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ABSTRACT. This paper provides multiplicity results for a class of nonlinear el-
liptic problems under a nonhomogeneous Neumann boundary condition. We
prove the existence of three nontrivial solutions to these problems which de-
pend on the Fucik spectrum of the negative p-Laplacian with a Robin boundary
condition. Using variational and topological arguments combined with an e-
quivalent norm on the Sobolev space WP it is obtained a smallest positive
solution, a greatest negative solution, and a sign-changing solution.

1. Introduction. The purpose of this article is to investigate the existence and
multiplicity of weak solutions to elliptic equations with nonhomogeneous Neumann
boundary condition. Specifically, given a bounded domain Q C RY with a smooth
boundary 092 and let 1 < p < 0o, we consider the problem

—Apu=a(w")P™ —bu )P + fz,u) in Q,

1.1
V2 9 = W, u) — Ol mon, Y

where —A,u = —div(|Vu[P72Vu) is the negative p-Laplacian, Ou/dv denotes the
outer normal derivative of u while the values a, b and 6 are real parameters specified
later. The terms u™ = max(u,0) and v~ = max(—u,0) stand for the positive and
negative part of u, respectively, and the perturbations, namely f :Q x R — R and
h: 00 xR — R, are some Carathéodory functions satisfying suitable hypotheses,
see (H) below. For the sake of simplicity we omit the denotation for the trace
operator 7 : W1P(Q) — LP(99) which is applied to the functions on the boundary
on.

The main goal of this article is to prove the existence of three nontrivial weak
solutions of the nonhomogeneous Neumann boundary value problem given in (1.1).
More precisely, we establish two extremal constant-sign solutions, namely a smallest
positive solution uy as well as a greatest negative solution w_, and finally, the
existence of a nontrivial sign-changing solution wug lying between these extremal
constant-sign solutions is pointed out.

Throughout the paper we impose the following assumptions.

(H) Let 0 > 0 be a fixed constant and let f: QxR — R and h: 9Q xR — R be
Carathéodory functions satisfying the subsequent conditions:
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(H1) f is bounded on bounded sets.
(H2)

f(z,s)

|s]—o00 IS‘p728

(H3)

= —00, uniformly with respect to a.a. z € Q.

L Js)
50 |s|P—2s

(H4) h is bounded on bounded sets.
(H5) There exists a number sy > 0 such that
h(z,s)
|s[P=2s

=0, uniformly with respect to a.a. z € Q.

<0, fora.a. xe€dand for all |s| > sg.

(H6)
h
_ hi,s)
s—0 |s|p—23

(HT7) h satisfies the condition

=0, uniformly with respect to a.a. = € 9.

(1, 1) = hwz,52)] < Llor = 2] + [s1 = ],

for all pairs (21, $1), (2, s2) in IQ x [-K, K|, where K is a positive con-
stant and « € (0, 1].
By means of the hypotheses (H3) and (H6) we see at once that f(z,0) = h(z,0) =
0 reasoning that v = 0 is a trivial solution of (1.1). The condition (H7) is a
Holder continuity assumption which is needed to make use of the C1®-regularity of
Lieberman (see [20]).
In a recent work of the author [32] there are shown multiplicity results to equa-
tions of the form

—Apu = fz,u) — |ulP~2u in €,
p—Z@ - +yp—1 _ p(,,—\p—1 (1.2)
|Vul 9 a(u™) b(u™)P™" + g(z,u) on 99,

where the solutions of (1.2) depend on the so-called Steklov Fuéik spectrum of the
negative p-Laplacian which was intensively treated by Martinez and Rossi in [22].
The novelty of this paper is on the one hand that the solutions of (1.1) depend on
the Robin Fuéik spectrum of —A,, (see Section 2 for a detailed introduction) and
on the other hand we could drop a hypothesis on the function f : @ x R — R, which
was required in [32], namely

(A1) There exists a number 65 > 0 such that f(:ij) >0 for all 0 < |s] < d; and
s|P—2s
for a.a. z € Q.

Assumption (Al) means that the function f must change sign near zero. Now, we
do not need this condition on f. Further, regarding the behaviour at infinity, the
boundary function in [32] has to satisfy the condition

(A2) limg)_ 00 fs]\(:iis = —oo uniformly with respect to a.a. x € 99.

We point out that we can replace (A2) by the weaker condition (H5).
Another novelty is the usage of an equivalent norm on the space W () obtained
by Deng (see [12]) which contains the norm || - ||zr(aq) instead of || - ||zr(q). This
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ensures, in particular, that suitable energy functionals concerning problem (1.1)
(involving appropriate truncation functions to make sure the finiteness of the in-
tegrals) satisfy the coercivity and the Palais-Smale condition which is required in
our approach. It should be mentioned that we do not need differentiability, poly-
nomial growth, or some integral conditions on the mappings f and h. In order to
prove our main results we make use of variational and topological tools, e.g. critical
point theory, the mountain-pass theorem, the second deformation lemma and the
so-called Robin Fucik spectrum of the negative p-Laplacian.

Elliptic equations with a nonhomogeneous Neumann boundary condition regard-
ing existence and multiplicity of solutions were studied by a number of authors in
the last years. Without guarantee of completeness we refer to the papers in [1], [13],
[14], [15], [19], [21], [23], [29], [35], and the references therein. With reference to ho-
mogeneous Neumann problems, multiple solution results can be found for example
in [2], [4], [5] and [6]. In the Dirichlet case there also exists a number of publications
according to the subject of multiplicity results, see e.g. in [9], [10], [11], and [17].

The paper is organized as follows. In Section 2 we give the basic notations in-
cluding the definition of a sub- and supersolution of (1.1), we point out some recent
results with regard to the Robin Fuéik spectrum of the negative p-Laplacian and we
consider a second auxiliary problem which is needed in our treatment. The third
section is devoted to the proofs of the existence of specific sub- and supersolutions
of (1.1) which leads to the existence of two ordered pairs of sub- and supersolution,
one with positive sign and the other one with negative sign. Then, we can derive
the existence of two constant-sign solutions thanks to the method of sub- and super-
solution dealt in [7]. The existence of extremal constant-sign solutions, more exact
a smallest positive solution and a greatest negative solution of (1.1), is shown in
Section 4 using functional analytical arguments in association with the properties
of the Robin Fuéik spectrum of —A,,. In the last section we prove the existence of a
sign-changing solution applying the fact that every nontrivial solution between the
obtained extremal constant-sign solution must be a sign-changing solution provided
it is unequal to these extremal solutions. Variational and topological tools like the
mountain-pass theorem, critical point theory and the second deformation lemma
are found a use in this last section.

2. Preliminaries. By LP(Q), LP(99) and WP(£2) we denote the usual Lebesgue
and Sobolev spaces with their norms ||-||» (), ||| Lr 90y and || [|w1.» (), respectively.
Given ¢ > 0 we introduce an equivalent norm on W1P(Q) given by

lulle = IVullLe @) + Cllulleon) (2.1)
(see e.g. Deng [12]). We say that u € WP(Q) is a weak solution of problem (1.1)
if
/ |VulP~2Vu - Vodz
Q
= /(a(zﬁ)p’l —b(u" )P+ f(x,u))vde +/ (h(x,u) — OlulP~?u)vdu,
Q G19)

holds for all test functions v € W'P(Q) while du denotes the usual (N — 1)-
dimensional surface measure. Further, the definition of weak sub- and superso-
lutions is required in our treatments. A function u € WHP(Q) is said to be a weak
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subsolution of problem (1.1) if the inequality

/ |VulP~2Vu - Vodz
Q

< /Q (a(ut)P~" = bw )P~ + flz,u))vdx + /8 Q<h(x,u) — Olu[P*u)vdp,

is satisfied for all nonnegative test functions v € WP(Q). Analogously, replacing
'’ by "w’ and ’<’ by "'>’, we obtain the definition of a weak supersolution of problem
(1.1). Tt is obvious that every weak solution is both a weak subsolution and a weak
supersolution. As a consequence of the assumptions in (H) we get a helpful result
stated above.

Corollary 2.1. Under the hypothesis (H) for each £ > 0 there exist constants
X1, X2 > 0 such that, for all 0 < |s| <&,

|f (2, 8)] < x1|s[P7Y, for a.a. x € Q,  |h(z,s)| < x2|s|P™!, for a.a. x € 9Q.
To be more precise, the growth conditions in Corollary 2.1 come from the as-
sumptions (H1), (H3), (H4) and (H6), respectively.

As mentioned in the Introduction, we need the properties of the Fué¢ik spectrum
of the negative p-Laplacian —A,, with Robin boundary condition. This spectrum is

defined as the set f)p of all pairs (a,b) € R? such that

—Apu = a(uT)P~t —bu" )Pt in £,
(2.2)
|Vu|p_2% = —BlulP"%u on 012,

is solved nontrivially meaning that u € W1P(Q),u # 0, and verifies the equality

/ \Vu\p72Vu~Vvd:c+6/ [ulP~2uvdp :/(a(qu)p*l —b(u" )P Hode, (2.3)
Q [219) Q

for all v € W1P(Q). In (2.2), respectively (2.3), the parameter 3 is supposed to be
a fixed, nonnegative constant. If § = 0, (2.2) reduces to the Fuéik spectrum ©,, of
the negative Neumann p-Laplacian (see [3]). The special case a = b = A leads to
Ju
ov
which is known as the Robin eigenvalue problem of the negative p-Laplacian. Prob-
lem (2.4) was studied in the important publication of Lé [18] devoted to the eigen-
value problems for the negative p-Laplacian. In the Robin case he proved that the
first eigenvalue A1 of (2.4) corresponding to the fixed value § is simple, isolated and
it can be variationally characterized through

A= inf /Vupdm—i— / u|Pd :/ upd:rzl}. 2.5
=it o [ wrass [ e [ (25)

Moreover, the set of eigenvalues to (2.4) is closed (see [18, Theorem 5.9]). It is also
known that the first eigenfunction ¢, associated to A\; has constant sign in ) and
every eigenfunction corresponding to an eigenvalue greater than A; has to change
sign. As o1 > 0in Q and ¢; belongs to C1%(Q) for some 0 < a < 1 it follows
that ¢, € int(C'(Q),) where int(C* (), ) denotes the interior of the positive cone
ClQ)y = {u e CHQ) : u(x) > 0,Vz € Q} in the Banach space C*(£2), which is
nonempty and given by

int(C'(Q)4) = {u e C'(Q) 1 u(z) > 0,vVz € Q}.

— Apu = AMu[P"2u in Q, |Vu|P™2 = = —Blu|P%u on 99, (2.4)
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Remark 2.2. If )\gﬂ) is the first eigenvalue of the Robin eigenvalue problem (2.4)
corresponding to the fized value B > 0 and if 0 is a real parameter satisfying 0 < 0 <
B, then we see from (2.5) that /\gﬂ) > /\59) where )\50) is the first eigenvalue of (2.4)
concerning the value 8. This note is required in the end of the proof of Theorem 4.1
demonstrating the existence of extremal constant-sign solutions of (1.1).

Let us turn back to the Robin Fuéik spectrum which was recently studied in [24]
through a variational approach using a mountain-pass procedure. More precisely,
it was shown that ¥, contains a first nontrivial curve C which can be expressed as

C={(s+c(s),¢(5)); (es), 8 +¢(s)) : s = 0}, (2.6)
where ¢(s) is given by

= inf ~s y
c(s) ;relr ué’%l—al),(+1] Js(u)
with
I'={yeC(-11,5):7(-1) = —p1 and (1) = @1 }. (2.7)

Here, J; is equal to the restriction of the C''-functional J, : WP(Q) — R defined

by
Js(u) = / |[VulPdx + B/ |u|Pdp — s/(u+)pdm
Q a0 Q
to the C''-submanifold
S— {u e Whr(Q) : / lulPda = 1} (2.8)
Q

of WP(Q). This first nontrivial curve stated in (2.6) is Lipschitz continuous, de-
creasing and its asymptotic behavior can be described by

. )\1 ifp S N
lim ¢(s) =4~ _
s—r400 A>)N ifp>N
where
Y= iuf max Jo IV (ro1 +u)Pda + B [, [rer + u|”du7
wel reR Jo Irer + ulpde
with

L= {uc WH"P(Q) : u vanishes somewhere in Q,u # 0}
(see [24, Proposition 4.2 and Theorem 4.3]). With the help of this first nontrivial
curve, we can formulate our last hypothesis on the given data in (1.1).
(H8) Let 8 be chosen such that 0 < § < 3 and let (a,b) € RZ be above the first
nontrivial curve C of the Fuéik spectrum X, constructed in [24].

In case a = b = A condition (H8) reduces to the assumption that the value A is
strictly greater than Ay being the second eigenvalue of the Robin eigenvalue problem
of —A, because of the fact that the point (A2, A2) belongs to flp. In [24] a variational
characterization of this eigenvalue is obtained by the representation

A2 = inf max [/ |Vu|pdx+5/ |u|pd0} .
yel uer[—1,1] Q 80

For a detailed summary about the Fuéik spectrum of the negative p-Laplacian with
different boundary conditions we refer to the recent overview article in [25].
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A second problem which plays an important part in our treatment is the subse-
quent boundary value problem

~Apu=—|ulf2u+1 inQ, |Vu|p*2? =1 on 99, (2.9)
v
which means that
/ |Vu|P~2Vu - Vode = — / (|uP~?u — 1)vdz +/ vdp (2.10)
Q Q G19)

is fulfilled for every test function v € WP(Q). From the classical existence theory
we infer the existence of a weak solution of problem (2.9). Testing (2.10) with
v = e; — eg, where e1,e5 € WHP(Q) are two weak solutions of (2.10), we get the
uniqueness. Denote by e € W1P(Q) the unique weak solution of (2.9), we see
at once that e must be nonnegative (testing with v = e~). Further, we obtain
e € L>*(9) (see [31, Theorem 4.1] or [33, Corollary 1.2]) and from the regularity
results of Lieberman [20] it follows e € C1*(Q) with « € (0,1). Taking (2.9) into
account we have

Ape=leff2e —1<eP™! ae. inQ.

Defining 3 : [0,00) — R through §(s) = s?~! for s > 0 we may apply Vazquez’s
strong maximum principle (see [27, Theorem 5]) to get e(xz) > 0 for all x € Q.
Fixing z¢ € 09 such that e(z¢) = 0 and using again Vdzquez’s strong maximum
principle we conclude that du/0v(zg) < 0. From the boundary condition in (2.9)
we obtain |Vu|P~20u/0v(zo) = 1 which is a contradiction. Hence, e(z) > 0 in Q
guaranteeing e € int(C*(Q)4).

3. Existence of sub- and supersolutions. In this section we provide the ex-
istence of some pairs of weak sub- and supersolutions of our problem (1.1). Here
and in the rest of the paper we denote by ¢; the first eigenfunction of the Robin
eigenvalue problem (2.4) corresponding to the first eigenvalue A; related to the fixed
parameter §. The function e stands for the unique weak solution of problem (2.9).
The main result in this section is the following.

Lemma 3.1. Let the assumptions in (H) be satisfied and suppose that a,b > A
as well as 0 < 6 < B. Then there are constants ¥,,9, > 0 depending on a and b,
respectively, such that Jq,e is a positive weak supersolution and —Uye is a negative
weak subsolution of problem (1.1). Additionally, the function ep; is a positive weak
subsolution of problem (1.1) while —ep; is a negative weak supersolution provided
the number € > 0 is sufficiently small.

Proof. We start to show that ¥,e is a positive weak supersolution of (1.1) with a
positive constant ¥, to be specified. From (2.10) we obtain

/ |V (Dae)|P2V (9qe) - Vodz
@ (3.1)

= —/(ﬁae)p_lvdx—i—/ ﬁg_lvdx—i—/ P Lodp, Yo e WHP(Q).
@ Q o0
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Combining the definition of a weak supersolution and equation (3.1), we have to
show that the inequality

/ (57" = (1 + a)(Wae)’ ™" = f(x, Dae))vdz

@ (3.2)

+/ (021 + 0(9ae)P ™t — h(z,Vqe))vdu > 0
o0

is satisfied for all nonnegative test functions v € W1P(2). Thanks to condition
(H2) there exists a number s, > 0 such that

f(z,s)

sp—1

With the aid of (H1), one gets

<—(l1+4a), foraa. xe€Qandalls>s,. (3.3)

f(x,8) + (1+a)sP™' <c,, foraa € Qandallsc|0,s,] (3.4)
with a constant ¢, depending on a. Finally, from (3.3) and (3.4) it follows
f(z,s) < —(1+a)sP ' +¢c,, foraa zcQandalls>0. (3.5)

From (H5) we obtain the existence of sy > 0 such that
h(z,s)

sp—1

<0, fora.a. xe€dand all s> sy,

and condition (H4) yields a constant ¢y > 0 such that
h(z,s) <cg, foraa. xe€ 0 andallse]l0,sq].
Consequently this leads to
h(x,s) < 0sP~' 4+ ¢, fora.a. z € 9Q and all s > 0. (3.6)

Now we can estimate the integrals in (3.2) using the inequalities in (3.5) and (3.6).
It results in

/9(195_1 — (1+a)(Wae)P ™! = f(x,V0e))vdx
+ / (0P 4 0(9ac)?~" — h(z, Pue))vdp
o0
> / W21 — (1 4 a) ()’ + (1 + a)(Due)P " — co)vda
Q
+ / (0P 4 0(90e)P~" — 0(Dae)"~! — co)vdy
o0

= /Q(ﬁgfl — ¢q)vdx + /{90(195*1 — cg)vdp,

1 1

for allv € W?(Q),. From the choice 9, := max qcs ', ¢y~ ' ¢ we conclude that the

function @ = J,e is a positive weak supersolution of our problem (1.1). Following
the same pattern one can prove that u = —¥ye is a negative weak subsolution of
(1.1).

Let us prove the second part of the lemma. To this end, we consider the weak
formulation of the Robin eigenvalue problem of the p-Laplacian multiplied with the
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parameter eP~! > 0, namely
/ V(o) P2V (1) - Vo
Q

= / M (ep1)P tode — Blep1)P~todp, Yo € WHP(Q).
Q a0

Taking the definition of a weak subsolution into account we have to prove that

/((Al —a)(ep)P™! — f(x,e01))vde

. (3.7)

+ / (60— B)(ewr)”™" — h(x. 201))vdp < 0
oN

is fulfilled for all v € W1P(Q),. Applying the assumptions (H3) and (H6) provides
the existence of two numbers d, > 0 and &y > 0 such that

|]|‘(|;IZ:),_51)| <a—2A1, foraa ze€Qandall0<|s|<d,,

y (3.8)
|h(z, )|

sjp—1 <pB—-0, foraa ze€dQandall0<|s|<dy,

due to the fact that a > A\; and 8 > 6. Choosing

1) )
O<5§min{ o 00 },
[e1lloc ™ llp1lloo

where ||¢1]loo stands for the supremum-norm of ¢, along with (3.8), we obtain
from (3.7)

/Q (1 — a)(ep)P™ — f(z,en))vde
" /a (0= B) (e = b,z od
< / (1 — a)(epn)”™ + (a — M) (epr)P Vo
Q

4 [ (OB + (5= 0)(ep0)” o
o0
= O7

which proves the assertion. The existence of a negative weak supersolution —ep
can be shown in a similar way. O

Remark 3.2. Note that every nontrivial weak solution u € [0,9,¢€] of (1.1) belongs
to int(CY(Q)4). This follows from the CL:*-regularity of Lieberman [20] combined
with Vdzquez’s strong mazimum principle [27] and the growth properties of f and
h given in Corollary 2.1. The same holds true for every nontrivial weak solution
u € [—pe, 0] meaning that u lies in —int(C(2),).

4. Extremal constant-sign solutions. The main result in this section is the
following theorem about the existence of extremal constant-sign solutions of problem

(1.1).
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Theorem 4.1. Let the conditions in (H) be satisfied and let 0 < § < 8. Then, for
every a > A1 and b € R, there exists a smallest positive weak solution uy = uy(a) €
int(CH(Q)y) of (1.1) in the order interval [0,9,€] while for every b > \; and a € R,
there exists a greatest negative weak solution u_ = u_(b) € —int(C1(Q),) within
[7’[9},6, O]

Proof. We only prove the assertion for the smallest positive weak solution, the
other case acts in the same way. From Lemma 3.1 we know the existence of a
positive weak subsolution ep; € int(C'(Q);) and a positive weak supersolution
Yqe € int(CH(Q),). Taking ¢ > 0 small enough such that ep; < 9,e provides an
ordered pair of weak sub- and supersolutions of problem (1.1), namely [ep1,,€].
The method of weak sub- and supersolution concerning problems of type (1.1)
(see [7]) ensures the existence of a smallest positive weak solution u. = wu.(a) of
(1.1) lying between ¢ and ¥,e. Taking into account Remark 3.2 we obtain that
ue € int(C1(),). Therefore, for every positive integer n sufficiently large, there
exists a smallest positive weak solution u,, € int(C1(2),) of problem (1.1) satisfying
%4,01 < u, < VY,e. From this we get a sequence (u,) of smallest positive weak
solutions being monotone decreasing. It follows

Upn § uy  pointwise (4.1)

with a function uy : @ — R belonging to [0, ¥,e].

Let us show that uy solves problem (1.1). As u, € [%901,19,16], one can easily
prove the boundedness of (u,) in W1P(Q). Thus, there is a weakly convergent
subsequence of (u,) and due to the monotonicity of (u,) along with the compact
embeddings WP (Q) — LP() as well as WHP(Q) — LP(9Q), the entire sequence
(ur,) has the following convergence properties:

Uy, — uy  in WHP(Q),

4.2

Up, = uy in LP(Q), in LP(0Q), for a.a. x € Q, and for a.a. x € 9. (42)
As u,, solves problem (1.1), we have
/ |Vu, [P ~2Vu, - Vod

@ (4.3)

= /(auﬁ_l + f(z,up))vdx +/ (h(2,un) — Oul"Yodu,
Q o9

for all v € W1P(2). Taking the test function v = u,, — uy € WHP(Q) leads to

/Q |V, P2V, - V(u, — uy )de

- / (@2 + F (1)) (1t — ) + /a () = 00 = .

Thanks to the boundedness of f and A in combination with the convergence proper-
ties in (4.2) and the uniform boundedness of the sequence (u,), we get by applying
Lebesgue’s dominated convergence that

n—oo

limsup/ |V, |P~ 2V, - V(up — uy)de =0,
Q

which by the (S, )-property of —A, on W1P(Q) implies
U, —uy in WHP(Q). (4.4)
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The strong convergence in (4.4) along with (H1), (H4) and the uniform boundedness
of (uy,) allows us to pass to the limit in (4.3) which ensures that uy is in fact a
weak solution of (1.1).

Taking into account Remark 3.2 we know that u € int(C1(Q),) provided u # 0.
Arguing by contradiction, we suppose that u4 = 0 implying that (see (4.1))

un(z) L0 for all x € Q. (4.5)

Setting
U
wy, = ————  for all n,
”un”leP(Q)
we may suppose that, along a subsequence denoted again by w,,
wy, —w  in WHP(Q),

4.6
wy, = w in LP(Q), in LP(99), for a.a. x € Q, for a.a. x € 99, (4.6)

with some function w € WH?(Q). Additionally, there exist functions k1 € LP(Q),
ko € LP(0R) 4 such that

|wn(2)| < k1(z) for a.a. all z € Q,

4.7
|wp (x)| < ko(x)  for a.a. all x € 09. (47)
Using the representation u, = |u,||w1.r)wn we have from (4.3) the variational
equation
/ |Vw, [P~2Vw, - Vodz
¢ (4.8)

n h’ b) n — —
:/ <awg—1+f<”’“1> £-1>Ud$+/ (ng U gy 1)1}@7
Q uh o0 \ uh

for all v € W1P(Q). Particularly, for the choice v = w,, —w € WP(Q), one gets

/ \an|p_2an - V(w, —w)dx
Q

= /Q <awﬁ_1 + Ww£—1> (wn — w)dz (4.9)

Un
h n
+/ (Wwﬁ_l - Qwﬁ_l) (wy, — w)dp.
o0\ up
Applying Corollary 2.1 with £ = 9,]|e||o there exist constants ¢y, c;, > 0 such that
)],
uh @) "

Wﬁﬁgyhﬁﬂwmmw—wu><%m@w%h@»wmmm

(@) [wn () — w(z)| < ek (@)~ (ki (2) + [w(@)]),
(4.10)

where (4.7) is also taken into account. As the right-hand sides of (4.10) are in
LY(Q) and L'(99), respectively, we may apply Lebesgue’s dominated convergence
theorem, which associated with (4.6) provides

f(fﬂ, Un) p—1

lim 1wy (wn —w)dz =0,
n—oo

@ }Z‘(” ) (4.11)
lim x’iulnwﬁ_l(wn —w)dp = 0.

n—oo J90 ugl*
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From (4.9) in conjunction with (4.11) we derive

n—00

lim sup/ |Vw, [P~2Vw, - V(w, — w)dz = 0.
Q

Applying again the (S )-property of —A,, corresponding to WP () yields
wy, —w  in WHP(Q), (4.12)

while [|w([y1.pq) = 1 meaning w # 0. Taking into account (4.5), (4.12), and the
assumptions (H3) and (H6), we may pass to the limit in (4.8) which results in

/ |Vw[P~2Vw - Vode = a/ wP™ vdr — 6 wPtodp, Yo € WHP(Q). (4.13)
Q Q oQ

Since w # 0, equation (4.13) represents the Robin eigenvalue problem of the negative
p-Laplacian —A, with the eigenfunction w > 0 corresponding to the eigenvalue a
and related to the parameter . By means of Remark 2.2 and due to the assumptions
a > A and 0 < 0 < 3, we see that a is also greater than the first eigenvalue of the
Robin eigenvalue problem corresponding to the positive number 6. However, this
contradicts the results of Lé [18] because w must change sign in Q. Hence, uy # 0
concluding u; € int(C(Q)4).

Finally, we have to check that uy is indeed the smallest positive weak solution
in [0,9,€]. To this end, let u € WHP(Q),0 < u < J4e,u # 0 be a weak solution
of (1.1). Remark 3.2 ensures that v € int(C*(Q),). This implies the existence of
an integer n sufficiently large such that u € [%gpl, Jqe]. As we already know, u,, is
the smallest weak solution in the ordered interval [%gol, ¥4€] meaning that u,, < u.
Making use of (4.1), we get uy < u which proves that uy € int(C*(Q)y) is the
smallest weak solution of problem (1.1) within [0, 9,€]. O

Remark 4.2. Regarding Theorem 4.1 the next proceeding is to find a third nontrivial
weak solution ug which lies between u_ and uy. If ug # u_ and uy # uy, then it
must be a sign-changing weak solution of (1.1) due to the extremality of uy and u_.

5. Sign-changing solution. In this section we prove the existence of a nontrivial
sign-changing weak solution uy € C'(Q) of (1.1) which belongs to the ordered
interval [u_,uy].

To this end, let 74,7_, 79 : 2 x R — R be truncation operators defined as:

0 if s <0 u_(z) ifs<u_(z)
Ti(x,8) =< s if0<s<ui(z), 7-(x,8)=1s ifu_(z) <s<0,
uyp(x) if s> up(x) 0 ifs>0

u_(x) ifs<u_(x)
To(z,8) =4's ifu_(z) <s<ug(x).
ug(z) if s > uy(x)

Further, we denote by 7'_?_0 , 79 T(?Q : 02 x R — R the corresponding truncation
operators defined on 992. We see at once that these truncation functions are contin-

uous, uniformly bounded, and even Lipschitz continuous with respect to the second
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argument. Taking into account these truncations we introduce the subsequent as-
sociated functionals through

1
Tow) = (170l 0y + 61l o)

7/ /u(x (s (2,87 + (2,74 (2, 8))) dsde

/ / h(z, 79 (x, s))dsdp,
[219]

I = (Il o + 01l o)

-1/ " b+ (2, 5)) dsda

-/ / (v, ))dsdp,

Tolw) = (IIVuIIip(Q) + enunip(m))

—/ / (aty(z, )P~ —b|r_(z,8)[P~" + f(z,70(z, 5))) dsdx

/ / h(z, 79z, s))dsdp.
1)

These functionals are well-defined and differentiable. Thanks to the truncation
operators combined with the equivalent norm stated in (2.1) (replacing ¢ by 6) it
can be shown that J_,J,,Jo : WHP(Q) — R are coercive and weakly sequentially
lower semicontinuous implying the existence of their global minimizers (cf. e.g.
[34, Proposition 38.15] ). Further, the functionals fulfill the classical Palais-Smale
condition. A characterization of their critical points is stated in the next lemma.

Lemma 5.1. Every critical point w € WP (Q) of J4(J_) is a nonnegative (non-
positive) weak solution of (1.1) such that 0 <w < wuy (u— <w <0), where uy and
u_ denote the extremal constant-sign solutions of (1.1) obtained in Theorem 4.1. If
w € WYP(Q) is a critical point of Jy, then w is a weak solution of (1.1) satisfying
U <w < ug.

Proof. Let us show the last assertion, the other ones can be done similarly. Suppose
w € WHP(Q) is a critical point of Jy, then it holds Jj(w) = 0 meaning that

/ |Vw|P™2Vw - Vodz + 6 |w[P~2wodp
Q o9

= [ (ams@p™ =t (ew)P ™ + flam(a,w) vds

+/ h(z, 709 (x, w))vdy, Yo € WHP(Q).
a0
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Since w4 is a positive weak solution of (1.1), we obtain

|Vuy|P2Vu, - Vodz
Q

= /Q (auﬁ_l + f(x,u+)> vdx + /89 (h(x,u+) - Guﬁ__l) vdj,

for all v € WHP(Q). Now, putting v = (w — uy)" and combining both equations
above, one has

/ ([VwP?Vw — |Vuy P2 Vuy ) - V(w — uy ) Tda
0

+0 (|w|p_2w—uf’[1> (w—uy)Tdu
09

= / <a7+(gc,w)p_1 —bl7_(z,w)|P7 = aui_l) (w—uy)Tde (5.1)
Q
+ [ Gl = fau) @ =) s
+ /89 (W2, 78% (2, 8)) — h(z,us)) (W — uy) Tdp.

With a view to the definition of the truncation operators it is easy to see that the
right-hand side of (5.1) vanishes. However, if w > u., the left-hand side is strictly
positive (cf. e.g. [8, p. 37]). Hence, it must hold w < u,. In order to prove u_ < w
we can proceed in the same line which yields u— < w < u,. Taking again the
definition of the truncations into account we have 7, (z,w) = w™, |7_(z,w)| = w™,
70(z,w) = w and 79 (z,w) = w meaning that w is a weak solution of (1.1) satisfying
- <w < ug. ]

Lemma 5.2. Suppose (H) and let a,b > Ay and 8 > 0 > 0. Then the extremal
positive (negative) weak solution uy (u—) of (1.1) is the unique global minimizer of
the functional J; (J_) while both of them are local minimizers of the functional Jo
as well. Further, Jy possesses a global minimizer wg being a nontrivial weak solution
of (1.1) satisfying u— < wg < Uy.

Proof. Let wy € WHP(Q) the global minimizer of J, which exists due to the prop-
erty of J to be coercive and weakly sequentially lower semicontinuous. Concerning
Lemma 5.1 the critical point wy is a nonnegative weak solution to equation (1.1)
belonging to [0,u]. In order to verify that w, is unequal zero, we have to show
that J4 (ws) # 0. According to hypothesis (H3) and (H6) we find numbers 6, > 0
and dy > 0 such that

£ (
|7

since a > A and 8 > 6. We put € > 0 sufficiently small such that

)| < (af)\l)spfl, Vs:0< s < by,

| (5.2)
W< (B—0)sP~t, V¥s:0<s<dp,

,s
x,$s

ep1 <uy, €leilloe <o, Ell@illoe < -
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From (5.2) combined with the Robin eigenvalue problem we infer

J+(5901) ||<)01HLP(Q)
ep1(z 8@1(90)
// flx,s) dsdat—I— €p|\<p1||Lp(6Q) / / h(z, s)dsdu
A — Wl(w) 60—
< ||g01HLp(Q // (a—\1)sP " dsdz+ 517||Q01HLP((,)Q

ep1(x)
/ / (B —0)sP"tdsdu
o

Hence, J, (wy) < 0 meaning that wy # 0. This yields that w, € int(C1(2)) (cf.
Remark 3.2). Due to the fact that u, is the smallest positive weak solution of (1.1)
in [0,9,e] satisfying 0 < wy < uy we obtain wy = wuy proving that uy must be
the unique global minimizer of Jy. In a similar way, we get that u_ is the unique
global minimizer of J_. As uj € int(C'(€2),), there exists a neighborhood V,,, of
uy in the space C*(Q) satisfying V,,, C C*(Q);. Hence, it holds J; = Jy on Vi,
meaning that u, is a local minimizer of Jy on C1(Q). From [30] we know that u
is a local minimizer on WP(Q) as well. Similarly, we obtain that u_ is a local
minimizer of Jy with respect to WP (Q).

As mentioned at the beginning of this section the functional Jy : W1P(Q) — R is
coercive and weakly sequentially lower semicontinuous. That means that its global
minimizer, namely wp, exists. Taking into account Lemma 5.1 we get that the
critical point wp is a solution of (1.1) satisfying u_ < wy < wy. Since Jo(uq) =
Ji+(ug) < 0 it follows that wy must be nontrivial meaning wy # 0. O

Now, we are in the position to prove the main result in this section.

Theorem 5.3. Under the hypotheses (H) and (H8) problem (1.1) possesses a non-
trivial sign-changing weak solution uy € C*(Q).

Proof. In Lemma 5.2 it has been shown that the functional Jy : W'P(Q) — R
possesses a global minimizer wy € W1P(Q) which is a nontrivial weak solution of
our original problem (1.1) lying between u_ and uy. If wg # u_ and wg # u.,
then uy = wp must be a sign-changing weak solution of (1.1) due to the extremality
properties of the constant-sign solutions u_ and uy (cf. Theorem 4.1). In this case
we are done.

Let us prove the assertion if either wy = u_ or wy = w4 is satisfied. We only
show the case wg = w4, the other one can be done likewise. From Lemma 5.2 it
is known that w_ is a local minimizer of Jy. Without loss of generality we can
assume that u_ is a strict local minimizer of Jy elsewise there would exist infinitely
many critical points w of Jy being sign-changing weak solutions of (1.1) because
of the relation u_— < w < uy combined with the fact that u_ as well as uy are
extremal constant-sign solutions. With the aid of these assumptions we find a
number p € (0, lug — u_|lw1.r(n)) such that

Jo(ug) < Jo(u—) <inf{Jo(u) : u € 0B,(u_)} (5.3)

with 0B, = {u € W'?(Q) : [[u — u—|lw1r.r() = p}. Now, we are able to apply the
mountain-pass theorem used to the functional Jy (see [26] or [28, Theorem 2.4.4]).
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Note that Jy fulfills the Palais-Smale condition which is required at this point. We
obtain the existence of a critical point ug € WHP(Q) of Jy, that is Jj(ug) = 0,
satisfying

inf {Jo(u) : v € OB, (u_)} < Jo(ug) = wlerll“fw tem[iaicll Jo(y(t)), (5.4)

where
Dw = {7 € C(-L 1, W'()) : 7(=1) = u_, (1) = us}.

We easily see from (5.3) and (5.4) that ug can not be u_ as well as u. Therefore,
the critical point ug is a nontrivial sign-changing weak solution of (1.1) provided
ug # 0. That means we have to prove that Jo(ug) # 0, which is satisfied if there
exists a path 7 € I'yy such that

Jo(A(t)) £0, forallte[-1,1]. (5.5)

Let S (defined in (2.8)) and Sc = S N CY(Q) be equipped with the topologies
induced by W1?(Q) and C1(Q2), respectively. We set

I'c ={yeC(]-1,1],8¢) : v(-1) = —p1,7(1) = 1}

while T' is stated in (2.7). Taking the recent results in [24] into account there
exists a continuous path v € T satisfying ¢ — ~(t) € {u € WHP(Q) : Jiup)(u) <
0, [Jul/zr() = 1} provided the pair (a,b) is above the curve C of hypothesis (HS8).
Here, the functional Jg ) : WLP(Q) — R is defined as the potential associated to
the Robin Fuéik spectrum given by

Tan() = [ (VuPde+5 [ JuPda= [ () + b))
Q aQ Q
Thanks to this first nontrivial curve C, we find a number x > 0 such that
Japy(V(t) < =k <0, forallte[-1,1].

Since S¢ is dense in S we deduce the density of I'c in T’ (for the proof we refer to
[28]) which implies the existence of a continuous path v¢ € I'c such that

K
a0y (V(8)) = Japy (Ye (@)l < 5, for all t € [-1,1].

Further, as the set v¢([—1,1])(Q) is uniformly bounded in R there exists a constant
M > 0 such that

lvo(t)(z)] < M for all z € Q and for all t € [—1,1].

Recall that uy,—u_ € int(C*(92);) (see Theorem 4.1). Then, for every u €
7c([—1,1]) and any bounded neighborhood U, of u in C*(Q), we find positive
numbers ¢, and ¢, satisfying

uy —sw € int(CH(Q)y) and —u_ 4+ ww € int(CH(Q)4), (5.6)

for all ¢ € [0, ¢,], for all v € [0, ¢,,], and for all w € U,,. With the aid of (5.6) together
with a compactness argument we obtain the existence of a number e > 0 such that

u—(z) < eve(t)(r) < uy(w), (5.7)
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for all z € Q, for all t € [—1,1], and for all € € (0,e¢]. By means of the representa-
tion of J(44), we may write the functional Jy in the subsequent form

1 1
o) =3 Sy ) + =Ll m>+p | @ty + by da

/ / (ari(z,s)P~" —blr_(2,8)[P" + f(z,70(2, 5))) dsdx  (5.8)

u(x)
/ / h(z, 78z, s))dsdp.
a0

Applying (5.7) to the new representation of Jy given in (5.8) it follows, for all
e € (0,ec] and all t € [-1,1],

eve 25)(96
Jo(eve(t)) < J(ab eve(t // f(z,s)dsdx

eve (t)(x)
—/ / h(z,s)dsdu
oQ
ey (t) (90
= l Jiap) (v (t // (z, s)dsdx

1 eve (t)(z) (59)
757’/39/0 h(zx, s)dsdu
P 1 evc (t)(x)
<eP —%—i—g—p ; /0 f(z,s)ds| dz

1

o0

evc (t)(z)
/ h(z,s)ds|du| ,

where we have used the fact that § < 8. Due to the assumptions (H3) and (H6)
there are constants 17 > 0 and 2 > 0 such that

K
< —|g|p7t
79)] < syl

|s|P~t, for a.a. x € 9Q and all s : |s| < 1s.

for a.a. © € Q and all s: |s| < 9y,

K
h <"
Ih@ 9l < Samaa]

Now, we choose € > 0 sufficiently small such that ¢ < min {50, %, %[ } to obtain

1 ev0 (1) (@) .
— / flz,s)ds|dx < —,
e? Ja|Jo o5p
(5.10)
. er0(B)(z)
— / h(z,s)ds|dp < —
o9 |Jo 519
Then, we get from (5.9) combined with (5.10)
Joeve) <e? (——+ =4+ Z) <0, forallte[—1,1]. (5.11)
- 2p  5p Bp ’ ’

Relation (5.11) demonstrates the existence of a continuous path evyc connecting
—ep1 and €p1. In order to prove the latter in (5.5) we have to construct two other
paths which shall join e¢; and wy, respectively, u_ and —eyp;.
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As proved in Lemma 5.2 the smallest positive weak solution w4 is the unique
global minimizer of J;, so we can suppose that J; (uy) < J4(ep1). Further, from
Lemma 5.1 it is known that the functional J, has no critical values in the interval
(Ji(uq), J4(eq1)]. Since the functional J satisfies the Palais-Smale condition due
to its coercivity, the second deformation lemma (cf. [16]) can be applied to Jy.
Denote

I = {u e WHP(Q) : Ty (u) < Ji(ep)},
we obtain the existence of a continuous mapping
n:[0,1] x JF — I
characterized through

(1) U(Oau) =u, (2) n(lvu) = U4, (3) J+(77(t7u)) < J—‘r(u)’

for all t € [0,1] and for all u € J{¥*. Now we denote by 74 a path from [0,1] to
WLP(Q) defined by v, (t) = n(t,ep1)™ = max{n(t,ep1),0} for all t € [0, 1]. Clearly,
~4 is continuous and joins ey and uy. Moreover, it satisfies

Jo(v+ (1) = T (v (1)) < Jr(n(t,ep1)) < Jy (1) <O,

for all ¢ € [0,1]. Finally, we may apply the second deformation lemma to the
functional J_ making use of the same arguments. We obtain a continuous path
y— :10,1] = WHP(Q) connecting —ep; and u_ and satisfying

Jo(y=(t)) <0, forallte]|0,1].

Now, the proof is almost finished. If we put the paths y_,v¢ and v together, we
get a continuous path 5 which joins u_ and wy and it fulfills (5.5) meaning that
up € WHP(Q) obtained from the mountain-pass theorem is nontrivial. That means
that we have found a sign-changing weak solution ug of our original problem (1.1)
which lies between w_ and w,. That finishes the proof of the theorem. O
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