H(x, 1) = P 4 0?1 and G*(x, 1) =17 P 4 p(x) @@ 14O,

see (2.1) and (3.4). Then, let {k,},cn, be as in (4.5) and define v, := (4 — k,41) 4 for each
n € Ny. Moreover, we define

Zy :=/ H(x, |Vul)dx +/ G*(x,u — k) dx. (5.3)
Ay Ay

Similarly to the previous Sect.4, we easily obtain
Zn+1 < Z, foralln € Ny 5.4

and

2(mn+D(p*)7* -
|A - 7, <200z foralln € Ny. (5.5)

Kn+1 | = (p")~
Ky

In order to apply Lemma 2.10, in the following we will establish recursion inequalities
for {Z,}nen,- In the rest of the proof, as before, C; (i € N) stand for positive constants
independent of n and k.

Claim 1 There exist constants i1, 2 > 0 such that

n((p*)*)2

/ G*(x,vp)dx < €127 »m (ZITM 4z foralln e No.
A"n-H
Indeed, we have
m
/ g*(x,v,,)dx=/ G*(x, vp) dx 52/ G*(x, vp) dx. (5.6)
Ay Q i—1 YU

Leti € {1,---,m}. From (5.2) and the relation between the norm and the modular (see
Proposition 2.5) we get

"

| RGCRBETE Ty
Q;

Then, applying Proposition 3.4 for 2 = €2; we obtain

G*(x, va) dx < Ca[IVunllze.g; + lunllree, ]
Q;
From the equivalent norm in (2.3) and Proposition 2.6, noticing (5.2) again, we then have

(r*);

i

/ G*(x,vp)dx < C3</ H(x,|an|)dx+/ Hx, v,,)dx) a“
Q; Q; Q;

<y (f H(x, |Vup|) dx +/
A A

Kn+1

(r*);
-

9;

g*(-x5 Un)dx + IAKn+1 |)

Kn+1
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Using this along with (5.3), (5.4) and (5.5) we infer that

n(p* T

/ G*( v dx <Cs2 % Z,"
Q;

Now, if we combine this with (5.6) and (4.14) we arrive at

11((17*)+)2
/ G*(x,vp)dx < Ce2™ o (z)TH 4z T2,
AKn+l
where
E *\
0 < pp ;= min '—lf,u,g:—max (pzi—l
1<i<m q; 1<i<m q;
due to (5.1). This shows Claim 1.
Claim 2 It holds that
o] ) +gHt
q- 4 1+ 142
H(x, |Vu|)dx < C72 zZ,-1 +72,°4 foralln € N.
A'(n+1
We test (4.1) with ¢ = v, € Wg*H(Q) to get
/ A(x,u,Vu) - Vudx = f B(x,u, Vu)(u — kp41) dx. 5.7
A"n+1 AKn-H

Note that u > u — k11 > O and u > k,41 > 1 on A, . Applying this along with
the structure conditions in (D)(ii), (D7)(iii) along with Young’s inequality, we reach the
following estimates

J

A(x,u, Vu) - Vu dx ZOQ/ H(x,qu|)dx—a3/ [g*(x,u)—l—l] dx

Knt1 A"n+1 A‘(n+1
2052/ H(x, |Vu|)dx—2a3/ G*(x,u)dx
Ay Ay
and
/ B(x, u, Vu)(u — kp41) dx

A"rl+l

* FACI R _pl) _q)

<p (1 " O () T O 9 5T 4 )Vl ““‘”) e
A‘(n+l
o
< 72 H(x, |Vul) dx +c8/ G*(x, u) dx.
AKU+1 A’(n+l

Combining the last two estimates with (5.7) and then using (4.7), we obtain

/ H(x, |Vu|) dx
A

Kn+1

< C9/ [”p*(x) +M(X)q"‘7(;))”q*m] o
A

Kn+1
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=G f ([(2"+2 i)"Y @ T [@ - 1 m]"“’") dx.
A

Kn+1

This yields

/ H(x. |Vul) dx < Cp2"@"" G*(x, vg—1) dx.
A

Kn+1 Al(n

Thus, from Claim 1 and the last inequality we obtain the assertion in Claim 2.
Using the Claims 1 and 2 along with (5.4) gives us
Zuwr = Cib" (211 4 2,712) foralln e N, (5.8)
(vHh)?

where b := 2[ a- Hq*ﬁ]

> 1. This implies
Zosry < Cryb™ ™! (Z;[’” + Zé:["z) for all n € Ny.

So, writing Zt = Z», and b= b?, we have

Zys1 <bCb" (ZYH 4 ZIH12) forall n e Ny. (5.9)
Now we can apply Lemma 2.10 to (5.9). This yields
22n=2,,—>0 asn — 0o (5.10)
provided that
~ . { 1l _L N—M'M—’Qz’”}
Zop <min{ (2bCyy) " b *1,(2bCy11) 2 b ot (5.11)

Using again (5.8) we also obtain

1 I
Zogsty+1 < Crib*th (szfll + szff) for all n € Ny,

which for Z,, := Z,4 and again b := b2, reads as
Zns1 < bC1b" (ZYM 4 ZIH12) forall n e Ny, (5.12)
Lemma 2.10 applied to (5.12) now leads to

Zont1=2Z, — 0 asn — o0 (5.13)

provided that

_ N IR Sy IS Epm— Y
ngmin{(ZbCu) b oML (26C) T b M s } (5.14)
We point out that

Zo=zi=20=70=< [ Hex. Vuldx +/ G* (x, ) d.
Ay Ay

Hence, if we choose k, > 1 sufficiently large, we obtain

H(x, |Vu|) dx +/ G*(x,u)dx
AK* AK*
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1 M=

1 _
u%’ (2’5(:11)7% Z oYe 3

~ _1 ~
smin[l,(ZbCH) b

Therefore, (5.2), (5.11) and (5.14) are satisfied and we then get (5.10) and (5.13) which says
that

Z, = H(x,|Vu|)dx+/ G*(x,u —ky)dx — 0 asn — oo.
Ac, Ac,

This implies that

/ (u —2ic)7 ) dx = 0.
Q

Thus, (# — 2k4)+ = 0 a.e.in Q2 and so
ess supg U < 2.
Replacing u by —u in the above arguments we also get that
ess supg (—u) < 2kx.
From the last two estimates we obtain
lulloo,@ < 2k.

This shows the assertion of the theorem. m]
Next, we are going to study the boundedness of weak solutions of (1.8) under critical
growth and the additional structure condition (N3). This result reads as follows.

Theorem 5.2 Let hypotheses (H3), (D7) and (N3) be satisfied. Then, any weak solution of
problem (1.8) is of class L*°(2) N L*°(T).

Proof As in proof of Theorem 5.1, we cover Q by balls {B;}]L, with radius R such that
each Q; := BiNQ (i = 1,...,m) is a Lipschitz domain. Denoting by I the set of all

iefl,...,m}suchthatI"; := B; NT" # (J, we may take R sufficiently small such that
pi+ < (ps); and qi+ < (p"); foralli €{l,---,m}, (5.15)
where as before, for a function f € C () andi € {1, -+, m} we denote
fF:=max f(x) and f; = min f(x).
xeQy xeQy

Let u be a weak solution to problem (1.8) and let «, > 1 be sufficiently large such that
f H(x, |Vu|) dx —l—/ G*(x, |u])dx +/ T*(x, lu))do < 1, (5.16)
AK* AK* FK*
where A, and ', are defined by (4.4) and (4.37), respectively, and for all (x, t) € Q x [0, 00),

G, 1) =17 () 7 1 and TH(x, 1) i= 1P 4o pu(x) 9o 195,

Let {«,}nen, be as in (4.5) and for each n € Ny, we define v, := (4 — k,41)+ and

Zn = H(x, |Vu|)dx+/ G*(x,u — Kky)dx + T*(x,u —kp)do, (5.17)
A)(n Al(n rKn
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where as before, we see that

Zny1 < Z, foralln € Ny, (5.18)

and
u(x) < 2" — )(u(x) —k,) fora.a. x e Ay, foralln e No, (5.19)
u(x) < "2 — ) (u(x) —k,) fora.a. x e [y,,, foralln e Ny, (5.20)

2+ (p)*

*)+

it | S ——=——

n+l1l — (p*)~
K

Z, < 20D

|A Z, foralln € Nj. (5.21)

In the rest of the proof, C; (i € N) are again positive constants independent of n and .
As in the proof of Theorem 5.1 the following assertion holds.

Claim 1 It holds that

71((17*)+)2
/ G, dx < C12° @ (Z)™ +2,™) foralln € Ny,
Kn+1
where
(M7 (r";
0 < v ;= min P —1 <) := max p+, — 1.
I<ism q; I<i=m q.
1 1
‘We also have a similar estimate for the trace of u.
Claim 2 There exist positive constants v3, v4 such that
n(p)t g | |
/ T*(x,v,)do < Cr2  »” (Z,ﬁ"’3 + Zn+”4) for all n € Ny.
r

Kn+1
Indeed, we have
/ T*(x, v,) do _/’T*(x v,)do < Z/ T*(x,v,)do. (5.22)
l—‘"n+l iel

Leti € I.From the relation between the norm and the modular (see Propositions 2.5 and 2.6),
the critical trace embedding for WLPO(Q) (see Proposition 2.7 and Remark 2.8) and due
to (5.16), we have

(P*)

% (P« (p+
[ Ode <1l g, = Callnl Vi g < GRS 629
where

Ry ::/H(xv|vvn|)dx+/ H(x, vy) dx.
Q Q

3 (x) _
Define ¢(x,1t) := pL(x)qW) 19 for (x, 1) € Q x [0, 00). From the relation between the
norm and the modular, Proposition 3.6, and due to (5.16) again, we have

(gx);

=) g, (42); (42); (42); pri
/'uuwm#“HasmmMQ_nmuwg<CmeHQ<cm L (5.24)
092
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Combining (5.23) with (5.24) gives
(P, (g+);
y T o
T (x,vy)do < C3R, ' +C4R,"
09

(P*)I-_

+
p;

=GCs (/ H(x,qul)dx+/ G*(x, vp) dx + Ay, |)
A’(;H»] AKn+l

(g%);

o
+C5</ H(x,|Vu|>dx+/ g*(x,vn>dx+|AK,,+.|>

i
Kn+1 A"n+l

From this, (5.17), (5.18) and (5.21) we obtain

n(p*) T (pw)] (”*J:i_ n(p*)* (@07 (q*ii_

T*(x,v)do <C2 " 7, +C2 W 7,
92

Combining this with (5.22) and noticing (4.14) we arrive at

()t (g T

/T*(x, v,)do < Cg2 (Zyll+v3 + Ziﬂ“),
r

where
0 < v3 := min min (p*_zi ,@ — 1 < v4 := max max (p*_zi ,@ -1,
1<i<m pl. ql. 1<i<m pl. ql.
see (5.15). Hence, we have proved Claim 2.
Claim 3 It holds that
((P*)+)2 @eH @t e+
/ Hr, \Valydx < co2'l e ](z}ljffl +z;j‘1‘2) foralln € N,
A

Kn+1

where 0 < @1 :=minj<;j<4v; < (2 = mMaxX<j<4 ;.

Testing (4.2) by ¢ = v, € WH(Q) gives

/ A(x,u, Vu) - Vudx =/ B(x,u, Vu)(u — kp41) dx
A

A

Kn+1 Kn+1

+/ C(x,u)(u — kp41) do.
r"nﬂ

Arguing as in the proof of Theorem 5.1 (see the proof of Claim 2), we obtain

/ A(x,u, Vu) - Vudx > aZ/ H(x, |Vu|)dx — 2053/ G*(x,u)dx,
A

Kn+1 A’(n+1 A"n+1

and

/ Blx,u, Vu)(u — kpy1) dx < % H(x, |Vu|)dx + Clof G*(x, u)dx.
A

Kn+1 A“n+1 A"n+1
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Furthermore, by hypothesis (N5), we have

/ v 1) (Ut — kny1) do < y/
I I

Kn+1

[up*(x)_l + M(X)qfi%)uq*(x)_l + 1] udo

Kn+1

52)// T*(x,u) do.
l—‘"n+l

Combining the last three estimates, we obtain

/ H(x, |Vu|) dx §C11/ Q*(x,u)dx—i—Clz/ T*(x,u) do.
A

Kn+1 Kn+1 l—"‘nJrl

Then, by using (5.19) and (5.20) we deduce from the preceding inequality that

[ evanar o | [ gennars [ T @ do.
Ayt A ey
Then, Claim 3 follows from the last inequality and Claims 1 and 2.

From Claims 1-3 and (5.18) we arrive at

Zup1 = Cub" (2,11 + 2,12) foralln e N, (5.25)

[(<11*)*)2+(,,*)+(q*>+ +g"]
where b := 24 r- > 1. Repeating the arguments used in the proof of
Theorem 5.1, by choosing «, > 1 sufficiently large such that

/ H(x,|Vu|)dx+/ g*(x,u)dx—i—/ T*(x,u)do
AK* AK* F"*

~ 1l ~
< min {1, 2bCys) ™ b

LZ 1 1 HZ*ZV'I
ERCT R R §

where b := b2, we deduce from (5.25) that

Zy =/ H(x, |Vv,—_1]) dx +/ G*(x,v,_1)dx +/ T*(x,vy—1)do — 0 asn — oo.
Q Q r

This implies that

/ (u — 2ic)? " dx + / (u — 2c)P* do = 0.
Q r

Therefore, (u — 2k,)+ = 0 a.e.in Q and (u — 2«4)+ = 0 a.e.on I'. This means
esssup,cq U(x) +esssup, cr u(x) < diy.
Replacing u by —u in the above arguments we also obtain
esssup, cq(—u)(x) +esssup,r(—u)(x) < 4ky.
Hence
lulloo, 2 + llulloo,r < 4r.

This finishes the proof. O
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