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Abstract: This article focuses on the study of the existence, multiplicity and concentration behavior of ground
states as well as the qualitative aspects of positive solutions for a (p, N)-Laplace Schridinger equation with
logarithmic nonlinearity and critical exponential nonlinearity in the sense of Trudinger-Moser in the whole
Euclidean space RY. Through the use of smooth variational methods, penalization techniques, and the applica-
tion of the Lusternik—Schnirelmann category theory, we establish a connection between the number of positive
solutions and the topological properties of a set in which the potential function achieves its minimum values.
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1 Introduction

In this article, we deal with the following singularly perturbed (p, N)-Laplace Schrodinger equation

L, W+ Ly = [uN ulogu + f(w) nRY,

/V(x)(lul” +uN)dx < +o0, ue€ WP(RY) n WHV(RY), (7

RN

where
L, (w=—¢'Au+Vvlul~u forte {p,N}

with N > 2. Further, we assume that 1 < p < N and ¢ is a very small positive parameter. The operator Au =
div(|Vu|=2Vu) with t € {p, N} is the standard t-Laplace operator and the scalar potential V:RY — R is a con-
tinuous function. The nonlinearity f:R — R has critical exponential growth at infinity, i.e., it behaves like
exp(alulﬁ) when |u| — oo for some « > 0, which means that there exists a positive constant @, such that
the following condition holds:
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. N 0 ifa > o,
lim | f(w)| exp(—a|u|m) =
fuF=eo +00 ifa < a.

Throughout the paper, we suppose the following assumptions on the scalar potential V: RY — R:
(V1) V € C(RN;R) and there exists a constant V;, > 0 such that inf,cgv V(x) > V.
(V2) There exists an open and bounded set A C R such that

Vo = inf V(x) < min V(x).
XEA oA

We define
M={xeAV(X)=V,} and M;= {x € R":dist(x,M) <5}

for 6 > 0 small enough such that M5 C A. Moreover, the nonlinearity f: R — R is supposed to satisfy the fol-

lowing conditions:

(f1) Let f € CY(R,R) be an odd function such that f(0) = 0, f(s) < 0 for all s < 0 and f(s) > 0 for all s > 0.
Further, there exists a constant a, € (0, a) with the property that for all = > 0, there exists x, > 0 such
that for all s € R, we have

N-2 .
N-1 N ; _ I < r_ N
[f()] < z|s|"— + KTCI)<(ZO|S| ) with  ®D(t) = exp(t) on i and N' = N1

(f2) There exists u > N such that

S
Sf(s)— uF(s) >0 foralls € R, where F(s)= /f(t) dt foralls € R.
0

(f3) The mapping s — ls{,(f_)zs is increasing for all s > 0 and decreasing for all s < 0.

(f4) There exists a constant y > 0 such that f(s) > ys# 1 forall s > 0.

Remark 1.1. A typical example of a function that satisfies (f1)—(f4) can be considered as
f(s) = sV 2s @(|s|Y') foralls € R,

with @y > 1, where N > 2, N’ = % and @ is defined as in (f1).

In order to familiarize the reader with the special behaviors of the classical Sobolev spaces, it is worth
pointing out that the space W%?(R¥) can be distinguished in three different ways, namely:

(a) the Sobolev case: p < N, (b) the Sobolev limiting case: p = N, (c) the Morrey case: p > N.

The Sobolev embedding theorem says that for p < N, there holds W-P(R") < L4(R¥) for any q € [p, p*], where
p*= % is the critical Sobolev exponent to p. In this scenario, to study variational problems, the nonlinear-
ity cannot exceed the polynomial of degree p*. In contrast to this, for the Sobolev limiting case commonly
known as the Trudinger-Moser case, one can notice that p* converges to co as p converges to N and thus,
we might except that WN(RY) is continuously embedded in L®(RY). This is, however, wrong for N > 1. In
order to see this, let @ € C§°([RN ,[0,1]) be such that ¢ =1 in B;(0) and @ =0 in B;(O), then the function

u(x) = p(x) log(log(l + ﬁ ) ) belongs to WY (RY) but not to L* (RY). Moreover, in this situation, every polyno-

mial growth is allowed. To fill this gap, it is fairly natural to look for the maximal growth of a function g: R — R*

such that

sup &uﬂ)dx<+oo forall0 < f <N,
ueWN(RN) |X|
lullanv<t RY
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where |[ul|yx = (| Vull§ + ||u||%)% and || - ||y is the usual norm of the Lebesgue space LV(RN). It is noteworthy
that many authors have independently proved that the maximum growth of such a function g is of exponential
type. In that context, we mention the works of Adimurthi-Yang [1] and Li-Ruf [2]. In recent years, the existence
and multiplicity of solutions to elliptic equations involving the N-Laplace operator with subcritical and critical
growth in the sense of Trudinger-Moser inequality have been extensively studied, motivated by their appli-
cability in many fields of modern mathematics. For a detailed study, we refer to Beckner [3], Chang-Yang [4],
Chen-Lu-Zhu [5], Lam-Lu [6], Zhang-Zhu [7] and the references therein.

It should be pointed out here that the Trudinger-Moser type inequalities and the Adams type inequalities
have been widely studied by many authors across diverse domains such as Euclidean spaces, Heisenberg groups,
Riemannian manifolds, and so on. In this context, we recommend that readers take a look at some works by
Chen-Wang-Zhu [8], Cohn-Lu [9], do O-Lu-Ponciano [10], Duy-Phi [11], Jiang-Xu-Zhang-Zhu [12], Lam-Lu [13], [14],
Li-Lu-Zhu [15], Wang [16], Xue-Zhang-Zhu [17] and the references cited therein.

In the last decade, great attention has been focused on the study of (p, q)-Laplace equations as well as double
phase problems in the whole Euclidean space R¥ due to the broad applications in biophysics, plasma physics,
solid state physics, and chemical reaction design, see, for example, the books of Aris [18], Fife [19] and Murray
[20] as well as the papers of Myers-Beaghton-Vvedensky [21] and Wilhelmsson [22] and the references therein.
On the other hand, concerning the Sobolev limiting case, that is, p < g and g = N, such types of problems are
often comparatively less looked upon. This is one of the main motivations for the study in this article. More
details on (p, N)-Laplace equations can be found in the papers of Carvalho-Figueiredo-Furtado-Medeiros [23],
Chen-Fiscella-Pucci-Tang [24], Fiscella-Pucci [25], Mahanta-Mukherjee-Sarkar [26] and Mahanta-Winkert [27], as
well as the references therein.

Moreover, we make a note that one of the hypotheses on the potential function V that appears in (V1) says
that the corresponding first-order weighted Sobolev spaces make sense and are well-behaved; see, for instance,
Lemma 2.2 and Lemma 2.3, respectively. To address the challenge posed by the lack of compactness, Bartsch-
Wang [28] were the first to place assumptions on the potential function V. Further, as an application, they studied
the existence and multiplicity of solutions for a superlinear Schrodinger type equation in RV, Afterwards, reduc-
ing the conditions on the potential and the nonlinearity, Tang [29] achieved some more general results. Later
on, Chen-Lu-Zhu [5], [30]-[32] developed and introduced some more generalized form of assumptions on the
potential function V, called degenerated and trapping types of potentials, to establish the Trudinger-Moser type
inequalities as well as the consequences of the Adams type inequalities, and by employing such inequalities,
they studied elliptic and subelliptic PDEs. In addition, we also mention here that Chen-Lu-Zhu [33] showed the
existence of extremals for Trudinger-Moser inequalities in R? in the presence of trapping potential.

Nowadays, there is a great interest in the study of the time-dependent nonlinear logarithmic Schrodinger
equation of the form

i£0, ¥ = —’AY + (V(x) + E)¥ — ¥ log |¥|* for all (x,t) € RN x [0, +c0), (NLS)

where W:RY x [0,+00) - C, N > 2, E € R, € is a positive parameter and V is a continuous function satisfy-
ing certain hypotheses. It is worth noting that the standing wave solution of (NLS) is of the form W(x, t) =
exp(—iEt/e)u(x), where u is a solution of the equation

—e’Au+V(X)u=ulogu* inRM,
@D
u € H(R").

From the point of view of the application, such equations are the main tools for studying quantum physics,
quantum optics, effective quantum gravity, nuclear physics, transport and diffusion phenomena, theory of
superfluidity and Bose—-Einstein condensation. For more information in this direction, we refer to Bialynicki-
Birula-Mycielski [34], Carles-Gallagher [35], Cazenave [36], Cazenave-Lions [37], Zloshchastiev [38] and the ref-
erences therein. In addition, in order to study (1.1), there have been several technical difficulties due to the
presence of logarithmic nonlinearity. For example, let u be a smooth function satisfying
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(% 10gixt)” i 23
x|z log|x if |x| > 3,
u(x) = &

0 if x| < 2.

By direct computation, one has u € H'(RV) but /,xu* logu? dx = —oo. So, the Euler—Lagrange functional asso-
ciated to (1.1) is not finite and is no longer C' on H(RY). As a result, we cannot directly use the classical critical
point theory to study the behavior of solutions of (1.1). To overcome these difficulties, several approaches have
been developed in the mathematical literature so far. We will discuss some of them below.

Initially, Cazenave [36] studied the following time-dependent logarithmic Schrédinger equation

i, + Au+ulogu* =0 inRxRY (1.2)

by considering the N-function A and the function space W defined as

_le log s* ifo<s<es,
A(s) =4 2 and W=que Hl([F\RN):/qu log | dx < 4+c0 ¢,
3s* +4eSs—e® ifs>e, -

endowed with the Luxemburg norm || - |y, = || - |2y + Il - I, Where

lull, = inf3 A > 0:/A(}F1|u|)dx§1 )

[RN

The author defined the associated functional L: W — R given by

L(u)=%/|Vu|2dx—%/u2 logu?dx forallu e w
RN

RN

and proved the existence of infinitely many critical points of L on the set {u € W: [ovlul*dx = 1}. As a result,
he also provided a lot of information about the behavior of the solutions of equation (1.2).
Later, Squassina-Szulkin [39], [40] investigated the following logarithmic Schrodinger equation

—Au+V(xu = log u? in RY,
u+ Vxu = Q(x)u log u m (1.3)

u € H\(RM),

where V, Q € C(R", R) are 1-periodic functions of the variables x;, X,, ... , X satisfying the hypotheses
minQ(x) >0 and min(V 4+ Q)(x) > 0.
XERY XxERY

Employing the standard nonsmooth critical point theory of lower semicontinuous functionals, which was devel-
oped by Szulkin [41], the authors showed first the existence of positive ground state solutions by adopting
the deformation lemma. Then, by using the genus theory, they proved the existence of infinitely many high-
energy solutions, which are geometrically distinct under Z¥-action. Moreover, several authors used nonsmooth
variational techniques to study the logarithmic Schrédinger equations, such as Alves-Ambrosio [42], Alves-de
Morais Filho [43], Alves-Ji [44], [45], d’Avenia-Montefusco-Squassina [46], Deng-He-Pan-Zhong [47], Ji-Szulkin
[48], Li-Peng-Shuai [49] and Liu-Peng-Zou [50]. In contrast to this, Tanaka-Zhang [51] have also studied (1.3)
by considering V, Q as spatially 1-periodic functions of class C!. The authors showed the existence of infinitely
many multi-bump solutions for (1.3), which are distinct under Z¥-action, by taking an approach using spatially
2L-periodic problems with L > 1.
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During the last decade, Wang-Zhang [52] introduced an advanced way of studying logarithmic equations,
which is known as the power approximation method. First, they considered the following semiclassical scalar
field equation with power-law nonlinearity

—Au+Au=|u’Pu  inRY,
1.4)
lim u(x) =0,

|x|—>00
where p € (2,2*) with 2* = % if N > 3 and 2* = +o0 if N < 2. The authors showed that when p \| 2, then
the ground state solutions of (1.4) either blow up or vanish, and converge to the ground state solutions of the
logarithmic-scalar field equation

—Au = Au log |u| in RV,

lim u(x) = 0.

|x|—>0c0

In addition, they also proved that the same result holds for bound-state solutions. Later, the authors studied the
concentration behavior of nodal solutions of (1.1) in [53] by employing the same idea discussed above.

On the other hand, concerning the penalization method and the Lusternik—Schnirelmann category theory,
which are generally used to study the multiplicity of the positive solutions of nonlinear PDEs and their concen-
tration phenomena, we recommend the readers to study the papers of Alves-Figueiredo [54], Ambrosio-Repovs
[55], Thin [56] and Zhang-Sun-Liang-Thin [57], see also the references therein. The most important features and
novelties of our problem are listed below:

(@) The appearance of the (p, N)-Laplace operator in our problem is nonhomogeneous, and thus, the calcula-
tions are more complicated.

(b) Due to the lack of compactness caused by the unboundedness of the domain, the Palais-Smale sequences
do not have the compactness property.

(c) The reaction combines the multiple effects generated by the logarithmic term and a term with critical
growth with respect to the exponential nonlinearity, making our study more delicate and challenging.

(d) The concentration phenomena create a bridge between the global maximum point of the solution and the
global minimum of the potential function.

(e) The proofs combine refined techniques, including variational and topological tools.

To the best of our knowledge, this is the first time in the literature, in which two penalized functions are used
simultaneously, one corresponds to the logarithmic nonlinearity and the other one corresponds to the expo-
nential growth. Motivated by all the cited works, especially by the papers of Alves-da Silva [58], Alves-Ji [44]
and Squassina-Szulkin [39], we study the existence, multiplicity and concentration phenomena of solutions for
problem (7,).

Note that, by the change of variable x — ex, we can see that (P,) is equivalent to the problem

pr(u)-kZNE(u) = [u/N"u log |u/N + f(u) inRY,
/V(ex)(lul” +ulV) dx < 400, u € WHP(RY) n WHV(RY), (Se)
RN
where
L, (w=—-Au+ V(ex)|u|"*u forte {p,N}.
Definition 1.2. We say u € X, (see (2.1) for its definition) is a (weak) solution of (S,), if
[uluy log |ulV € L'(RY)

and
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W), + Wy, = [y gl ax+ [ fow ax
RN RN

is satisfied for all y € X,, where (-, '>t,Vg fort € {p,N} is defined as

U ¥y, =/|Vu|t_2Vu-dex+/V(ex)|u|t‘2u1//dx forallu,w €X,.

RN RY

Now, we state the main results of this article.

Theorem 1.3 (Concentration phenomena). Let hypotheses (V1)-(V2) and (f1)-(f4) be satisfied. Then there exists
&y > 0 such that for any € € (0, ), problem (P,) has a positive solution v,. Further; if n, is the global maximum
point of v,, then it holds

6lz_t).} V(n,) = V.

Theorem 1.4 (Multiplicity of positive solutions). Let hypotheses (V1)-(V2) and (f1)—(f4) be satisfied and let 6 >
0 be sufficiently small. Then there exists €, > 0 such that for € € (0, €,), the following hold:

(@) problem (P,) has at least %‘JM) positive solutions, whenever cat,,; (M) is an even number;

(b) problem (P,) has at least catyi; M1 positive solutions, whenever cato M, (M) is an odd number.

The paper is organized as follows. In Section 2, we introduce the underlying function spaces, the main tools of the
variational framework and some preliminary results. Section 3 is devoted to the study of the penalized problem
by using the mountain pass geometry and some topological tools. In Section 4, the properties of the Nehari man-
ifold associated with the penalized problem and the concentration behavior of the positive solutions for (P,) are
studied. Finally, in Section 5, we prove Theorem 1.4 by invoking the Lusternik—Schnirelmann category theory.

2 Some preliminary results

This section is devoted to some basic results on Sobolev spaces, Orlicz spaces and related lemmas that will be used
to establish the main results of this article. To this end, for t € (1, +00), L{(R¥) denotes the standard Lebesgue
space with the norm || - ||,. Further, if Q C RV, then we define the norm of L(Q) by || - || (- For nonnegative
measurable functions V: RY — R, the space Li, (RY) consists of all real-valued measurable functions such that
V(ex)|u|' € LY(RY) and is equipped with the seminorm

lull,y. = /V(sx)lultdx forallu e Lﬁ/k([RN),

RN

which turns into a norm due to hypothesis (V1). The space (L; (RM), || - ||x,vé> is a separable and uniform con-
vex Banach space (see Pucci-Xiang-Zhang [59]). Note that under the assumption (V1), the embedding L;E (RY) &
LY{(RYN) is continuous.
Next, we define
WH(RY) = {ue LY(RN): |Vu| € L‘(IRN)},

endowed with the norm .
i

llullye = (IVullg + lullf)

It is well-known that the space (W{(RY), || - [y ) is a separable and uniformly convex Banach space. Note that
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C>(RY) is a dense subset of W"(R"). Moreover, the critical Sobolev exponent of ¢ is defined by t* = % ift<N
and t* = +oo otherwise. Further, we set

X = WEP(RN) n WV (RY)

and endow it with the norm
lullx = Nullwse + lullyos.

Then, the space (X, || - ||x) is a reflexive and separable Banach space.
The weighted Sobolev space W‘l/‘t([REN ) is defined by

W' (RY)=qu e Wl’t([RN):/V(ex)|u|tdx <40,

RN

equipped with the norm

1
t
lllyse = (1VallE+ Nullfy, )

The space (W‘l;t(IRN Dol Ilppe > is a separable and uniformly convex Banach space, see Proposition 2.1in Bartolo-
€ Ve

Candela-Salvatore [60], thanks to (V1). Moreover, C§°(RN ) is a dense subset of Wll;t(lR{N ), see Bartolo-Candela-
Salvatore [60] and Chen-Chen [61]. From now on, our function space is given by

_ L opN LN N
X, = WVE (RY)N WVL (R™), 2.1
which is endowed with the norm
lully, = Nl + il forallu € X,.

Because of assumptions (V1) and Proposition 2.1 in Bartolo-Candela-Salvatore [60], it is easy to see that (X_, || -
llx,) is a reflexive and separable Banach space. In the entire paper, C, C,, C;, Cs, ... denote some fixed positive
constants possibly different at different places. Moreover, for any Banach space (X, || - ||x), we denote its contin-
uous dual by (X * -l X) and o0, (1) denotes the real sequence such that 0,(1) — 0 as n - co. By — we mean the
weak convergence and — means the strong convergence, while u* = max {+u, 0} stand for the positive and
negative part of a function u, respectively. Furthermore, B,(x,) is an open ball centered at x, € R¥ with radius
r > 0 and B, = B,(0). Finally, for any set S C R¥, we denote its Lebesgue measure by |S| and its complement by
SE.
Now, we shall discuss some basic properties of Orlicz spaces.

Definition 2.1. We say that a continuous function F: R — [0, +o0) is a N-function if there hold
(@) Fisaneven function.
(b) F(s)=0ifand onlyif s = 0 and F is convex.

; Fs) _ : F(s) _
(© limg,—= =0andlim,_ == =00

Further, we say that a N-function F satisfies the A,-condition, which is denoted by 7 € A,, if there exists a
constant ¢ > 0 such that
F(2s) < cF(s) foralls>0.

The conjugate of the N-function 7 is denoted by F and defined as

~

F = m>aox{ ts—F(s)} forallt>0.
§2
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Note that 7 is always an N-function and F= F,i.e., F and F are complementary to each other. Now, we define
the Orlicz space associated with the N-function F by

LF(RY) = ueL}OC(IRN):/F<%>dx<+oo for some A > 0},
RN

endowed with the Luxemburg norm

lull» = inf A>O:/F<%>dx§1 .

RN

Clearly, the space (L”(RN ), |l - l») is a Banach space. Consequently, the Young’s type and Hélder’s type inequal-
ities in Orlicz spaces are given by
st<F(s)+F(t) foralls,t>0

and
/uvdx <2llulllollz forallu € L7 (RY), v € L7 (RY).
RN
Moreover, if F,F € A,, then the space L”(RY) is reflexive and separable. Again, the A,-condition implies at

once that

"RV =Juell

loc

(IRN):/F(Iul)dx < +oo
[RN

and
u, »u inL”(R"Y) ifand only if /F(|un —u])dx—0 asn- co. 2.2)
RN

Now, we shall characterize an important property of the N-function. It states that if 7 is an N-function of class
C! and 7 be its conjugate such that the following condition holds

1<1< s
F(s)

<m<+oco foralls+#0, 2.3)

then F,% € A,.

Due to some mathematical difficulties in (S,), we cannot directly apply smooth variational techniques to
study the problem (S,). Indeed, if we set the energy functional I, associated with (S,), which is defined on the
space X, as

_ 1, 1.~
IL(w) = E”u”W};" + N”u”W;j’ — /H(u)dx— /F(u)dx forallu e X,, 2.4)
‘ RY RN
where 1 1
=~ 15|V ] N _ LN
H(s) = 1sl" logls)Y — lsl",

then the energy functional I, is not well-defined on X_, since it may happen that there exists u € X, satisfying
JenlulY log [u]"¥ dx = —co and hence, I, (u) = +oo. Inspired by the works of [39], [43], [44], we can avoid this
difficulty by choosing

Hy(s) — H,y(s) = %lslN log|s|¥ foralls € R,
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where 7, is a nonnegative C'-function, which is also convex and H, is also a nonnegative C'-function satisfying
some growth condition. Hence, one can easily obtain from (2.4) that

Lw= %uunzﬂp + %”u”N + %||u||%+/Hl(u)dx—/H2(u)dx—/F(u)dx.
RN RN RN

1N
wh
Ve Ve

This technique guarantees that I, may be expressed as the combination of a C!-functional with a convex and
lower semicontinuous functional. Therefore, the critical point theory for lower semicontinuous functionals, as
established by Szulkin [41], can be used to examine solutions of (P,).

Another feature and novelty of (S,) is the fact that the corresponding energy functional defined in (2.4) is
not a C'-functional and hence, we shall not be able to find the multiplicity of solutions of (S,) by using smooth
variational methods together with the Lusternik—Schnirelmann category theory. To overcome this difficulty,
we shall work with a newly constructed Banach space, where the functional I, is C. Inspired by the work of
Shen-Squassina [62], we fix 6 > 0 sufficiently small and define #; and H, by

0 ifs=0,
Hy(s) = —%|3|N log s if 0 < |s| < (V — 1)5,
N
_1w _ns\V va_ ((N=-Ds)" _
s <log((N 1)) +N+1)+N5|s| NV =) if |s] > (N — 1)8,
and
0 if |s] < (N — 1),
H,(s) = 1 N — N
1w Is| ve1_ (N+1Y), v _ (N =13§) , _
s 1og(((N_1)5)N>+N5|s| ( - >|s| NV =) if [s] > (W — 1),
so that
H,(s) — Hy(s) = %|S|N log s|¥ foralls € R. (2.5)

The functions H; and H, have the following properties, respectively.

(H) (@ For 6 > 0small enough, H, is convex, even and of class CYR,R).
()  H(s) > 0and H;(s)s > 0 for all s € R.
(c) Forany g > N, there exists constants C;, C, > 0 such that

[H(s)| < CyIs|"+C, foralls €R.
(d) There exists constants C;, C, > 0 such that
|H, ()| < CyIs]¥N +C, foralls € R.

(H;) (@) Therehold Hz’(s) > 0foralls > 0and Hé(s) > 0foralls > (N —1)5.
b) H,e C*(R,R) and for any q > N, there exists a constant C = Cq > 0 such that

|H)(s)| < Cls|®™" and [Hy(s)| < C|s|? foralls € R.

(c) Themapsw~ ZAZ’,(_? is nondecreasing for s > 0 and strictly increasing for s > (N — 1)4.
(d) )} is an odd function and there holds lim,_, 7:13(_51) =

The following lemmas can be directly obtained from the classical Sobolev embedding theorem.

Lemma 2.2. Let (V1) be satisfied. If q € [p, p*], then the following embeddings are continuous

Wy (RY) & WHPRY) & LIRY)
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whe
compact for any q € [1, p*).

with min{1, Vo}|lull?, < |lull 51/ » for all u € W‘lf’sp (RN). Furthermore, the embedding W‘lf’s” (RY) & LT (RN) is

Lemma 2.3. Let (V1) be satisfied. If s € [N, +o0), then the following embeddings are continuous

WyNRY) & WHY(RY) o LS(RY)

W1.N —
compact for any s € [1, +0).

with min{1, Vo }jul|V,, < ||u||1;1’/ u forallue W‘l/‘EN (RY). Furthermore, the embedding W‘l,’EN(RN ) L2 (RN)is

Corollary 2.4. Let (V1) be satisfied. Then, in view of Lemma 2.2 and Lemma 2.3, the embeddings
X, & WHP(RY) N WV (RY) o L(RY)
are continuous for any 9 € [p, p*]1 U [N, +o0). Also, the embedding X, < Lfoc(lRN )is compact for any 9 € [1, +o0).
Remark 2.5. Let (V1) be satisfied. Then, the following continuous embeddings hold:
X, & W;f(RN) o WH(RN) forte {p,N}.
The next two results can be found in Shen-Squassina [62].

Lemma 2.6. The function H, is an N-function and there holds H,, 77[1 € A,. Inparticular; the Orlicz space L"1(R")
is a reflexive and separable Banach space, where

'Ry =Juell

loc

(IRN):/Hl(lul)dx <400y,
RN

equipped with the Luxemburg norm

_. . Jul
lutll, = inf /1>0./H1< ; )ax<1p.
RN

Corollary 2.7. The functional ®:L™1(RV) — R given by u — [ H,(u) dx is of class C' (L4 (RN), R) with

(O (), v) = /Hl’(u)vdx for all u, v € L (RY).
RN

Remark 2.8. Note that the condition (2.3) is satisfied by the N-function H; with! € (1, N)and m = N.

We define now the spaces
Y=XnL"RY) and Y, =X, nL"(RY)
endowed with the norms
lully = llullx + llull, foralue€yY and |lully, = llullx +llull,, forallu€ey,.

Thanks to Lemma 2.6, the spaces (Y, || - ||y) and (Y., || - lly,)are reflexive and separable Banach spaces. Moreover,
we have the continuous embeddings

Y, > X, and Y, < L(RY).
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Similarly, these continuous embeddings are also true, if we replace Y, by Y and X, by X, respectively. Next, we
denote by S, (or by S,) the best constant in the embedding from Y, (or Y) into some Lebesgue space L'(RY).
Lemma 2.9. The embedding Y < LY(RY) is continuous for any 8 € [p, p*] U [N, +o0). Consequently, the embed-
dingY & LfOC(IRN ) is compact for any 6 € [1, +00). Moreover, under (V1), these embeddings also hold true if we
replace Yby Y.

Now, we recall the following version of Lions’ compactness lemma, see Alves-Figueiredo [[54],
Proposition 4].

Lemma 2.10. Let {u, },cn C Y, be a bounded sequence in Y, and there holds

lim inf sup / |u,[Vdx =0
N0 yeRN
Bp(y)
for some R > 0, then we have u,, — 0 in L°(RN) as n — oo for any v € (N, +00).
The next lemma can be found in Alves-da Silva [58].

Lemma 2.11. In view of Remark 2.8, we have for any u € L’a(RY) that

i l N l N
min{ B, § < /6l dx < max{ .l
RN

From Yang [63], we have the following result.

Corollary 2.12. The function ®(t) = exp(t) — Z]]Y;OZ% is increasing and convex in [0, +o0). Moreover; for any g >
1, t > 0 real numbers and N > 2, it holds that

N—2 " ® N—Z( 0y
(exp(t) - Z j') < exp(got) — Z g;' .
j=0 7

=0 /*

The inequality in the following lemma is known as the Trudinger-Moser inequality, which was first studied
by Adimurthi-Yang [1].

q)(a|u|N’)

Lemma 2.13. Foralla > 0,0 < f < Nandu € W'Y (RN) with N > 2, we have L

€ LY(RN). Furthermore,

we have for all a < <1— %)aN andy >0

N!
sup O (aful™')

1

N N\wv

X dx < +co, where llullyrr = (IVull§y + llully) ™,
Il st J

1

@ is defined as in (f1) and ay = N ™

» With wy_, being the volume of the unit sphere S"~". Also, the above
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inequality is sharp for a > (1 — %)aN, i.e., the supremum is infinity.

Remark 2.14. To study problem (P,), we are going to use Lemma 2.13with f =0andy = 1.

3 Existence of solution for the penalized problem

In this section, we shall establish the existence of a solution for the penalized problem (§E) by using the mountain
pass theorem stated in Pucci-Serrin [[64], p. 142].

Note that for the well-definedness of the functional I, defined in Section 2, we shall restrict I, to the space Y.,
which will be denoted by E, (u) = I (w) for all u € Y,. Hence, in view of the conditions on H,, V and Lemma 2.13,
the functional I, is a C!-functional on the space Y, and its Gateaux derivative is given by

(EL0.W) = W)y, + vy, + [ 1Py ax [ dx
RN RN

- [0 ax— [ sow ax
RN RN

for all y € Y,, where (-, -) is the duality pairing between Y; and Y,.

Let#, ¢’ > 0be small enough such that V) + 1 > 2(# + #’) and take a > (N — 1) such that
we define

H,(a)
aN*l

= ¢.Then,

. H,(s) if0<s<a,
Hy(s) =
¢t ifs>a.

Further, let t; > (N — 1)6 be such that a € (t;, t,) and h € C'([t,, t,]) satisfying the following properties:
(h)  h(s) < 7/‘:1\;(8) foralls € [t1, ).

(h2) Rt = H)(t) and I’ (t) = H!/(t) for i € {1,2}.

(h3) Themaps+— ;‘,S—ff is nondecreasing on [t;, t,].

Define another function

- ft'(s) ifsélt,t),
i) =4 ° #lh.5
h(s) if s € [t;, t,].

If y, denotes the characteristic function corresponding to the set A, then we introduce the first penalized
nonlinearity G: RY X [0, +c0) — R, which is defined by

Gy(x,8) = yACOH(s) + (1 — ;(A(x))fl;(s) for all (x, s) € RY x [0, +0).
Note that 7, is an odd function and hence, we can extend the definition of G} to RY X R by setting
Gy(x,s) = —Gj(x,—s) forall (x,s) € RY X (—c0,0].

The following properties can be proved by using the definition of G}:
(A) (a) There exists a constant C = C, > 0and g > N such that

IG,(x,9)] < £Z|sN"1+C|s|®! for all (x,s) € RN X R.
) |G)(x,9)| < |H,(s)| for all (x,s) € RY x R. Consequently, in view of (74,)(b), we have

|G,(x,8)] < Cls|? forall (x,s) € RY X R.
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(© |G x,9)| < 7|s|""forall (x,s) € A° X R.
@ s+ [Hz(s) ~ Lr(s)s + L6y, )5 — Gy(x, s)] > 0 for all (x,s) € RY X R.

() Themaps— Géfjff L is nondecreasing for all (x, s) € R x (0, +o0).

On the other hand, we set % = ¢’ and define

N f(s) if0<s<a,
f(s) =
¢'sN-1 ifs>a.

Now, we consider the function # such that # € Cl([tl, tz]) satisfying the following properties:
(n1) n(s) < f(s)foralls € [¢,, t,].
(n2) n(t) =f(t) and #'(t;) = f'(t) for i € {1,2}.

(n3) The map s — % is nondecreasing on [t;, t,].

Further, we define another function

A

fls)  ifsé&lt, bl

n(s) ifse[t, ).

f(s) =

Next, we introduce the second penalized nonlinearity g: RY X [0, +00) — R, which is defined by
8(x,8) = yA)f(8)+ (11— ;(A(x))f(s) for all (x, s) € R x [0, +oo0).
Observe that f is an odd function, therefore we can extend the definition of g to RY X R by setting
g(x,s) = —g(x,—s) forall (x,s) € RN X (—o0,0].
Moreover, we also define

A, = {xeRN.ex € A},
S
G,(x,s) = /G;(x, t)dt forall (x,s) € RY X R,

0
S

G(x,s) = /g(x, t)dt forall (x,s) € RY x R.
0

By using the definition of g, one can prove the following properties:
(B)  (a) gx,s)<0forall(x,s)€ RY X(—c0,0]and g(x,s) > 0 for all (x,s) € RY x [0, +00).
) g, 9| < |f(s)| forall (x,s) € RN X R.
(©)  uG(x,s) < sgx,s)forall (x,s) € A XR.
(d) NG(x,s) <sglx,s) <'|s|Y for all (x,s) € A° X R.
() Themaps~ 5% jsnondecreasing for all (x,s) € RY x (R\{0}).

|S|N—ZS

Since our goal is to study the positive solutions of (P,), we deal with the following penalized problem:

Zps(u) + ZNE(u) + [ulN"2u = Gj(ex,u) — Hj(w) + glex,u) inRY,

/V(sx)(lulp + ulN) dx < +o0, U EY,.

RN

S,)
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Note that if u, is a positive solution of (S,) with 0 < u,(x) < t, for all x € RVN\A_, then Gy(ex,u.) = H)(u,.) and
g(ex,u,) = f(u,). Due to this fact, we conclude that v,(x) = uE(g) is a positive solution of (P,). Now, we define
the functional /,: Y, — R associated with (56) by

1 1
Jow =l + (uuuva + ||u||%> + [ ax
€ 3 RN

3.1)
- /Gz(sx, u)dx — /Q(sx, wydx foralluey,.
RN

RN

Clearly, J, is well-defined, of class C}(Y,, R) and the critical points of ], are weak solutions of (§5). Note that,
from the assumptions (f1), (f2) and Corollary 2.12, one can easily verify that for any = > 0, d > N, there exists a
constant ¥, > 0 and 0 < «, < a such that for all s € R, we have

LF)] < TlsV T+ & Is|P 1 D(als|M),
_ , (3.2)
[E(s)| < 7Is|¥ + &, |s|°®(als|™).

The following two lemmas show that the functional J, satisfies the mountain pass geometry.

Lemma 3.1 (Mountain Pass Geometry-I). There exist p € (0,1] very small enough and j > 0 such that [, (u) >
forallu € Y, with |[ully_ = p.

Proof. From (B)(b) and (3.2), we have
16(x, 5)| < 7|s|N + &, |s|®(als|V) forall (x,s) € RN X R. 3.3)

Let o € (0, 1] be sufficiently small such that 0 < ||u||YF < o. Further, we choose r, r’ > 1 satisfying % + % =1,
then, by using Holder’s inequality, Corollary 2.12 and Lemma 2.9, we obtain from (3.3) that

7

/ 606wl dx < 7SNl + S5 llullg. / d)(r’anunﬁij’)dx , 3.4
RN

Ir

RN

where U = u/ llully, . Since [[ully, is very small, we can choose r’ > 1 close to 1 and a > «, close to a, such that
r’a||u||¥' < ay holds. Take y > 0 with y < V,, then we have |||, < [[U]lv < |[U]ly = 1. Consequently, by
€ 4 Ve €

using (3.4) and Lemma 2.13, there exists a constant C > 0 such that

/ G0, wldx < 7SN ully +F,CS, lluly - (35)
[RN

Note that [[ully <1, therefore it follows from (.4)(b) and Lemma 2.9 that

/ |G, 0wl dx < €S lully, < €S lully - 36)

RN

Hence, in view of Lemma 2.11, we obtain from (3.1), (3.5) and (3.6) that

1 N N N - N NN =919
J.(w) > N(”ullwm + ull o +llullzy, ) — quq||u||yé =Sy llully, — K CSy, Mlully.
VE VE

31—N

> <N — (cs;0+ Tg;/N))ﬂun{ — Cyllullg ,
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for all u € Y, satisfying llully, <o, where Cy = FTESE;(’. Choose CS(; T4 TS;]N = ﬁ and define the function

w(t) = tN — Cyt® forallt € [0, 5l.

1
3N+1N
By using elementary calculus, we infer that y admits a positive maximum ; in [0, ¢] at a point p € (0, o].
Moreover, for all u € Y, satisfying llully, = p, we obtain

1
Jew 2 oy = Cop” > w(p)=7>0.

This completes the proof. O

Lemma 3.2 (Mountain Pass Geometry-II). Let p € (0,1] be as in Lemma 3.1, then there exists a nonnegative func-
tione € Y, with llelly, > p satisfying J.(e) < 0.

Proof. Define
O, ={ueY,: |supp(u)NnA,| >0}

and let u € O, \{0} be such that u(x) > 0 a.e. in RV. Define
Y(t) =t"g(x,tu) — G(x,u) forallxe Aandt>1.
From (B)(c), we have
W(t) = t7#7(g(x, tw)tu — pG(x, tu)) > 0 forallx € A and for all ¢ > 1.

It follows that ¥ is an increasing function on [1, +oc0). Hence, we obtain G(x, tu) > t*G(x, u) for all x € A and
t > 1. Further, since x > N and u(x) > 0 a.e. in RY, we infer that G(x, tu) > t"G(x, u) for all x € A and ¢ > 1.
Similarly, by using (B)(d), we can prove that G(x, tu) > tVG(x, u) for all x € A® and ¢ > 1. Consequently, we obtain

Glx,tu) > tG(x,u) forallx € RV and forall¢ > 1. (3.7
Notice that for each x € RY and ¢t > 0, we can write
Hy(tu) = yp, OH (W) + (1 =, (D)H, (tw).

Now, by using the definition of G, and (2.5), it follows that

/(Hl(tu) — G,(ex, tu)) dx

RN

__1 N Nq,_ 1 _ N N
= N/;(Aéltul log |tu|™ dx N / (1= ya)tu™ log [tul™ dx 38
IRN

{tuﬁﬁ}

+ / (= p,)(Ha(ew = Fiyt) ) dx

{tu>t,}
By the definition of ﬁz and (#,)(d), we have
Hy(s)>0 and 0<H,(s)<Cs'+C, foralls>0.

In addition, it follows from u € Y, that

[tulNdx < Kt¥ and |{tu> t,}] < K;tY,

{tu>t,}
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where K = ||u||% and K; = Kt N Consequently, from the above information, we can deduce that

/ - )(AF)<H1(tu) - ﬁz(tu)) dx < ctV, (3.9)

{tu>t,}
where C = C,K + C,K; > 0.Lett > 1be large enough, then by using (3.7), (3.8) and (3.9), we obtain from (3.1) that

1N
WVL

1 1
Je(tw < ¢ 7 IIMIIIVVVL,; + Ul o+ lully = P/Q(ex, w)dx [— N/)(AEW'N log [ul" dx
Ve
RN

RN

—logt /;(A6|u|Ndx+ /(1—;(AE)|u|Ndx (3.10)

RN {tu<t; }

—% / (1= za)lulV log JufN dx +C|.

{tu<t;}

Due to the application of Lebesgue’s dominated convergence theorem, we obtain

/(1—)(A£)Iu|Ndx—>0 ast — oo. (3.11)

{tu<t }

Now, by using (2.5), (H,)(b), Lemma 2.9 and the fact that u € L*a1(R"), we have

—% / (1—)(AE)|u|N log |ul™ dx s/lHl(u)|dx+/|H2(u)|dx< +00. (3.12)
{tu<t; } RN RN

Sending ¢ — oo in (3.10) and using (3.11) as well as (3.12), we deduce that J,(tu) - —oo0 as t — oo. Taking e = tu
with t sufficiently large shows that assertion of the lemma. O

To use the mountain pass theorem, it is necessary to verify the Palais-Smale compactness condition at a
suitable level c. We say that a sequence {u, },oy C Y, is a (PS), sequence for ], at any suitable level c € R if

J:w)>c and  sup [(JI(u,), @) >0 asn— oco. (3.13)
llplly, =1
If this sequence has a convergent subsequence in Y,, we say that J, satisfies (PS), condition at any suitable level
ceR.
Note that the following logarithmic inequality is useful to prove the boundedness of (PS), sequences for J,.

Lemma3.3. Let N > 2withN < sandu € LY (Ap) N L3(A,). Then, we have
lu| s lullzsea, )
lulV log[ — = Jdx < —>—|lullp  log[ ek ).
[ llullvca, s—N" D T ],

Proof. By using the logarithmic interpolation inequality in Del Pino-Dolbeault [[65], p. 153] and applying a simi-
lar procedure as in Alves-Ambrosio [[42], Lemma 3.2], the lemma can be proved. O

Remark 3.4. To study quasilinear elliptic problems involving N-Laplace operator, generally one requires the
following condition
. 1 o
lim sup|| u, ||}y, < a—N (3.14)
0

n—-oco
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to handle terms containing critical exponential growth. Such type of inequality originates by default from the
well-known Palais-Smale condition or Cerami condition at a suitable level c.

Whereas, in this article, due to the presence of logarithmic nonlinearity, by using the (PS), condition it is
difficult to directly prove the boundedness of the corresponding Palais-Smale sequence as well as we can not
obtain inequality of type (3.14). To show the boundedness of such type of sequence, we need the inequality (3.14)
along with some extra computational work. Moreover, one can see that the inequality (3.14) can be assumed
because of Lemma 2.3 due to the fact that the bounedness of || u, || .~ does not imply the boundedness of ||u, || Wi

in general.

Lemma 3.5. Let {u,},cn C Y, be a(PS), sequence for ], satisfying lim sup,,_, ., Ilu,[I¥
{u, }nen s bounded in Y,.

WlN < % Then, the sequence
L)

Proof. Let {u,},en C Y, be a (PS), sequence for J, and let lim sup,_, ., Ilu, ||W1N
(3.13) and the properties of (13), there exists d > 0 such that, as n — co, we have

°X be satisfied. Now, by using
0

¢+ dlllly, +0,(D)

> Jolay) = L), )

1 1
> (=== )lwl?, +/ Hi(u,) — H(u u, + G’(exu W, — Gy(ex,u,) ) dx
(p N) "t R~< ' e ) (3.15)
—/lu |Ndx+/<H2(u )— H w)u, + G’(ex wu, — Gz(ex,un)>dx
RN
=T (u,),
where we have used
/(Hl(u) H(u)u+1H(u Ju, — Hz(u) /IulN
RN
Observe that
= (Ae U {luyl <1}) U (A7 N {[ug] > t}).
Consequently, by using (.4)(d), one can easily deduce that
T (w,) > %/lunlNdx+ / <%|un|N + H,(u,) — %Hé(u,,)un
A ALO{ Uy 1>t )
+ %G;(ex, uu, — G,(ex, un)> dx (3.16)
1
>~ / |, |V dx
AE
Combining (3.15) and (3.16), we obtain
%/| ¥ dx < ¢+ dlluylly, +0,(1) s n— oo, 317)
By using (#;)(d) and (3.17), we can find constants ¢, d > 0 such that
/Hl(un) dx < T+dllu,lly, +0,(1) asn— oco. (3.18)

A

i3
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On the other hand, by using Lemma 3.3 with D = ﬁ and Lemma 2.9, we have
T
AE

3.19
< (Wl ) = DNl ) 108 (Itllincn,y) + DNk a8 (Illoin,y) 19

< (NIl )+ DN Ityllvca, ) [108 (Htallzrcn, )| + Dl ly,

tog Bl )|

where the constant D > 01is independent of €. Recall that in view of Lemma 4.2 of Alves-da Silva [58], there exists
£ € (0,1) and a constant A > 0 such that

|t log t| < A(1+t'+%) forallt > 0. (3.20)

Due to the above inequality and (3.17), we obtain
I o8 Ml )] < 2 (1 (1nliy ) ™) < T (1 M) 0,0 ez
as n — oo. Likewise, by using (3.20) and Lemma 2.9, we have
it 108 (Metnllzren, )| < AL+ (itallzvea, ) ™) <Ay (14 ),

i ) e (3.22)
log(D||un||YE)‘ $A<1 + (D”un||Y£> >) SAs(l + ||“n||§f§)’

Dllully,

where in the above estimates Zi with i = 1,2, 3 are positive constants. Now, by using (3.21) and (3.22) in (3.19), we
deduce that there exists a constant A > 0 such that

/| u, [V log Ju, |V dx < Z(l + ||un||;+f) +0,(1) asn— co. 3.23)
A

£

In virtue of (13)(b), (f1) and Corollary 2.12, we can deduce that
16(x, 5)| < 7s|¥ + &, |s|@(als|¥) forall (x,s) € RY X R. (3.24)

From the assumption, it follows that there exists m, > 0 and n, € N sufficiently large such that

N ay
||un||W1,N <m, < P for all n > n,.

0
Take r > N withr’ = r—il > 1and satisfying % + % =1 Letr' closetoland @ > a, close to &, such that we still
have r’ a||un||N/ < my < ay for all n > n,. Consequently, by applying Hoélder’s inequality, Corollary 2.12 and

WLN
Lemma 2.9, we obtain from (3.24) that

7

! ~ !
[ 16tex i < el + gl | [ (a3, ) d
RN

RN

(3.25)

N —1
S llully + & CS 7 g lly,

U,

for n large enough, where 7, = TR Moreover, due to Lemma 2.13, we have
nll 1N
1
o
! ~ !
C = sup q)(r’a||un||§vw|un|N ) dx| <+oo.
nxn,

RN
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By using (2.5), (3.18), (3.23) and the growth |G,(ex, s)| < #|s|" for all (x, s) € A{ X R, we have, as n — oo, that

/(Hl(un) — Gy(ex,u,)) dx

RN

1
> [y dx= el = % [ 1Y Tog ¥ 26
AC A,
/Hl(u )= @+ Aty — A (14 D 7%) = M+ 0,0,

In view of (3.25), (3.26) and the fact that {u, },cy is a (PS), sequence for J,, we obtain, as n — oo, that

_ 1. 1 1
€0, = Jo(u) > g, + el +

T f>||un||% — k,CS

~ e 3.27)
P +
+/H1(un)dx—(c+d||un||yﬁ) (1 Tly).

Since 7 > 0 is arbitrary and £ > 0 is small enough, we can choose 7 small enough such that 7 + 27 < % Con-
sequently, by using (3.27) and Lemma 2.11, there exists constants C;, C,, C; > 0 such that, as n — oo, we have

€1+ Colltally, + Csllty ||”'f+0(1)>ﬁ<||u 17, + It ||W1N)+mi“{||un||’;||un||%}’ (328
V

where 1 < [ < N. For the rest of the proof, we fix £ € (0,1) such that 1+ & < p < L If possible, let lunlly, <1,
then we obtain from (3.28) that

Ci+ Gylllly, + Csllu, ||”‘f+0(1)>(||u 1P, + ity ||W1~>+||un||’¥h asn—co. (329

In this case, we have three possibilities as follows:
Case-1: Let ||yl ;,.» — co and ||u, || v — oo as n — oo. It follows that ||un||N1N > |lu, ||p1N > 1 for n large
Vé VE

Vs Ve

enough. Consequently, we obtain from (3.29) that
14¢ 2 p N
C+ Golluglly, + Calltally™ +0,(1) 2 == llually + luglly,  as n— oo.

Dividing ||un||)’; on both sides and letting n — oo, we get 0 > 2%’ > 0, which is a contradiction.
Case-2: Let |[u,|ly,~.r = 00 @as n— oo and |[uy ||+~ is bounded. Dividing |[u, ||+, on both the sides of (3.29)
Ve Ve Ve

and letting n — oo, we get 0 > l > 0, which is again a contradiction.
Case-3: Let ||u, ||W1N - 00 as n— oo and |lu, ||W1 » is bounded. Similar to Case-2, we get a contradiction.

Suppose that ||u, IIH — 00 asn — oo, then we can assume that lluyll;,, > 1for nlarge enough and hence, we
obtain from (3.28) that

C+ Golluglly, + CalluyIy™ +0,(1) > N(nu 17+ ity ||N1N> +liwlly, asn—oo.  (330)
In this case, we have four possibilities as follows:

Case-1:1f ||u, ||W1 v and [|u,ll,, 1y are bounded, then dividing ||u, ||l on both sides of (3.30) and letting n — oo,
weget0>1>0, which is a contradlctlon
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Case-2: Let ||u, ||W1p — oo and ||u, ||W1N — 00 asn — oo. It follows that ||u, ||N1N > |lu, ||p1N > 1and ||u, ||l
Vs

||u,,||H1 > 1 for nlarge enough. Hence, we obtain from (3.30) that
148 3i-» P
G+ Colluglly, + Callually™ +0,(1D 2 = —lluylly — asn— co.

Dividing ||u, ||€ on both sides and letting n — oo, we get 0 > 32 > 0, which is again contradiction.
Case-3: Let ||u,, ||W1 » — 00 asn — oo and ||u, ”WlN is bounded It follows that ||u, ||l ||un||7’_’[1 > 1for nlarge
enough. Consequently, ‘from (3.30), we have

21-p 14
1
G+ Coltylly, + Callunlly +0,) 2 == (ltllysr + il ) asn—oo.

p _
Dividing (||u ||W1 » + Uy, IIH1> on both sides and letting n — oo, we get 0 > zl—p > 0, which is a contradiction.
Case-4: Let ||u ||W1N — o0 asn— oo and ||u, ||W1 » is bounded. Similar to Case 3, we get a contradiction.

Hence, we conclude from the above seven cases that {u, }nen C Y, mustbe bounded. This finishes the proof.
O

The following lemma is devoted to the tightness of the Palais-Smale sequences for J,.

Lemma 3.6. Let {u,},cn C Y, be a (PS), sequence for ], as stated in Lemma 3.5. Then, for all £ > 0, there exists
R = R(&) > 0 such that

limsup [ [(IVu,|? + V(e u,|?) + (V¥ + (V(ex) + Dlu, V)] dx < &.
n—oo B;;
Proof. For R > 0, let y € C®(RY) be a such that 0 <y <1in RY, y = 0 in Br, wp = 1in B and |V <
2
g, where C > 0 is a constant independent of R. Further, we choose R > 0 in such a way that A, C Bz. Due to
2

Lemma 3.5, we infer that the sequence {u,yy } ,cx is bounded in Y, and there holds (J(u,), u,w3) — 0asn — co.
Consequently, by using (H;)(b), (A)(c) and (53)(d), we obtain

/[(|Vun|p+V(ex)|un|p)+(IVunlN+(V(£x)+1)|un|N)]q/Rdx511+12+0n(1) asn — oo, (3.31)

where
=(t’+f’)/|un|NwRdx and I, = /un(|Vun|p‘2+IVunlN‘z)Vun.Vu/Rdx.
RN

In view of (V1) and the fact that V) +1 > 2(£ + ¢"), we get

I < %/Iu Mg dx < /(V(sx)+1)|u Vg dx

S R (332)
< 5/[(IVunI1’ + V(EX)|uy|?) + (Vi [V + (V(ex) + Du, V) |y dx.

Moreover, due to the boundedness of {u, },cy in Y, and Holder’s inequality, we have

C 5= _
b < 2 (Il 1V 5+ T IV, 0) < 5 (8 ]+ 857 ) <

R (3.33)

Y
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where C > 0 is a constant. Now, it follows from (3.31), (3.32) and (3.33) that

/[(qunlp + V(EX)|uy|?) + (Vi [V + (V(ex) + Du, V) g dx < %C +0,(1) asn- oo.
RN

Fix £ > 0 and take R > 0 sufficiently large such that % < &.Passing to n — oo in the above inequality, we obtain

~

limsup/[(|Vun|” + V(EX) U, | ?) + (Vi |V + (V(ex) + Du, V)| dx < % <&
n—oo B;;
This finishes the proof. O

Lemma 3.7. Letu € Y, and {u, } .oy be a (PS), sequence for ], satisfying lim supn%o||un||f/’v' w < Z—: Ifu, = uin

Y, as n — oo, then we have Vu, — Vu a.e. in RN as n — oo. Consequently, we deduce that u is a critical point for
Je» that s, J!(u) = 0.

Proof. Note that by Lemma 3.5, we conclude that the sequence {u, },cy is bounded in Y, . By the hypothesis, we
have u, = uinY, asn — co. Due to Remark 2.5 and Lemma 2.9, we infer that

u, = u in Wll;t(lRN) forte {p,N}, u,—-u inL’By), u,—-u aeinRY asn- oo (3.34)

for any R > 0 and 6 € [1, +o0). Consequently, there exists g, € L¥(Bg) with go > N such that |u,| < g a.e.in
Bp. FixR> 0and y € C®(RV) suchthat 0 <y <1inRY,y =1in By, w =0 in Bj, and || Vy/ ||, < C for some
constant C > 0 independent of R. Note that J, € C'(Y,,R), u, = uinY,, and J/(u,) - 0in Y as n — oo, thus
we obtain

(JL(u,) = JL(w), (u, — wy) = 0,(1) asn— co. (3.35)

Foranyn € Nand t € {p, N}, we define
D! = (IVu,|"*Vu, — |Vu|"*Vu) - (Vu, — Vu) + V(ex) (|u, | u, — [ul™?u)(u, — u).
Moreover, by convexity and (V1), we can see that
(IVu,|"*Vu, — |Vu|"*Vu) - (Vu, —Vu) 20 ae.inR",
V(ex)(Ju, " %u, — [ul%u)(u, —u) >0 ae.inRY

foranyn € Nandt € {p, N}.Due to Simon’s inequality (see [66]) with N > 2 and (3.35), there exists ¢y > 0 such
that as n — oo, we have

C;]l/Nun — VuNdx
BR

<y /|Vun—VulNdx+/V(sx)|un—u|N dx
BR

By

S/DIHdeg > /D;dxg D /D;wdx
)
By RN

te{p,N} By te{p.N

=0,(1) — Z /(qunlt‘ZVun = |Vu|"2Vu) - Vy(u, — u) dx

te{p.N} RN
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RN

- /(l u, N2, — JulN?u) (u, — Wy dx — /(Hl’(un) — H(w)(u, — Wy dx
RN

+ /(G;(ex, u,) — Gylex,u))(u, — Wy dx + /(g(ex, u,) — glex, u))(u, — wy dx. (3.36)
RN

RN

Using Holder’s inequality and (3.34), for t € {p, N}, we get

/(qunl“ZVun — |Vu|""2Vu) - Vy(u, — u) dx

RN

< IVl (VU1 + VI /|un—u|‘dx -0 asn-— oo.

By
It follows that for t € {p, N}, we have
nlim (1Vu, |2V, — [Vul"*Vu) - Vy(u, —u)dx = 0. (3.37)
RN
Likewise, we can also prove that
nlim (1 N 2w, — JuN"2u) (u, — Wy dx = 0. (3.38)
RN
In view of Holder’s inequality, (H;)(c) and (3.34), we obtain
/(Hl'(u,,) — H;(w)(u, — Wy dx
RN
:
< Cl(nunuZ‘1 + ||u||3‘1) /|un —ufdx| + zc2/| w,—uldx—0 asn-— oco.
BZR BZR
This yields
lim (H;(u,) — Hi(w) (u, — Wy dx = 0. (3.39)

RN

Similarly, by using Hélder’s inequality, (.4)(a) and (3.34), we have

/(G;(ex, u,) — Gy(ex,w))(u, — Wy dx

RN
N

< (I IV + ¥ /lun — Y dx
BZR

q
+ (Il + ™) /|un—u|qu S0 asn— .

BZR
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It follows that
lim [ (G)(ex, u,) — Gy(ex, w))(u, — wy dx = 0. (3.40)

n—oo
RN

Due to Holder’s inequality and (3.34), we have

= (L ) = < (a0 )| [ 1, —wi x| =0

BZR BZR

as n — co. From the hypothesis, it follows that there exists m; > 0 and n, € N sufficiently large such that

lu, ||W1N <m < "’—N for all n > n,. Take r > 1 with r’ = L > 1and satisfying 1y 1 =1 Let r’ close to 1 and
a > ay close to aO such that we still have r'a|ju,||V i < m1 < ay for all n > n0 and u, = ” By using
Hoélder’s inequality, Corollary 2.12 and (3.34), we obtain "
J,= K,/<cb(a0|u,,|N’) +cI><a0|u|N’>>|un — u|dx
BZR h
< KT< '@(aomnw’) + Hq>(a0|u|N’) ) /lun —ul dx
r/
1
/(D r'alu, HWlNIu |N/ /(D ra0|u|N) /|un—u|’dx
BZR
<¢ /lun—u|rdx -0 asn-— oo,
BZR
where
&=x, ||sup <I><r allu, ||W1N|un|N’) de| + /cb(r’aO|u|N’) dx| | < +oo,
nxn,
RN
thanks Lemma 2.13. Consequently, by using (/3)(b) and (f1), we obtain
/(g(ex, u,) — glex, w))(u, — Wy dx| < /(|f(un)| + 1 f@)|u, —uldx <+ J, - 0
RY By
as n — oo. This shows that
lim/ (glex, uy,) — glex, w))(u, — Wy dx = 0. (3.41)
n—o0o
[RN

Passing n — oo in (3.36) and using (3.37), (3.38), (3.39), (3.40) and (3.41), we get Vu, — Vuin [LN (BR)]N asn — oo
for all R > 0. Hence, up to a subsequence, still denoted by itself, Vu, — Vu a.e. in RY as n — oo.
Now, fix v € C*(R") and let R > 0 be large enough such that supp(v)C B. Using the boundedness of

{y }nen In Y, we deduce that {|Vu,|**Vu,} _ and { Viex)T |un|f‘2un} are bounded in [L71 (R)]¥ and

neN nenN

L (RYM), respectively, for t € {p, N}. Note that for t € {p, N}, we have

t—2 {2 -2 o2 i N
[Vu,|"*Vu, - |Vu|=*Vu and V(ex) 7 |u,|"“u, = V(ex)« [u|"“u ae.inR" asn- oo.
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Consequently, for t € {p, N}, we have
t N
IV, |2V, — [Vu"?Vu  in [LE([RN)] :
V(ex)T w2, — V(ex) T [u2u  in LT (RV)

as n — oo. Exploiting the density of C=°(RY) in W‘l/’t([R{N )fort € {p,N}, we obtain for t € {p, N} that

/qunlt‘ZVun‘Vudx—>/|Vu|t‘2Vu-Vvdx asn— oo (3.42)
RN RY
and
/V(ex)lun|“2unvdx—> /V(sx)lult‘zuvdx asn — oo. (3.43)
RY RY
Similarly, we can also prove that
/lunlN‘zunvdx—»/lulN‘zuvdx asn — oo. (3.44)
RN RN

On the other hand, by using Holder’s inequality, (#,)(c), (.A)(a) and (3.34), we get
[H ()] < (Gl + C,) 0] < <C1gg_1 + C2>|U| € L(By)

and
GL(ex, w)v] < (£ Uy N1 + Cluy |70 o] < (f gy 14 ng‘l) v| € L\(By).

Due to Lebesgue’s dominated convergence theorem, we conclude that

/Hl’(un)udx—> /Hl’(u)vdx asn — oo (3.45)
RN RN
and
/G;(ex, u)vdx — /Gg(ex, wWovdx asn-— oco. (3.46)
RY RY

Taking into account the notations used on the previous page to handle the exponential nonlinearity, we obtain
by using (B)(}), (f1), Holder’s inequality, Corollary 2.12 and Lemma 2.9 that for all n > n,

r

1
/g(ex, u,)vdx < C /lledx + /|u|’dx < 400, (3.47)
RN RN RN

where

€= w5y Vsuplu -+ x, | sup [ @ (el ) ax| -
neN € nxn,
RN
which is finite because of Lemma 2.13 and the fact that {u,},cy is uniformly bounded in Y,. It follows from
(3.47) that { g(ex, u,)v},,, is bounded LY(RY). Consequently, it is not difficult to verify that {g(ex, UV} s,
is uniformly absolutely integrable and tight over R¥. Since u, — u a.e. in R¥ as n — oo, therefore we have
glex,u,)v — glex, v a.e. in RN as n — co. Now, by applying Vitali’s convergence theorem, we obtain

/g(sx, u,)vdx —» /g(ex, wovdx asn-— co. (3.48)
RN RN
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Observe that (J!(u,), v) = 0,(1) as n — oo, therefore using (3.42), (3.43), (3.44), (3.45), (3.46), (3.47) and (3.48), we
infer that (J(u), v) = 0 for allv € C(R"). Exploiting the density of C°(R") in Y, we deduce that u s a critical
point for ], that is, J/(u) = 0. This completes the proof. O

Lemma 3.8. Under the assumptions of Lemma 3.5, Lemma 3.6 and Lemma 3.7, the functional ], satisfies the (PS),
condition at any level c € R.

Proof. Letc € Rand {u, },ey C Y, bea(PS), sequence for J, atlevel c € R. By Lemma 3.5, the sequence {u, } ,en

isbounded in Y,. Then, without loss of generality, up to a subsequence, we have u, — uinY, asn — oo for some
u € Y,. By using Lemma 3.7, we have (J/(u), v) = 0 for all v € Y,. In particular, we have (J!(u), u) = 0, that s,

”“”5vw + ||u||JIjV1’N +/H1’(u)udx= /Gg(ex, u)udx+/g(ex, u)udx—/lulN dx. (3.49)
N * RY RY RY RY

Note that (3.34) holds. In view of (V1) and Lemma 3.6, we obtain

5 .
Vo +1

n—oo n—-oo

limsup/|un|pdx<§ and limsup/|un|Ndx<
0
By By

It follows from u € L'(RN) for t € {p, N} that there exists R > 0 large enough such that fBC lu|t dx < &. Now,
using all these information and (3.34), we get !

lim sup||u, —ul|}) = limsup(|| Uy = Ull g, + Ity = ulli’p(Bc)>
n—oo n—oo R R
p

i p
LP(By) + hITLSllp“ u, — ul|

= lim sup||u, — u||Lp(B§)

n—oo

_ T _ p
- nlirg” un u” LP(B}%)

p=1[1; p p p-1 i _7r s A
<2 <hr£i})lp”u"”m(3;) + ||u||Lp(B§)> <2 <Vo +§> =C¢ with ¢ > 0.

Similarly, we can also prove that

lim sup| u,, — ul|y < 2V-1 S 1e)=Ce with, >0,
oo v, +1

Due to the arbitrariness of & > 0, it follows that u,, — uin L'(R") for t € {p, N} as n — co. Applying the bound-
edness of {u, },cy in Y,, we obtain by using Lemma 2.9 and the interpolation inequality that

u, »u inL’RY) for@ €[p, p*)UIN,+c0) asn— co. (3.50)
By using (3.34), (3.50) and Lebesgue’s dominated convergence theorem, it follows that
limlim sup|| u,|%,,.., =0 for any @ € [p, p*) U [N, +o0).
R-00  pooo L (BR)

This implies that for all £ > 0, there exists R = R(£) large enough such that

limsup / |u,|?dx < ¢ forany @ € [p, p*) UIN, +c0). (3.51)
n—oo
By

In view of (3.51) and (.4)(a), we have
lim sup /Gg(ex, u,)u, dx| < limsup/(f|un|N + Clu,|?) dx < (£ + C)¢ = Cyé

n—-oo n—-oo
C C
By By
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with Eg > 0. Note that G;(sx, wu € LY(RY), therefore choosing R > 0 large enough, we may assume that
[BE Gg(ex, wudx < €. Gathering all these information, we have

n—-oo

lim sup /G;(ex, un)undx—/G;(sx, wu dx <E§,
By By

for all £ > 0 and some suitable constant C>0. By the arbitrariness of £ > 0, we conclude that

/Gg(ex, u,)u, dx — /Gé(ex, wudx asn-— oco. (3.52)
BC

C
BR R

On the other hand, from (.4)(a) and (3.34), we get
Gy (ex, Uy | < £y |N + Clu,|? < £gy + Cgy € L'(By).

Consequently, by (3.34) and Lebesgue’s dominated convergent theoremm, it follows that

/Gg(ex, u,)u, dx — /Gg(ex, wudx asn— oco. (3.53)

B By

Combining (3.52) and (3.53) together, we obtain

/Gg(ex, u,)u, dx — /G;(ex, Wudx asn-— oo. (3.54)
RN RN
From the hypothesis, there exists m, > 0 and n, € N sufficiently large such that ||un||%’ w <my < ‘;—IDV foralln >

ny. Chooser > 1withr’ = r—il > 1and satisfying % + % =1.Letr’ close to1land a > a, close to a, such that we

still have r’ a||un||a’; w <my < ayforalln > njandu, = ”u ﬁ —. Itfollows from (B)(b), (3.2), Holder’s inequality,
iy,

Corollary 2.12 and (3.34) that for all n > n,, we have

/ glex,uu, dx < C / gy dx + / gddx| | < +oo, (3.55)
By By By

where

2

€ =max {7, %, |sup (I>(r’a||un||a’//LN|ﬂn|N/>dx < +o0,
n>n,
RN

due to Lemma 2.13. Then, from (3.55), we get that { g(ex, u,)u, } 55, is bounded LY(Bg). Consequently, it is not
difficult to verify that { g(ex, u,)uy, } 5p, is uniformly absolutely integrable and tight over By. In virtue of (3.34),
we have u, » u a.e. in B, as n — oo and hence, g(ex, u,)u, — g(ex, wu a.e. in By as n — co. Now, by applying
Vitali’s convergence theorem, we obtain

/g(ex, u,)u, dx - /g(ex, wudx asn-— oo. (3.56)
BR BR

Similarly, by using (5)(b), (3.2), Holder’s inequality, Corollary 2.12 and (3.51), we have for all n > n,

r

/g(gx’u")“"dx s¢ /lunlNdX+ /Iunlwdx <c(e+er),
BIC? sz Blce
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where C is defined below (3.55). It follows that

lim sup /g(sx,u,,)u,,dx SC<§+§%>-

n—co
C
R

One can observe that g(ex, u)u € L'(R"). So, there exists R > 0 large enough such that [, glex, wudx < ¢&.
Consequently, we deduce that *

n—-oco

lim sup /g(sx,un)undx—/g(ex,u)udx </C\'<§+§%>,
B B,

for some suitable constant C > 0. Now, letting £ — 0% in the above inequality, we obtain

/g(sx, u,)u, dx - /g(ex, wudx asn— co. (3.57)
By By

Combining (3.56) and (3.57) together, we get

/g(ex, u,)u, dx — /g(ex, wudx asn-— co. (3.58)

Using the fact that (]é(un), u,) = 0,(1) asn — oo, we have asn —» oo

llu, IIp + lluy, IINlN /Hll(un)undx

(3.59)
/G’(sx u,)u, dx+/g(ex u,)u, dx — /lu [N dx + 0,(1).
[RN

Therefore, by using (3.50), (3.54) and (3.58), we obtain from (3.49) and (3.59) that

ity + Wl /H(u)u dx—||u||”1p+||u||N /H(u)udx+o(1)
VF

as n — oo. From this, one has

I, ”w“ - ||u||t forte {p,N} and /Hl’(un)undx—>/H1’(u)udx as n— oo. (3.60)

V&

Consequently, by using (3.34) and Corollary A.2 of Autuori-Pucci [67], we obtain from (3.60) that u, — u in
W1 ‘(RN) asn— oo fort € {p, N}. By Remark 2.8 and (2.3), one can notice that 0 < H,(s) < H’(s)s foralls € R.
Usmg this fact together with the generalized dominated convergence theorem of Lebesgue, see Royden [[68],
Theorem 19] and (3.60), we conclude that

/Hl(un)dx—>/7-[1(u)dx asn— oo.

Recall that H, is a N-function, which satisfies the A,-condition. Hence, by using a Brézis-Lieb type result found
in Alves-da Silva [[69], Proposition 2.2], we can prove that

/Hl(un—u)dx—>0 asn— oo.

This shows that u,, — uin L’1(R¥) as n - oo and hence, u, — uin Y, as n — co. This finishes the proof. O
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Now, we can give the main result in this section.

Theorem 3.9. Foreache > 0, the functional ], has a nontrivial critical pointu, € Y, suchthat J, (u,) = c,, where
¢, denotes the mountain pass level associated with J,. Consequently, we deduce that u, is a solution of (S,).

Proof. Due to Lemmas 3.1, 3.2 and 3.8, the functional ], fulfills the geometry of the mountain pass theorem,
see [[64], p. 142]. Consequently, for each € > 0, there exists a nontrivial critical point u, € Y, of J, such that
J¢(u.) = c., where the mountain pass level c, is characterized as

¢, = inf max t
€ yerfze[o,njg(y( 2

with
I, ={r€C(0,1,Y,):y(0) =0 and J.(y(1)) <0}.

The proof is now complete. O

4 Existence of positive solution to the main problem via Nehari
manifold method
This section is devoted to the study of the existence of a positive solution of (P,) by using the Nehari manifold

technique and the characterization of the mountain pass levels c, as € — 0*. To this end, we define the Nehari
manifold associated with the functional J,, which is defined by

N, ={ueY\{0}: (Jl(w,u)=0}.

A very nice introduction to this method has been done by Szulkin-Weth [70]. It is obvious that W/, contains all
nontrivial critical points of J,. Define
¢, = inf J.(w).
UEN,

Note that, if c, is achieved by some v, € N, then we say that v, is a critical point of J,. In addition, since c, is
the lowest level for J,, therefore, v, is said to be a ground state solution of (S,). Furthermore, we define
1 1 1 1 1
Y= N(]é(u)’ uy = J.(w) — <p - N> ||u||5v‘1/,§p - N”U”% - /(Ng(g)(, wu — Glex, u)> dx
[RN

@1
_ / [ - L+ Gy ex, w - Gylex.w)| ax |

RN

It follows that
N, =P '({0)).

Now, we prove some properties of A,, which will be used in the sequel of this paper.

Proposition 4.1. The set N, is bounded away from the origin, that is, there exists a constant f > 0 such that
llully, = B > 0 for allu € N, and for all e > 0.

Proof. By Lemma 2.3, one can easily see that

_1 . _1
[ullyv < (min{l, Vo}) N||u||W‘1/,N < (mln{l, Vo}) N||u||YE. 4.2)
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1 1
If lully, > (min{1, V,})¥, the conclusion is obvious. If [lully < (min{1, Vy})*, then one has ||ul|y:v < 1, thanks
to (4.2). Choose r, 1’ > 1 satisfying % + % = 1. Further, suppose @ > a close to a, and r’ > 1 close to 1 such that
r'a < ay holds. Now, by using (B)(b), (3.2), Holder’s inequality, Corollary 2.12 and Lemma 2.9, we can deduce
that

™=9r

/ lgex, wul dx < 7S llully, + &Sy Dlully , 43)

where, due to Lemma 2.13, we have

==

D =|sup /db(r’alulN')dx: llully, < (min{1, V,}) < 400,

UeyY,

for 9 > N and for all u € N, with llully, small enough. Suppose by contradiction that {u,},ey C N, is a
sequence such that |lu,|ly — 0 as n — oo. Consequently, we can see that (4.3) holds whenever u is replaced by
u, for nlarge enough. From the definition of NV, we have (J/(u,), u,) = 0 for each n € N. It follows at once that

sy + Nl

1N
V W

+ ||un||%+/H{(un)undx = /G;(ex, un)undx+/g(ex, U, )u, dx. (4.4)
N N N

Note that [lu,ll,,.» and ||u,ll;, are small enough for sufficiently large n. Consequently, by using the fact that
0 <H(s) < Hl’(sas for all s € R and Lemma 2.11, we obtain for n large enough that

ll?,, >l ¥, and / H iy x> [l 1, 45)
VL VE

It follows from (.A4)(a) and Lemma 2.9 that

/| Gylex, u,)u,| dx < fslgNnunu{ + C8;q||un||3£. (4.6)
RN
In view of (4.2), (4.3), (4.4), (4.5) and (4.6), we get for n large enough that
N N —q -9 9 1-N N
(7 + Sy  luylly, + €Sy IIMnIIY +%,S Dlluglly, 237 llully -

Ir

Due to the arbitrariness of = and the fact that # is very small, we deduce from the above inequality that there
exist constants C;, Cy, C; > 0 such that for nlarge enough there holds

9 N
Cllll«ln||§'(s + Gllully 2 Glluglly -

Dividing ||u, ||N on both sides of the above inequality and letting n — oo, we get 0 > C5 > 0, which is a contra-
diction. It follows that there exists B > 0suchthat flully, > > 0forallu e N, and for alle > 0. O

Lemma 4.2. For each u€ O, = {u € Y,:|supp(lu|) N A.| > 0}\{0}, there exists a unique t, > 0 such that
t,u € N,. In particular, for u € N, N O, we have ] (u) = max,,/, (tw). Consequently, ifu € N, thenu € O,.

Proof. We define the function h(¢) = J (tw) for ¢t > 0 and u € O, \{0}. From Lemmas 3.1 and 3.2, we have
h(0) = 0, h(t) > 0 for ¢ > 0 sufficiently small and h(t) < 0 for t > 0 sufficiently large. It follows that max,. ,h(t)
is achieved at some point ¢ = t, such that #'(¢,) = 0 and t,u € N,. Next, we claim that ¢t, is the unique criti-
cal point of h. Assume by contradiction that there exist ¢, and t, with 0 < t, < t, such that h'(t,) = 1'(t,) = 0.
Consequently, we obtain for i = 1, 2 that

1 H! (tu)udx /G’(ex twu glex, twu

p N N s 4 —
Ll + - [y,
tl{v_p ” ”W{l/j ” ”W&,LN ” ”N / tN 5 tN 1 tN—l

RN
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Subtracting the equalities above gives

1 1 p Gy(ex, tbwu  Gl(ex, tuu glex, twu  glex, wu
(=g o (S - S v [ (Rt - Gt o
RY RN

2
H(t,wu H/(tuwu
:/< 1tN—1 - 1tN—1 >d_x=:].
- 2 1

Now, it follows from the definitions of G and g together with (A)(e) as well as (3)(e) that the right-hand side of
the above equality is positive. On the other hand, we have

H (t,wu H (tuwu
I= / < 1th—1 - 1tN11 )dx
2 1
{XERN:|u|<[N%”‘5}
2
H!(t,wu  H (t,wu
+ / < 1tN—1 - 1tN—1 >dx
2 1

{XeRN (V- 1)6<| | < B-D8 1)5}
4 / <Hl(t2u)u 3 Hl’(tlu)u> dx
tN—l tN—l
2 1
{XGRN:|M|>—(N;“‘$}
1

N
= / luM log<t1> dx + / NNV — 18 |u|¥" 1<1 —1>dx
5] L 4

{rerViu <202} {xerviju> 202 |
1

N
+ / l|u|N 1og<w't1_”1|)5> +N|u|N‘1((Nt_21)5—|u|>] dx < 0,

{XE|RN:[N—1)5<|M|<(N—1)5 }
) 4

which is a contradiction and thus, ¢, must be unique. Next, we have to prove thatifu € WV, thenu € O,.Indeed,
if not, then for |supp(lu]) N A,| = 0 and u € N, we obtain by using (V1), V, + 1> 2(£ + ¢'), Hy(u) < Hl’(u)u,
(A)(c), (B)(d), and Lemma 2.11 that

. 1
el g+ Tty + min{ Jlull,, ully, } < + f’)/|u|Ndx < §/<V(ex)+1)|u|Ndx
N RN
<1 p N
5 IIMII +|IuI| 1N+|Iu|IN
This shows that

0<; (nunfv +||u||W1N+||u||%>+min{||u||’,||u||£l}so.

The above inequality implies u = 0 in Y,, which is a contradiction because u € W,. This finishes the proof. []

Proposition 4.3. The set N, is a C'-manifold for each € > 0. Moreover; the critical points of J. | are critical
pointsof J, in ¥,.

Proof. To prove that W, is a C!-manifold, it is sufficient to show that (‘P;(u), u) # 0forallu € N,. Now, arguing
by contradiction, we assume that there exists some u € N, such that (‘P;(u), u) = 0. Consequently, by using
(Jl(u), u) = 0, we obtain from (4.1) that

0= —P<llJ - ]1[)”“”51/“’ - /IulNdx— /(%g’(ex, wu? — <¥>g(£x, u)u) dx
¢ RN RN
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B /((%)Hé(”)“ - %Hﬁl(u)lﬂ) dx — /(%GQ’(SX, wu? — (%)G;(sx, u)u) dx.
RY -~

Observe that g(ex, u) = f(u) and G;(sx, u) = Hé(u) forallx € A,.Now, simplifying the above equality, we obtain

/lulNdx < —/(|u|N + (%)Hé(u)u— %Hz”(u)uz>dx
A, A¢

- / (orexwn - (V=) 6yex wu)ax

AS

€

a5 n)

_ /(%g’(gx, wu? — (%)g(ex, u)u) dx.

A€

4.7

By the definition of H, and using the assumption (f3), one can easily obtain

v, (N=-1 1 2
lulN + (T)H;(u)u - /w20 foraa xeA;

and
1 5 (N—1 )
Nf (Wu (—N )f(u)uz 0 foraa.x €A

Note that
An{u>0}=[Aln{0<u<t}JUAIN{t; Su<t}] U[AL N {u>t,}].

Due to (H,)(c) and (f3), one has
%G;’(ex, wu® — (%)G;(sx, wu = %(HZ”(u)u2 — (N —DHy(wu) >0
foraa.xe A N{0<u<t}and
1 2_(N-1 = Lot — (v —
v (ex, w)u ( N )g(sx, wu = N(f Wu* — (N -1 f(wu) >0
foraa.x € AZ N {0 < u < t;}. Moreover, because of (h3) and (13), we infer that

1

NG;’(ex, wu? — (%)

1
Gy(ex,wu = N(h’(u)uz — (N = Dh(u)u) >0
foraa.xe Ain{t;<u<t,}and

1, 2 (N-1 I A PN S
Ng (ex,Wu <—N )g(ex, wu = N(n (Wu* — (N — Dnp(wu) > 0

foraa.x e Al n{t <u<t).
By using the definitions of H 4 andf, we have

l U 2 _ N-1\. — l ! 2 _ N-1 —
NGZ (ex, Wu < N )Gz(ex, wu = Ng (ex,u)u < N )g(ex, wu=2~0
fora.a.x € A N {u > t,}. Consequently, we deduce that

/ (yortexund - (X226 ex ) e > 0 48)

Aln{u>0}
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and

/ (%g’(sx, wu? — <1%>g(£x, u)u) dx > 0. (4.9)

ASn{u>0}

From the definitions of G; and (4.8), we have

[ Greteraod = (5 e

A;N{u<0}
- L omex —w=w? — (NN (ex. —w)(~
= / (6 tex, —w-w? = (557 ) Gylex, —w-w )dx
AIN{-u>0}
> 0.

Similarly, from the definition of g and (4.9), we have

[ (e (e

Aln{u<0}
_ 1 e 2 (N-1 )
= / (Ng(ex, w)(—u) ( = )g(ex, ) u))dx
Aln{-u>0}
>0.

Combining all these facts, we obtain from (4.7) that 0 < /, |u[Vdx < 0.Thisyields thatu = O a.e. in A,. Moreover,
since (J/(u),u) = 0, arguing similarly as in Lemma 4.2, we can obtain

1 p N N ; l N
0< 2(nunwé,é,, + o + Nl ) + min{ full, . ull, } < 0.

This ensures that u = 0 in Y,, which is a contradiction because u € V.. It follows that (‘Pg(u), u) # 0 for all
uenN,.
Now, let u € N, be a critical point of ], constrained to V,. Due to the application of Lagrange’s multiplier
rule, we infer that
JJw=A¥.(w) inY" forsome i€ R.

Because of u € N, we obtain from the above relation that
0= (J/(w), uy = (¥.(w),u).

It follows that A = 0 and J/(u) = 0in Y, that is, u is a critical point of J, on Y,. This completes the proof. ]

The last proposition implies at once that a critical point of J, | ,, is a point u € Y, such that
IJe@@lly; = min [IJ; @) ~ AYL W =0, (4.10)

thanks to Proposition 5.12 of Willem [71]. Now, we recall that a (PS), sequence for J, | ,, is a sequence {u, } ey in
N, such that
Jouw)—c and ||J'(u)lly: >0 asn-— co. @11

We say that ], |, satisfies the (PS) condition when each (PS), sequence for J, | ,- has a convergent subsequence
foranyc € R.

Proposition 4.4. If {u, },cn C N, is a (PS), sequence for ], satisfying lim supn%o||un||%’ w < Z—’Z then ]| . Sat-
isfies the (PS) condition.
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wiLN
that (4.11) is satisfied. Further, in view of (4.10), there exists a real sequence {4, },cy C R such that

Proof. Let {u,},en C N, be a (PS), sequence for J, satisfying lim sup,_ . [[u, [, < Z—IZ Therefore, we infer

Jw) = A,¥.(w,) +0,(1) asn— co.

Since u, € N, foreachn € N, wehave J, (u,) - casn — oo and (J/(u,),u,) = 0.Repeating the same arguments
asin Lemma 3.5, one can see that {u, } ,y 1s @a bounded sequence. In addition to this, due to Lemma 3.8, we only
have proved that {u,},cy is a (PS), sequence for J,. To finish the proof, it is sufficient to show that 4, — 0 as
n — oo. It is obvious that the sequence {u, } ¢y satisfies the following relation:

0 = (JI(uy), ) = A (Wl (uy), uy) + 0,(1)  asn— oo. 4.12)

Due to Proposition 4.3, if (‘P;(un), u,) = 0,(1) as n — oo, then one has u, - 0 in L"(A,) as n — co. From the
boundedness of {u, },cy in Y,, we deduce from Lemma 2.9 and the interpolation inequality that

u,»0 inL’A,) forf €[N,+o0) asn-— co. @413

From the hypothesis, it follows that there exist m > 0 and n, € Nlarge enough such that ||u, ||1]>’V’ w<m< ‘;—N for
0
alln > n;. Taker > 1with r’ = r—il > 1and satisfying % + rl, =1.Letr beclose toland a > «, close to a, such
that we still have r’a||u,||Y,, < m < ay for all n > n, and &, = —»—. It follows from (53)(b), (3.2), Holder’s
niwiy n It lly1v
inequality, Corollary 2.12 and (4.13) that

T

/g(ex,un)undx Sr/lun|Ndx+C /lun|‘9’dx -0 asn- oo,
A A A

€ £ €

where

1
r

C=%, sup/@(r'a||un||f§v’w |ﬁn|N’) dx| < +o0,
[RN

nxny

due to Lemma 2.13. Consequently, we get

lim [ g(ex,u,)u, dx = 0. 4.14)
n—-oo
A

i3

Following similar arguments as in Lemma 4.2 and using the facts in (.4)(a), (c) and (3)(d) as well as (4.12), (4.13)
and (4.14), one can easily obtain

1 N N : ! N
0< 2(”%”5/1,,, +lupll g + luglly ) + mm{ 13, ||un||H1} <0,(1) asn-— oo.
Ve

Ve

It follows that u, - 0 in Y, as n — oo, which contradicts Proposition 4.3 (or Proposition 4.1). Hence, we must
have A, — 0 as n — oo. This finishes the proof. O

4.1 Existence and concentration phenomena of positive ground state solutions

In this part, we first introduce the autonomous problem related to (S,) as follows:

£, + Ly) = [u*ulog |ul" + f(u) in RY, )
0
ueyY=wr-P(R")n wNRY) n L (RY),

where
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L) =—-Au+Vyu/*u forte {p,N}.

The corresponding energy functional associated to (7,) will be denoted by J,: Y — R and is defined by
o = Ll + <||u||N1N + ||u||N) /Hl(u) dx - /Hz(u) dx - /F(u) ax
Yo

for all u € Y. By adopting a similar strategy as in [39], [40], [42]-[44], [48], one sees that (P,) has a ground state
solution u, which fulfills
=c, = inf f t
Jog) = ¢, ulenﬂofo(u) ueg{ }max]o( u),

where W, is the Nehari set associated with ], and defined by

Ny = {u e Y\{0}: (Jy(w),u) =0}.

Recall that || - || ;1 and || - [y are two equivalent norms on the Banach space W{(R¥) for any t € {p, N}.
Vi

0
In the next lemma, we demonstrate that the mountain pass level c, is the ground state level of J,, and we
establish an important relation between the two levels ¢, and c,.

Lemma 4.5. The following properties hold:
@ ¢, =p>0foralle >0,

(b ¢, =infcp J, (W) foralle > 0,

() limsup,_4c, < co.

Proof. The assertion in (a) follows directly from the definition of ¢, (see Theorem 3.9) and Lemma 3.1. Now, we
prove (b). For this, observe that by Lemma 4.2, we have u € O, for each u € WN,. Further, by Lemma 3.2, there
exists t, > 0 such that J (t,u) < 0. Define the map y,:[0,1] — Y, such that y.(t) = t(t,w) for all t € [0,1]. It is
easy to see that y, € I',. Consequently, from the definition of ¢, we have

¢ < g%]g(n(t)) < max Je(tw) = J ().

Due to the arbitrariness of u € N, and from the definition of the infimum, we obtain from the above inequality
that
¢, < inf J (u). (4.15)
UEN,

By Theorem 3.9, we have u, € Y, \{0}, J,(u,) = c, and J/(u,) = 0. It follows that u, € N, and hence, we have

inf J.(w) < J.(u,) =c,. (4.16)
UEN,

Combining (4.15) and (4.16), we get ¢, = inf, ¢ - ] (1) = J,(u,). This completes the proof of (b).
Next, we aim to prove (c). To prove this, we assume that u, € W, is a positive ground state solution of (P,),
that is, there hold
¢o = Jo(up) = inf Jo(u) and Ji(uy) = 0.
UEN,

Choose ¢ € C?(RN) be such that 0 < ¢ <1, ¢ =11in B;, and ¢ = 0 in B;. For each R > 0, let B, C A, and
define ¢p(-) = (). Next, we set up(-) = u(3) and up(x) = ¢r)u,(x). It follows that 0 < up < ug, up = Uy in
B, and up = 0 in B7,. Note that supp(ug) C By C A, and hence, up € O,. By applying Lebesgue’s dominated
convergence theorem, we can easily deduce that

up — Uy in WHRY) asR— oo forte {p,N}. 417
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It follows that u, — u, a.e. in RV as R — oo. Observe that #, is nondecreasing for all ¢ > 0. This implies at once
that H,(ug) < H,(uy) € LY(RN). Further, due to the continuity of ;, we infer that #,(uz) — H,(y,) a.e. RN as
R — o0. Consequently, by Lebesgue’s dominated convergence theorem, we have

Employing similar ideas as in Lemma 3.8, we can deduce that up — u, in L™1(R") as R — co. Consequently, we
obtainuy, > uinYasR — oo.
Using the fact that u, € O, we obtain from Lemma 4.2 that there exists ¢, > 0 such that t,u, € N,. Now,
arguing similarly as in (b), we have
¢, <max J (tu) = J (L up).

Next, we claim that for some ¢, > 0, the family {¢, },.,.,, is bounded. Indeed, if not, assume that ¢, — oo as
€ — 0. Now, using the fact that t,u, € N, we have

1
P

gl + gl o + lluglly
(3 WVEP WVE

_ /H’(t L Up)Up dx + /H (. uR)uR /H 1 (teug)ug dx

tN-1 tN -1 /. l'N -1 (4.18)

/ﬂt £Ug)Up dx+/f(t £Ug)Up dx.

tNl tNl

Without loss of generality, we can choose V(0) = V. Note that u, has compact support and V(ex) — V, as
€ — 0. Also observe that A, — R as £ — 0, see Alves-Ji [[44], Lemma 3.7]. This yields that | AZ| —0ase—0.
Consequently, due to Lebesgue’s dominated convergence theorem, we have for eachR > 0

/(quRl‘ + V(ex)|ug|") dx - /(|VuR|t + Volug|')dx ase —0andte {p,N}.
[RN
Using again Lebesgue’s dominated convergence theorem leads to

i,
/ (tN”f)”Rdx 0 and /f(ttl’v‘Rl)“Rdx ~0 ase—0.

Ac

T = /f(t L Up)Uip dx + /H 5 (te uR)uR /H 1t up)ug dx.

tN-1 tNl tNl

Define

In view of (f4) and (2.5), we have

H,(t up)u
T>yt”N/|uR|”dx+10g(t)N/|uR|Ndx / th T2 e RTR Gy + A,

where A = [Ly|up|V (1 + log |ug|[V) dx. From the definition of #,, we have the estimate

Hé(teuR)uR

NIN=15  y
N—1 |ugl™
i3

t

€

= |ugl" log |t up|¥ — (log((N — SN + N)ug ¥ +

This yields

tNl

H(t, _
/7( uR)uRdx</|uR|N 10g|t£uR|Ndx+N7(Nt 1)5/|uR|N—1dx+B,

A
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where B = —(log((N — 18N + N) [ovluglV dx. Gathering all these information and the fact thatt, > coase —
0, we obtain by setting C = A — B that

T, 2ytg‘N/|uR|”dx+10g(tE)N/|uR|Ndx—/|uR|N log lup|Ndx + C+0,(1) > 00 ase — 0.

€ €

It follows that 7, — oo as € — 0. Letting £ — 0 in (4.18) and using the above estimates, we get a contradiction.
Hence, we conclude that {t, }o., ., isbounded. Choose t > 0 such that J(tzug) = max,Jo(tug). It follows that
trUp € N

Now, we claim that ¢, is bounded for R > 0 large enough. Indeed, if not, let t; — co as R — oo. In virtue of
(Jo(tgug), trug) = 0, we have

IIURIIP + gl + lluglly

tN WlN

R
(4.19)

f(t Up)U H,(tRuR)uR H! (tRuR)uR
fNRl Bdx + tN -1 de

[RN
Due to (4.17), one sees that
p—N

ty

N N N
IluRllp + llugll 1N+|IMR|IN—>IIuoI| wiv Tllklly  asR— co.

Vo Yo Vo

Moreover, using (f4), (2.5) and (4.17), one has

f(tgup)u H’(tRuR)uR H] (tgUig)ug
fNR1 e+ . dx

> yt;‘N/|uR|ﬂdx+ (log(tR)N+1)/|uR|Ndx
+/|uR|N log |ug|¥ dx - 0o as R — oo.

It follows that
H! (tpun)u H’ tolly)U
/f(tf]:lRl)uR dx + / (R R) R dx (tll\z] f) R dx — 0o aSR — co.
RN

We get a contradiction by using all of the above information and letting R — oo in (4.19). This shows the claim.
Hence, up to a subsequence still denoted by the same symbol, t; — t; (> 0) as R — oo. Employing the same ideas
as in Proposition 4.1, one can prove that N is bounded away from the origin. This together with tu, € N
implies that there exists some § > 0 such that ||tzuz|ly > f > 0. Now, sending R — oo and using uz — u,inY as
R — oo, we can see that ¢ [|uylly > f > 0. From this, we conclude that t; # 0. A direct computation implies that

p tN
Je(toug) — Jo(tug) = %/(V(ex) — Vo) lugl? dx + ﬁ/(V(ex) — Vo) lug ™ dx

- -
+/<H2(tEuR)—77l2(t5uR))dx+/(F(tEuR)—f(t€uR)>dx
AC A

Using the fact that {¢, },,, is bounded, u, has compact support, V(ex) - V; as € > 0 and 0 < up < u,, we
obtain from Lebesgue’s dominated convergence theorem that
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%
;J/(V(ex) Vo)lug|®dx >0 ase—>0 for e {p,N}
RN
In virtue of |A§| — 0 as € - 0, by using (#,)(b), (3.2) and Lemma 2.13, we obtain from Lebesgue’s dominated
convergence theorem that

/(Hz(tEuR) - ﬁz(tguR)> dx—0 and /(F(tguR) - TE(tEuR)) dx—0 ase— 0.
A A
Gathering all of the above information, we deduce that
J(toup) — Jo(t,ug) =0,(1) ase—0.

Consequently, we have
limsup ¢, <lim sup J(t.ug) < Jo(tgug). (4.20)

e-0 -0
Notice that },(tzuz) — Hy(t;uy) and H] (tug)tpUy — H,(tug)tiu, ae. in RN as R — co. Now, using the fact that
{tz} g0 is bounded for large R, 0 < uy < u, and H; is nondecreasing for t > 0, we infer that there exists K > 0
such that t; < K and satisfying H,(tpug) < M,;(Kuy) € LY(RN), thanks to u, € Nj. Further, in light of Remark 2.8
and u, € N, we also have H/(tpup)tpuy < NH,(tpup) < NH,(Ku,) € L'(RY). Consequently, due to Lebesgue’s
dominated convergence theorem, we obtain

/Hl(tRuR)dx—> /Hl(tluo)dx and /H{(tRuR)tRuRqu /Hl’(tluo)tluodx as R — oo.
N N N N

By using (#,)(b), (3.2) and Lemma 2.13, we obtain from Lebesgue’s dominated convergence theorem that

/Hz(tRuR)dX—)/Hz(tluo)dX, /Hé(tRuR)tRuRdX—)/Hé(tluo)tluodx
RY RY RY RY

/F(tRuR)dx - /F(tluo)dx and /f(tRuR)tRuR dx —» /f(tluo)tlu0 dx asR - oco.
RN RN IRN N

Combining the above information, we deduce that J(tzug) — Jo(tuy) and 0 = (J(tguig), tpg) — (Jg(tuy), titg)
as R — oo. Next, we claim that ¢; = 1. Indeed, if not, then either ¢; > 1 or ¢; < 1. To prove the claim, we first
observe that (Jj(t;u,), tuy) = 0 and hence, we have

1 H! (t,uy)u,
= ,,||u0||”1p gl + Nuglly + [~ — dx
1 Yo
421
t
On the other hand, since u, € N, we have
IIuoll” o gl + gl + /7L11’(uo)u0c1x=/71!5(110)uodx+/f(uo)u0 dx. 4.22)
VO N N N
Subtracting (4.22) from (4.21), we get
1 H!(tu,)
(tN"’ —1)||u0||s/1.p +/<1tN11° — Hj(up) Juy dx
1 Yo RN 1
(4.23)

H(t
:/<M—Hﬁ(u@)uodxjt/(ﬂtluo) f(u0> dx.
1 - f

RN
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Now, we consider the case when ¢, > 1. Recall that by Lemma 4.2, for any 0 < t; < t,, we have

/(Hl’(tzu)u 3 Hl’(tlu)u> <0

N—-1 N—-1
tZ tl

Replacing t; =1, t, = t; and u = u,, respectively in the above inequality, we infer that the left-hand side of (4.23)

isnegative. On the other hand, by using (#,)(c) and (f3), one sees that the right-hand side of (4.23) is nonnegative.

This shows at once that ¢; > 1 is impossible. Similarly, when t; < 1, we can easily arrive at a contradiction. It

follows that t; = 1 and hence, we obtain J,(tzuz) — J;(u,) as R — oo. Consequently, we deduce from (4.20) that
limsup ¢, < Rlimjo(tRuR) = Jo(uy) = ¢y

-0

The proof is now complete. O
Finally, we shall be able to prove the following result.
Proposition 4.6. The problem (§6 ) has a positive ground state solution.

Proof. Let u, be a solution to (§5) as in Theorem 3.9 and hence, J (u.) = ¢, and J/(u.) = 0. Set u, = u} —u_.
It follows that ], (u,) = J, (u]) + J. (u; ). Moreover, we claim that either u} = 0 or u; = 0. Indeed, if not, then
0=(J/(u),uty = (J (uF),u}). It follows that u* € N,. Similarly, we can also prove that u_ € W,. Because of
Lemma 4.5(b), one sees that ¢, = J,(u.) = J. (u}) + J. (u;) > 2c,, which is a contradiction. Using that G} and
g are odd functions, we can assume that u, is a nonnegative solution of (58). Employing a slight variant of a
Moser iteration argument explored in Lemma 4.10, it follows that u, € L®(RM) N CIO(;Z(IRN )forsome0 < a <1,
and therefore, from Harnack’s inequality (see Trudinger [72]), we obtain u, (x) > 0 for a.e. x € R¥. This finishes
the proof. O

Hereafter, unless otherwise noted, the solution of (§E) provided in the previous proposition is denoted
by the notation u,. The following corollary is a consequence of the Lions’ compactness result that appears in
Lemma 2.10.

Corollary 4.7. Let {u,},cy C Y, be a bounded sequence in Y, verifying lim sup,_, ||un||11>’v' w < ‘;—N If there exists
0
R > 0 such that
liminfsup [ |u,|¥dx=0, (4.24)

n—oo

then the following holds:
@)  fan8lex, uu, dx — 0 and [xG(ex, u,) dx — 0 asn — oo;
() fanGilex, u)u, dx — 0 and [onG,(ex, u,) dx — 0 asn — co.

Proof. Given {u,},cn C Y, to be bounded in Y, and lim supn%o||un||%’ w < Z—’; It follows from (4.24) and

Lemma 2.10 that u, — 0 in L°(R") as n — oo for any v € (N, +00).
Now, by the hypothesis, there exist m > 0 and n, € N large enough such that ||un||1]>’v' w<m< ‘;—N for all
) 0
n > ny.Taker > 1withr’ = r—il > land satisfying % + rl, =1.Letr’ closetoland a > «, close to &, such that we
still have r’ a||un||1g’v' w <m<ayforalln > n;andu, = —»—. It follows from (B)(b), (3.2), Holder’s inequality,

T gl
Corollary 2.12 and Lemma 2.9 that for n large enough, we have

—N N 9
[ stexcuu,ax| < w5+
RN
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where

r

c=%, |sup <I’<r’a||un||%’m |ﬁ’n|N’) dx| < +oo,
n>n,
RN
thanks to Lemma 2.13. Consequently, due to the boundedness of the sequence {u,},cy in Y, and u, — 0 in
L9(RY) as n — oo, there exists a constant C; > 0 such that

n—oco

lim sup / glex, u,)u, dx| < z8yNC,.
[RN

Letting 7 — 0, we obtain from the above inequality that

/g(ex, uu,dx -0 asn— oco.
RN

Further, by using (3.3) and employing similar arguments explored as above, one has

/Q(EX,un)dX—> 0 asn— oo.
RN

On the other hand, by using (#)(b), (A)(b) and the fact that u, — 0 in L*(R") as n — oo for any v € (N, +o0),
we can easily deduce that (b) holds. This completes the proof. O

Now, we are ready to prove the following important compactness result.

Lemma4.8. Lete, » 0asn — oo and {u, } ey = (U, },en C Y, be anonnegative sequence such that J, (u,) =
Ce,» ]én(un) = 0 and satisfying lim sup,_, ||u,l||11>’V' w <"Z—IZ. Then, there exists sequence {y, }nen C RY such that
the translated sequence

w,(x) = U, (0 = u,(x +y,)

has a convergent subsequence in Y. Furthermore, up to a subsequence, y, = €,y, — Y, asn — oo for some y, € A
and V(y,) = V,,.

Proof. Following the ideas in the proof of Lemma 3.5, one sees that {u, } ,cy isbounded in Y, . Consequently, due
to (V1), we conclude that {u, },cy is bounded in Y. Now, we claim that there exist R > 0, « > 0 and a sequence
{Fn}nen C RY such that there holds

liminf [ |u,/Ndx>a>0. (4.25)
n—oo
Br(n)
Indeed, if (4.25) does not hold, it means that (4.24) holds. In virtue of Lemma 2.10, we obtain that u, — 0in LY(RN)

asn — oo for any o € (N, +00). In addition, one can notice that the results of Corollary 4.7 also hold whenever €
is replaced by €,. By the hypothesis, we have (J! (u,),u,) = 0. This fact together with Corollary 4.7 implies that

WI,N

Ven Ven

laall? .+ et =+ N + / Hi (i, dx = 0,(1)  as n - oo.
RN

Now, employing similar arguments explored in Lemma 4.2, one has

N N : l N
0 < Ntyll%,, + byl + ¥ +min{ gl ety | < 0,(1) asn— oo,

Ven Ven

It follows at once thatu, — 0inY, asn — oo.Consequently, due to (2.2) and Corollary 4.7, we infer that J, (u,) =
¢., — 0 asn— oo, which is a contradiction because of Lemma 4.5(a). This shows that (4.25) holds. Set w,(x) =
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U, () = u,(x +y,), then using the fact that || - ||y is invariant under translation, we deduce that {w, },cy is
bounded in Y. Thus, up to a subsequence not relabeled, we may assume that there exists w € Y such that

w,—~w inY, w,—-w inL(Bg) and w,—w aeinRY asn- oo, (4.26)

and also there exists g € L’(Bp) such that |w,| < g a.e.in RN for s € [1,+o0) and for all R > 0, thanks to
Lemma 2.9. In view of (4.26), we obtain from (4.25) that

lwNdx > a > 0.
Br(0)

This infers that w # 0. Define y, = €,y,. Now, our aim is to show that {y, } . is a bounded sequence in R¥. For
this, we prove the following claim.

Claim I: There holds lim,,_, , dist(y,, A)=0.

If the claim does not hold, then there exists § > 0 and a subsequence of {y, } .y, not relabeled, such that

dist(yn,X) >6 forallneN.

It follows that there exists some r > 0 such that B,(y,) C A® for all n € N. Next, let ¢ € C°(R") be such that
0<¢<1¢=1inB,and¢ = 0inBj.Foreachj € N,define;(-) = qb(;).Further, sety;(+) = q/(;)andu/j(x) =
¢;(0wk). It follows that 0 < y; <w, y; = win B;, and y; =0 in ng. Observe that supp(y;) C B,;. By using
similar arguments explored in Lemma 4.5, we can obtain

V- w inY asj- oo. (4.27)

Now, by fixing j > 0 and using y; as a test function along with the change of variable z — x +Y, and the
invariance by translation, we can see that

Z /(|an|“2an -V + Vig,X + y)wi ;) dx

te{p.N} RN

+/wﬁ—1wjdx+/H{(wn)wjdx (4.28)
RN RN

= /G;(enx+yn,wn)u/]-dx+/g(enx+yn,w,,)u/]- dx.
RN

RN

From the definitions of G; together with (A)(c), we can see that

/G;(enx+yn,wn)wjdx= /G;(snx+yn,wn)u//-dx+/G;(enx+y,l, wy)y; dx
Br

RN B,

sf/ wfl’_ledx+/7-lé(wn)u/jdx
Br B¢

N-1
sf/ wy "y dx + /Hé(wn)u/jdx.
RY B,

Similarly, by using the definition of g and (/3)(d), one has

/g(enx+yn,wn)u//-dx§f’/wfl’_ledx+/f(wn)u/jdx.
RN RN B

€n
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Observe that lim sup,,_q, |10, |1, , < %* holds. In virtue of
0

we obtain from Lebesgue’s dominated convergence theorem or Vitali’s theorem that

B¢, (0)| = 0 as n — oo, (H,)(b), (f1) and Lemma 2.13,

/Hg(wn)wjdx—m and /f(wn)u/jdx—>0 asn — oo.
By B,
Using that y; has compact support, (4.26) and (7,)(c), due to Lebesgue’s dominated convergence theorem, we

have
/Hl’(wn)q/jdx—> /Hl’(w)y/jdx asn— oo. (4.29)
RN RN

Note that {w, } .y 1s bounded in Y. Now, arguing similarly as in Lemma 3.7, we can easily prove that Vw, - Vw
a.e.in R asn — co and for any ¢t € {p, N} there hold

/|an|t‘2an-Vy/]-—>/|Vw|“2Vw-Vq/jdx asn— oo,
RN RN

(4.30)
/w;‘lu/jdx—>/wt‘1u/jdx asn— oo.
RN RN

Combining all the above information with (V1) and V,, +1 > 2(Z + ¢’), we obtain by sending n — co in (4.28)
that
/(lelp_ZVw -V + VowP lyr;)dx + /(lelN_ZVw -V + nuw "y ) dx

RN RN

(4.31)
+ /H{(W)wjdx <0,
RN

Vot

pas
for t € {p,N}. Moreover, one has |Vw|""*Vw € L7 (RM)]Y and w'~! € L7 (RY) for ¢ € {p,N}. This shows
that

wheren = It follows immediately from (4.27) thaty; — win LY(RY) and Vy j— Vwin [LY(RM)IVasj — oo

/leI“ZVw-Vu/]-—»/Nwltdx and /wt‘ledxa/wtdx as j — oo.
RY RY RY RY

Due to Lebesgue’s dominated convergence theorem, we also have

/Hl’(w)y/jdx—> /Hl’(w)wdx as j — co.
RN RN

Letting j — oo in (4.31) and gathering all these information, we get

OS/(IVw|p+Vowp)dx+/(|Vw|N+an)dx+/7—[{(w)wdx50‘
RM RN RV

Following similar ideas explored in Lemma 4.2, we deduce from the above inequality that
0.< llaolly,,, + ity + min{ leoll, ||w||§¥,1} <0.
Yo

It follows that wo = 0 in Y is a contradiction. This completes the proof of the claim. Hence, up to a subsequence,
still denoted by itself, we have y, — y, € Aasn— co.

ClaimII: y, € A.

Choose 8 € [N, +o0) and R > 0, then the sequence y,(x) = y,(e,x +y,) is bounded in L%(Bg). Due to the
reflexivity of the space LH(BR), there exists y, € L”(BR) such that y, = yp in Le(BR) as n — oo. Suppose 0 <
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R; <R,, then the functions yp and yg are obtained in the same way of y, satisfying yz = x |5, - Hence, we
1
conclude there exists a measurable function y € LfOC(RN )with 0 < y < 1such that we have

In—x inLP(By) asn— oo forallg €[N, +oo)and for all R > 0. (4.32)

Fix y € C(R")and R > 0large enough with supp(y) C By. Following similar arguments as in Claim I, we can
see that when y; is replaced by y in (4.28), then (4.28) is also true for any y € C, ©(RY). Similarly, we can also see
that (4.29) and (4.30) also hold by replacing y; by y. Further, since y has compact support and V € C(RY,R),
therefore by (4.26) and Lebesgue’s dominated convergence theorem, one has

/V(snx+yn)w;‘11//dx—>/V(yo)w“ly/dx asn—oo forté€ {p,N}.
RN

RN
Note that C=*(RY) is a dense subset of L#(R") for any g € [1, +c0). Therefore, by using (4.26) and the growth
assumptions on 7, and },, we obtain from Lebesgue’s dominated convergence theorem that

Hy(w,)y — H,(w)y and ﬁ;(wn)y/—»ﬁ;(w)zp inLﬁ(BR) asn— oo forallg>N.

This together with (4.32) implies that

/G;(snx + Y, Wy dx — /5;()(, w)y dx asn— oo,
RV RN

where - N
Gy(x,8) = y(X)H;(8) + (1 — y(x)H)(s) forall (x,s) € RV X [0, +0),

5;()(, s) = —5;()(, —s) forall (x,s) € RN X (-0, 0].
Recall that lim sup,,_, ||wn||1;’V' . < 2 holds. Now, by using (4.26), the growth assumptions on f andf as well as
ay
Lemma 2.13, we obtain from Vitali’s convergence theorem that
fwy - f(wy and f(wn)w —>j~°(w)z// in Lﬁ(BR) asn—oo forallg> N.

Consequently, from (4.32), we infer that

/g(snx + Yo W, ) dx — /E(x, wy dx  asn— oo,
RN RN

where ~
g2(x,8) = y(Of(s)+ (1 — y(x))f(s) forall (x,s) € RV x [0, +o0),

g(x,s) = —g(x,—s) forall (x,s) € RY x (—o0,0].

Now, replacing y in place of y; in (4.28) and using the above convergence results, we obtain by letting n — oo
in (4.28) that

/(IVw|p‘2Vw -V + V(ygwPy) dx

RN

+/(|Vw|N‘2Vw~V1//+ (Vo) + 1) 1y) dX+/H{(w)l/de (4.33)
RN

RN

= / G(x, w)y dx + / 2(x, wy dx.
RY RN

Note that for ¢ > N, we have

|5;(x, ) <ZIsM L+ sl and  [g(x,s)| < |f(s)] forall (x,s) € RN XR.
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In addition, the maps t — Géfv{’f) and t —~ Z’S(X’S) are nondecreasing on (0, +o0). Applying the density of C**(RY)

N—-1

in Y, we infer from (4.33) that w is a critical point forf, that isj’ (w) =0, wherejN’: Y — R is defined by

V(yo) V(yg)

= 1 1
Joo =iy, + N(uun;vvm + ||u||x) + [0 dx
RN

- /52()(, u)dx — /E(x, u)dx forallu €Y,
RN

RN

where
N

N
Gy(x,s) = / Gyx,0dt and G(x,s) = / Zx,de forall (x,s) € RV X R.
0 0

We define Jy(, ):Y — R by

V(yg) V(yg)

1 1
Jogp@ = —lull?,, +=( Il +luly )+ [ Hwdx
Yo p W, N W-
RN
—/Hz(u)dx—/l-"(u)dx forallu e Y.
RN RN

Further, let
Nvgy = {u € Y\{0}: (]",(yo)(u), uy = 0},

c = inf (u) = inf max (tu).
V() ue/\/v(m)]V(yo) ueY\ {0} £20 Jviy

Denote O, = {u € Y,: | supp(|u|) N supp x| > 0}. Now, using the growth assumptions on 5; and g and employ-
ing similar arguments explored in Lemma 3.2, we can deduce that for fixed u € @,\ {0} with u > 0 a.e. in R”,
J(tu) > —oo as t — oo. In virtue of w # 0 and J’(w) = 0, it follows that w € ©,. Consequently, we have

J(w) = n}gg{](tw) > ntlzaox Tviyy (W) = Cy(y)-

Following similarly ideas as in Lemma 3.5 and using the change of variable z - x +y,, together with (.A4)(d) and
NG(x, s) < sg(x,s) for all (x,s) € R¥ X [0, +00), we get

oy = e ) = L, ). )

= <; - ;)/(|an|l’+V(eHX+yn)Iwn|p)dX
RN

+ /(%g(enx + Y, W)W, — €, X + Yy, Wn)) dx

RN

1 1
+ / (7 enl" + ) = 010, + G+ Yy 10010, = Gl + Yy 1))

N
[RN
> (; B 11v>/(Ian|” + Ve + yo)lwyl?) dx

R

1
+ /(Ng(enx + Vo, W)W, — Ge X + Yy, wn)) dx

By
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1 1 1
+ /(lenlN + H,(w,) — NHz’(wn)wn + NG;(snx + Y WIW, — Go(€,X + Yy, wn)) dx

BR
for all R > 0. Now, from (4.26) and the growth assumptions on Hz’ and 77; together with Lebesgue’s dominated

convergence implies that

~ ~ 1
Hy(w,)w, - Hy(w)w and H)(w,)w, —H(w)w in L%(BR) asn—oco forallg>N.

The above result together with (4.32) gives
/G;(enx + Y, Wyw, dx — /Eg(x, w)wdx asn— co.
BR BR
Likewise, we can prove that
/Gz(enx + Y, wy) AX — /Ez(x, w)dx asn-— oco.
BR BR
N/

Wl,N
from Vitali’s convergence theorem that

Further, using lim sup,,_, , [|w,|| < ‘;—” (4.26), the growth assumptions on f andf, and Lemma 2.13, we deduce
0

fw)w, - f(w)w and f(wn)wn —>}~°(w)w inLqTH(BR) asn—oo forallg> N.

Now, it follows from (4.32) that
/g(enx + Yy wpw dx — /E(x, w)wdx asn- co.
BR BR

Similarly, we can prove that

/Q(Enx+yn,wn)dx—>/5(x,w)dx asn— oo.

By By

In a similar fashion, we obtain from Lebesgue’s dominated convergence theorem that

/Hz(wn)qu/HZ(w)dx and /Hé(w,,)wndxé/Hz’(w)wdx as n — co.

BR BR BR BR
Gathering all the above information, we obtain by using Fatou’s lemma and Lemma 4.5(c) that

1 1 1~ ~
Co > <p - N)/(vaw+V(y0)|w|P)dx+/(Ng(x,w)w—g(x,w))dx

R BR

1 1 1~ ~
+ /(lelN +Hy(w) = H (W + 606 wlw = Gy, w)) dx.

By
Letting R — oo in the above inequality, we get

1

1 1~ ~
Cy > <p - N)/(vap’+V(y0)|w|P)dx+/<ﬁg(x,w)w—g(x,w))dx

RN RN

+ /(%IWIN + Hy(w) — %Hg(w)w + %5;()(, wWw — Gy(x, w)) dx
RN
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=T(w) - %(T(w), w) =TJ(w) > Cviyy)-

It follows from the above inequality and the definitions of ¢, and ¢y, , that V(yy) < V, = )}2{{ V(x). Consequently,
by (V2), we have V(y,) = V, and y, € A. This finishes the proof of the claim.
To finish the proof, we only have to prove w, — win Y as n — oo. For this, we have the following claim.
Claim III: w, > winY asn — oo.
Notice that
RY = (A, U{w, <t;}) U (AN {w, > t}),

where A, = AEJ From the definitions of G, and H, along with (/3)(d), one has
1
NG;(an + Yo W)Wy, — Gyle X + Yo, wy) 20 on A; N {w, > 4},

%g(enx + Y W)Wy — Gl X + Yy, w,) 20 on AL N {w, > t},

and
(v —1s)"
N
It follows from w, — w a.e.in RY, Vw, - Vwae.inR", y, - y, and y, — lae.in R" asn — oo that
M) (IVw,|? + Vig,x +yn)|wn|1’)}(A;m{wn>tl} —0ae. inRY asn— oo,

1 1
N|wn|N + Hy(w,) — NHé(wn)wn > >0 for w, >t,.

(i) %Gg(snx + Voo W)W, — Go€,X + Yy, wn)>;(A§n{wn>tl} —0ae. inRY asn - oo,
i) (2w, ¥ + Hyw,) - %Hé(wn)wn))(,\;n{wnxl} ~0ae. inRY asn - oo,

(iv) %g(enx + Y, wdw, — Gle X + Yy, wn)))(,\ﬁm{wm} —0ae.inRY asn — oo.

In virtue of Eg(x,s) < H'(s), E;(x, $) < f(s) for all (x,s) € RN x[0,+00) and V(y,) = V,, we obtain from
{J'(w), w) = 0 that (Jow), w) < 0. Define &: (0, +00) — R by &(t) = (J;(tw), tw). It follows immediately that
£(1) < 0. Choose 0 < t < 1, then by using (H;)(b), (},)(b), (3.2) with § = g > N and Corollary 2.12, we get

E(t) > tN<||wII5VLp + ||w||1VVVLN +(1- T)||w||§> — | Cllwllf + zT/| w|1P(a|wM) dx|.
Vo Vo
RN

Due to the arbitrariness of 7 > 0, we can choose 7 > 0 small enough such that V, + 1 — 7 = ¢ > 0. Consequently,
we have

1N
wh
Vo o

é(t)th(||w||§vl,,,+||w||N )—tq cuwuz+ET/|w|q<I>(a|w|N')dx.
RN

This shows that there exist constants C;, C, > 0 such that
EO) > Ct" — Gyt > 0 for t € (0,1) sufficiently small.

Due to the continuity of £, we infer that there exists ¢, € (0,1] such that &(t,) = 0, that is, t,w € N,. Now, com-
bining all the above information, we obtain from the change of variable, Lemma 4.5(c), Fatou’s Lemma and (f3)
that
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¢y > limsup ¢, =limsup J, (u,) = limsup []E"(un) - %(]én(un),un)]

n—oco n—oo n—oco

= lim sup <1—1)/(|an|1’+V(enx+yn)|wn|1’)dx
n—co p N

RN

1 1
+/(ﬁ|wn|N+H2(wn)_NHé(wn)wn>dx

[RN

+ /(%g(enx + Yoo W)Wy — G(EX + Y, wn))dx

RN

1
+ /(NGé(an + Y, W)W, — Gyle,X + Yy, wn)>dx

RN
L. 1 1
> lim inf 2N (IVw,|? + V(e x + yp)lwy|P) x,, dx
RY (4.34)
1
+ [ (% P, = Fawy) 1y, dx
RN
1 N
+/N|wn| )(Andx
RN
1 1 P P
+ E_N (vanl +V(Enx+yn)|wn| ))./Afln{w,ptl}dx
RN
1 N 1.,
+/(ﬁ|wn| +H2(wn)_NHz(wn)wn>XA;n{wn>tl}dx
[RN

1
+ /(NG;(gnx + Vs wn)wn - GZ(EnX + Yno wn)>)(Afln{wn>t1} dx
RN

1
+ /(ﬁg(‘gnx + Yns wn)wn - Q(Enx + Yns wn))}(Afln{wnM]}dX

RN
1_1 1 N 1 _
> <p N)/(le|P+VO|w|P)dx+N/|w| dx+/<Nf(w)w F(w))dx
RY RY RN

1 1), tN/
>(1-2 P4V w|? Yo N
_<p N)to/(WwI + Vylw| )dx+N |w|N dx

RN RN

1
+ /(Nf(tow)tow - F(tow)> dx

RN
1
= Jo(tew) — N(](,)(tow’ tow) = Jotyw) = .
It follows that ¢, = 1. Moreover, due to the simple change of variable, we obtain the following convergences

/(|an|t+V(5,,x+yn)|wn|‘)dx—»/(|Vw|t+V0|w|‘)dx asn—oo forte€ {p,N}
RN

RN
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and
/H{(wn)wndxa /Hl’(w)wdx asn— oo.

Consequently, it is not difficult to show that

/lwnlth—’/|w|th asn— oo forte{p,N}-

This implies that ||w,|| 2« = ||w]|,.c a8 n — co for t € {p, N}. Now, arguing similarly as in Lemma 3.8, we can
1) 14
deduce that w,, > winY as n — oo. This completes the proof. O

Remark 4.9. In view of (4.34), we deduce that there holds lim,_,c, = c,.

To study the behavior of the maximum points of the solutions, the following lemma is quite important.
The proof relies on the appropriate Moser iteration argument found in Moser [73] and the notions discussed in
Ambrosio [74].

Lemma 4.10. Let {w,},cn be a sequence that appears in Lemma 4.8. Then, {w,},cn C L®(RY) and there is a
constant K > 0 such that
lwyllpo@yy < K foralln € N.

In addition, we have
lim sup| w,(x)| = 0. (4.35)

[X|=00 peN

Proof. For all L > 0 and f§ > 1, we define y(w,) = w, wN(/j Y and Uy = wnwﬁzl, where w, ; = min{w,, L}.

Note that the function y is an increasing function, so we have (a—b)(y(a) — y(b)) > 0forall a,b € R. Define

L

Ao=" aa ro= [oreras

Invoking Lemma 29 of Zhang-Sun-Liang-Thin [57], one sees that
N'(a-Db)y(a)—y((b) > |T(a) =TV foralla,b € R.

Consequently, there holds

1w wﬂ <T'(w, < w, wﬂ

p

Let 7 > 0 be specified later and S be the best Sobolev constant of the embedding W¥(RY) < L¥"(RY) for any
N* > N. Using the fact that || - || ,.v is an equivalent norm for W'V (RY), the last inequality yields

||w,,wﬁj||§* < pN / WP\ Vw, |Ndx+11/ wNwN"’ D ax|, (4.36)
RN

where C; = C,(N, f,S) > 01is a constant. Due to w,; < L, we have 1/ (w,)y(w,) < INV"VH!(w,)w, € L'(RY).
By direct calculation, one has

/|Vw |P2Vw, - V(y(w,))dx = /wN"’ YVw,|?dx + N( —1) / wN(ﬂ V|V, |P dx > 0,

{10,<L)

/le N2V w, - V(y(w,)) dx = / NIV 1w, ¥ dx + N(f — 1) / N‘/’ DIV, |V dx

{w,<L}
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N(p-1) N
> /wn’L [Vw,|" dx
N

and

/V(s X+ Y)Wl + Wy (w,) dx > VO/wpr(ﬂ 1)dx+V/wNwN(ﬁ D dx

RN

SV /wNwN(ﬂ D gy

Combining all the above information and using (#,)(}), (A)(a), (3)(b) and (3.2), we obtain by taking y(w,) as
test function in the weak formulation of the problem solved by w, that

/wmﬂ "V, |Ndx+n/wNwN(ﬂ D gy

4.37)
<C/wq WPV ax + ¥ /w'ng(ﬂ 1)CID )dx,

where we have used that = € (0, #'] to be small enoughandn =V, +1- (¢ + ¢') > 0, thanks to Vo+12>27 +
). Consequently, we obtain from (4.36) and (4.37) that

lw, w ||N* <cpV|c /w wN(ﬁ Vax+% /w wN(ﬂ DCD( )dx . (4.38)

RN RN

By the hypothesis, we have lim sup,_, . ||w, ||W1N
Theorem 1.1], up to a subsequence, not relabeled, we may suppose that

"‘N. Following similar arguments as in Fiscella-Pucci [[25],
0]

Supl| eyl < ¥ (439)

Set min{9,q} > 2N and take u, u’,o > 1 such that i+ % =1. It is easy to see that y’(q—N) >N and

cd— N) > N. Further, we select t > 1 such that % + i + i = 1. In view of (4.39), we can find m > 0 such that

lw, IV, <m< ‘;—N for all n € N. Let t > 1 be close to 1 and a > «, be close to a; such that we still have
0

WlN

atl|w, ||V, <m < ay for all n €N and w, =

WlN i, ” . Using that {w), } ey is bounded in Y, it follows from
wlN

the generalized Holder inequality, Corollary 2.12 and Lemma 2.9 that
Cq/ wqu(ﬂ_l)dx+T<'T/w wN(ﬁ 1)d>< )dx
RN
_C/wq VU dx+ K /w‘9 Ml <I>(awN'>dx
(4.40)

t

q—N N 5N N
<l G, + Rl 12, / @ (atliw 1,1 ) x| [l I,

L
< Clluy I, = Cllwl 1Y, < Cllewo,lys
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where the last inequality is obtained by using w, ; < w, and C is defined as

t

~ -N ~ 9-N N o vy

C = C,sup| w,||" X _sup|| w su <I><atw w >dx < 400,

anINJII all gy + THEIN’II nllo9—n) neg Wl | Wl +
RN

thanks to Lemma 2.13. In virtue of (4.38) and (4.40), we deduce that there exists a constant C > 0 such that
e, Y. < CAYllwylIh
By applying Fatou’s lemma as L — oo, we obtain from the above inequality by setting Ny = N** < N* that
11
1Wnlly-p < C¥ B7 |0yl . (4.41)

Define f = 1\1;/ > 1, then one has N** #% = N* . Replacing § with f* in (4.41), we get

12 12
I wy Ny pe < €9 B3 || oy |lyes e = CV B7 || w0y g
(1) 1,2
<G g5 )L w, e,
Using the fact that ||w,|ly-4 < C; for all n € N, where C, > 0 is a constant and iterating the formula (4.41), we
get
Sk T Sk T
lwllyepm < C7 38 720 [y |l < CC 0 g1 forall n,m € N.

By d’Alembert’s ratio test, the series ©° N~ p~tand Z;ﬁliﬂ‘i are convergent. Therefore, by letting m — oo in the

above inequality, we obtain
lwyllpeomyy <K foraln €N (4.42)

for some constant K > 0. Now, employing the standard regularity theory for quasilinear elliptic equations (see
the works in [75]-[80]), we conclude that w,, € C]O(;Z‘([RN ) for some 0 < @ < 1and for each n € N. Moreover, due
to the embedding Y & X, Corollary 2.4 and (4.42), we deduce that {w, },cy is bounded in X, ||w, ||y < C for all
ne Nand 6 € [p, p*] U [N, +o0]. Moreover, w, — w in LO(RYN), w, - wae.in RY as n —» oo and there exists
g € LY(RY) such that |w,| < ga.e.in RN forall @ € [p, p*] U [N, +o0). It is easy to see that w, solves (in a weak
sense)

[—prn + Vow,’,’_l] + [-Ayw, + nuwi ] < cuwi™ + Erwﬁ‘ld)(awiw) in RV, (4.43)

Define the operator T: X — X* by

(T(w),v) = /(|Vu|p_2Vu Vo + Volu|P~?uv) dx + /(qulN_ZVu - Vo + nlulN"2uv) dx
RN RN
for all u, v € X. By direct computation, we can deduce that T is coercive. Further, employing a slight variant
argument explored by Liu-Zheng [[81], Lemmas 3.1 and 3.2], it follows that T is monotone. Next, we prove that
T is hemicontinuous, that is, the function [0,1] © t —~ (T(u + tv), w) is continuous for all u, v, w € X. For this
purpose, let {t,},cn C [0,1] be such that ¢, — t as n — oo. By the discrete Holder inequality, for any @ € (0,1)
and a, b, c,d > 0, there holds
a®c™ + b*d*=* < (a+ b)*(c + d)'°.

This together with Holder’s inequality implies that for any y € {u, v} and k > 0, we have
/(|VW|H|VW| +klw | wl) dx < max{L k}Iw |5 lwliy < +oo, (4.44)
RN

where t € {p,N}. In virtue of (4.44), forany ¢t € {p,N} and k > 0, we have

||V(u + 6,02V (U + t,) - Vw + k|u + t,0] (U + t,o)w
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< C[(IVul 7 Vwl + klul " w]) + (IVol" | Vw| + klv|w])] € LA(RY)
for some constant C > 0. Hence, by Lebesgue’s dominated convergence theorem, we ensure that
(T(u+t,0),w) - (T(u+tv),w) asn— co.

It follows that T is hemicontinuous. Consequently, by the Browder-Minty theorem (see, for example, Zeidler [[82],
Theorem 26.A]), the operator T is surjective, that is, for all v € X*, there exists u € X such that T(w) = v.

Note that (r—1)N > N(N —1) for any r € {q,d}. Therefore, by using Hoélder’s inequality, (4.39),
Corollary 2.12 and Lemma 2.13, one has qu;’l_l +%, wﬁ‘ldD(aw’,Y') € L 1 (RY) c X*, thanks to the bounded-
ness of {w, },y in X. Consequently, there exists v, € X such that it solves (in a weak sense)

[—A ,vn + VolvalP720,] + [~ Ay, + 110N 20| = Cuwi™ + Efwg_ldD(awflﬂ) in RY. (4.45)
Putting v, = v} — v; and testing (4.45) by v;, we obtain by using w, > 0 that

_ P _ -V
1S [ wir vy, ||W;,N
= /[(|Vun|p_2VUn VU + Vol P20,07) + (IV0 N2V, - Vo, + nlo, V20,07 )] dx
RN
—1 ~ _ "
= / (quz + &0 1d><awfl’ ))UndXZ 0.

{v,<0}

This shows that [lv; ||,,»» = |V} [lywv = 0, thatis, |lv;|lx = 0. It follows that v = 0 a.e. in RY, that is, v, >
1) n

0 a.e.in RY. Inspired by the comparison principle as used in Brasco-Prinari-Zagati [[83], Theorem 4.1] and in

Corréa-Corréa-Figueiredo [[84], Lemma 2.2], we get from (4.43) and (4.45) that 0 < w, < v,a.e.in RY¥.Once more,

by testing (4.45) with v,,, we have

Hoall?,, + ol = / ((:qwz—1 +Efwﬁ—1c1>(aw§y’))un dx. (4.46)
Vo n -
Due to the Young’s inequality with ¢ € (0, + ) that is, ab < £a¥ + Cng_l for all a,b > 0, we obtain from

(4.46), Corollary 2.12 and by setting { =n — ¢ (C + K,.) > 0 that

(=D (9-1N -
lloall? +||U||W1N_CC€/|LU|N1dX+KC§/LUN'1q) )dst
V

for some constant C > 0, thanks to Holder’s inequality, (4.39), Corollary 2.12, Lemma 2.13 and the boundedness
of {w, } ey In X. This shows that there exists a constant C > 0 such that ||v,|lx < C for all n € N. It follows, up
to subsequence not relabeled, that there exists v € X such that we obtain from Corollary 2.4 that

v,=v inX and v,—v InLRY) foralld € [p, plUIN,+00) asn— co.
Observe that v solves (in a weak sense)
[=A v+ Volo|P~20] + [-Ayv + nlo/N 0] = Cut™ + ' ®(aw') inRY,

In particular, we have

||v||5/ + ||u||W1N =/(cqwq-l+%Tw'9—1cb(awN’))udx. (4.47)
0
RN
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Claim I [yl v, dx = [ qu‘lv dx asn— oo.
By using the fact that w?~! € L3 (R") and v, = v in LN(RV) as n — oo, we have

/wq‘l(un —v)dx—0 asn- oo.
RN

On the other hand, we have
|WZ_1 — WY < 2N’—1<g(q—1)N’ + |w|(q—1)N’> e LY(RY).
In virtue of Lebesgue’s dominated convergence theorem, we have

—1 1N’
/|wf1 —w N dx >0 asn— .
RN

Using this and Holder’s inequality gives

1
N

/( Wi = wt™ o, dx| < llolly /I Wi —w PV dx[ -0 asn- co.
RM RN
It follows that
/(w‘,{_l - w‘H)Undx -0 asn-— oo.
RN
The proof of Claim I now follows directly from the above convergences.
Claim IT: [, w?7'®(aw!")v, > [RNw'g‘ld)(awj")u dx asn-— oo.
Due to Lemma 2.13, one has w?~1®(aw"') € L7 (RY). Now, it follows from v, — v in L¥(RY) as n — oo
that
/(vn — 0w ' ®(auw’ )dx - 0 asn— .
RN

Further, by Hélder’s inequality, (4.39), Corollary 2.12 and Lemma 2.13, it is not difficult to see that

N/
w0l ) - w8—1d>(awN’)’ <2V (g9 V(N aw) ) + 1wl OV OV aw) ) € LIRY),

Invoking Lebesgue’s dominated convergence theorem, we get

N/
dx—0 asn-— co.

/‘ w‘Z‘lCIJ(awﬁ’/) — w ' d(aw™")
RN
Consequently, by Holder’s inequality, we infer that for n — oo, there holds

/( wfl"ld>(awﬁ’/> - w19‘1<I>(awN/)>Un dx
_

N’

dx| —0.

< llvally /‘w’z_ld)(awfl’/) — Wl P(aw™)
RN

This yields
/(w'z‘ltl)(awﬁ’/) - w""ld)(awN/))Undx -0 asn-— oo.

RN
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Now, the proof of Claim II follows immediately by using these convergences.
In view of Claim I and Claim II, we obtain from (4.46) and (4.47) that
P N _ p N
”U"”wé-op + IIUnIIW;,N = IIUIIW%,, + IIUIIW;.N +0,(1) asn- oco.
This shows that
p p N N
IIUHIIW;,O,J - IIUIIWé,Dp and IIUHIIW;,N - IIUIIW$,N asn— oo.
Repeating the same procedure as in Lemma 3.8, we get v, — v in X as n — oo and hence, v, — v in L(RY)
asn— oo for all @ € [p, p*] U [N, +00). This shows that the first assumption of Lemma 2.1 in Ambrosio [74] is
satisfied.
On the other hand, by using the fact that C,w{ ' + &, wi1®(aw!') < C,ui™ + ¥, vI71®(aw)") and test-

ing (4.45) by v, NP

WL » we obtain by performing a similar Moser iteration as before that

lollgomyy < K forall n € N. (4.48)

This together with the interior regularity result for quasilinear elliptic equations mentioned above implies

the existence of a fixed x, € RY such that {v,},en C C%*(B1(X,)) for some a € (0,1) depending on p, N and
2

independent on n € N and x,. Further, there also holds

o) = v, _ c

[v,] = s <c. .
n co.a(B%(Xo)) X,YEB1(Xy).x#y |x — y|*
2

where the constant C = C(p, N) > 0 is independent on x,. Now, we claim that [0,] vy < C, where C > 0is a
constant. For this, we first fix x, y € R". Note that when |x — y| > 1, then using (4.48), one has

10,00 = 0, V)] < 2] Uyl oy < 2K < 2K|X — y|*.
Conversely, when |x — y| < 1, then one sees that |x - “Ty’ = | y— %| = @ < % Hence, by using (4.49), we

obtain N +
Un(X)—Un<X y)‘ + x*y

2

10,00 = 0, < 0a) = v

2

)‘ <Cix—-yl*
for some constant ¢ > 0. This proves the claim. Consequently, we deduce that
ol coaqmry = NN0pll ooy + [Dplcoaeyy < €, foralln €N
for some constant C; > 0. Take € > 0 and choose 6 = (i )a, then for all x, y € RN with |x — y| < § implies that
|0,(X) = v,(M)| < Cilx—y|* <e foralln e N.

It follows that {v,, } e is uniformly equicontinuous in R". Therefore, by applying Lemma 2.1 of Ambrosio [74],
we get

lim sup|v,(x)| = 0.
[X|—>00 nen

Due to 0 < w, < v, in RN for all n € N, it follows that (4.35) holds. This finishes the proof. O
Finally, we end this section by proving the concentration phenomena of positive solutions of (P,).

Proof of Theorem 1.3. Let g, be small enough. Note that if u, is a positive solution of (§E), which is obtained by
Proposition 4.6, then there must hold

u () <t forallx € RM\A, and ¢ € (0, &). (4.50)
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In fact, if (4.50) does not hold, let {£,},y and a solution u, = u, of (gé) such that €, — 0 as n — oo and there
hold J, (u,) =c¢, , J; (u,) =0and

u, () > t; forallx € RV\A, . (451

In view of Lemma 4.8, we can find a sequence {Y, } ,en C R such that w,(-) = u,(- +y,) > winY and €,y, —
Yo asn — oo for some y, € Aand V(y,) = V,. Using that y, € A, there exists some r > 0such that B,(¢,y,) C A,
thatis, B (y,) C A, for all n sufficiently large. Consequently, we obtain for these values of n that

RV\A, C B (3,). (4.52)

€n

Further, since w, — w in Y as n — oo, by invoking Lemma 4.10, one sees that (4.35) holds. Hence, we can find
R > 0 such that
w,(x) <t forall|x| >Randn e N.

In particular, the last inequality together with a simple change of variable yields
u,(x) < t; forallx € Bi(y,) and n € N.

Consequently, there exists n, € N such that for any n > n, and EL > R, we deduce from (4.52) that
RY\A, C B (,) CBy(y,) foralln>n,.

It follows immediately that u,(x) < t, for all x € RY \A,, and n > ny, which contradicts (4.51) and thus, (4.50)
holds. Now, by setting v, (x) = u,( f ), we can conclude that v, is a positive solution of (P,).

Finally, we study the behavior of maximum points of v,(x) as € — 0. For this, we assume that €, — 0 as
n— oo and {u, }ren = {U, }nen C Y, is a nonnegative sequence of solution for (S,). In virtue of the definition
of G, and g, we can find p € (0, t;) such that

Gy(ex,s)s < ¢s¥ and  g(ex,s)s < ¢'sV forall (x,s) € RV x [0, pl. (4.53)
Employing a similar argument as done above, we can find R > 0 such that
Nunllzo e, < & foralln € N. (4.54)
Note that, up to a subsequence not relabeled, we can assume that
lunllpop,5,) =t foralln €N. (4.55)
In fact, if (4.55) does not hold, then we have ||u, || =g~y < t; for alln € N. Consequently, by using (4.53), J "(un) =

0, and arguing similarly as in Lemma 4.2, we deduce that

N N 3 l N
0 < Igll?,, + s + by ly +min{ fylly a1, } < 0.
VE"

an
Letting n — oo in the above inequality, we ensure that u, - 0inY, asn — oo. Hence, we get J, (u,) =¢, —0
as n — oo, which is a contradiction because of Lemma 4.5(a). It follows that (4.55) holds.

Taking (4.54) and (4.55) into account, we conclude that the global maximum points p, € R of u, belong to
Bp(y,). It follows that p, = r, +y,, wherer, € By. Note that the solution of (P,) is of the type v,(x) = un(si) and
thus, a maximum point#, of v,(x)is of the form#n, =é€,r, + €.Yn-Byusingr, € By, £,y, = y, and V(yo)n= Vo,
we deduce from the continuity of V that

nl}glo Vin, )=V =V,

Hence, the proof is completed. O
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5 Mutiplicity of solutions to the main problem via category theory

This section is focused on the study of the multiplicity of positive solutions to (P,) using the Lus-
ternik—Schnirelmann category theory. This theory is a variational technique which helps us to find critical points
of a functional on a manifold, in connection with the topological properties of that manifold. For more details on
this theory, we refer to the papers of Benci-Cerami [85], [86], Benci-Cerami-Passaseo [87], Cingolani-Lazzo [88]
and the monograph of Willem [71].

Now, we recall some basic definitions that will be needed in the sequel.

Definition 5.1. A closed subset A is contractible in a topological space X, if there exists a homotopy H €
C([0,11 X A, X) such that for any u, v € A, there holds H(0, u) = u and H(1, u) = H(1, v).

Definition 5.2. Let A be a closed subset of a topological space X. Then, the Lusternik—Schnirelmann category of
A in X is denoted by caty(A), which is the least number of closed and contractible sets in X that cover A.

Let X be a Banach space and ¥: X — R be of class C}(X, R). We define a C'-manifold V of the form V =
P({0}), where 0 is the regular value of ¥. Now, for any functional 7: X — R, we define the following level set

I¢={ueVv:1(u) <d}).

Recall the following result for critical points involving the Lusternik—Schnirelmann category, see Theorem 5.20
by Willem [71].

Corollary 5.3. Suppose I: X — R is of class C'(X, R). Further; if I|, is bounded from below and 1T satisfies the
(PS), condition for ¢ € [inf I|y,, d], then I|,, has at least cat;«(I¢) critical points in T¢.

To implement Corollary 5.3, the following corollary, found in Cingolani-Lazzo [[88], Lemma 2.2], plays a sig-
nificant role in relating the topology of some sublevel of a functional to the topology of some subset of the space
RN,

Corollary 5.4. Let Q, Q, and Q, be closed sets with , C Q,, and let f: Q — Q,, y: Q, — Q be continuous maps
such that § oy is homotopically equivalent to the embedding j: €, — €,. Then, there holds cato(£2) > catg (€2).

Let 6 > 0 be fixed and u, be a positive ground state solution of (7y), that is, J,(uy) = ¢, and Jj(uy) = 0.
Next, we consider a nondecreasing function # € C*([0, +00), [0, 1]) satisfying # = 11in [0, g], n=0in[6,4+0c0)
and |n’| < Cfor some C > 0. For any y € M, we define

&y () = n(lex —yl)uo<gxe_y)‘

Moreover, let ¢, be the unique positive number such that t.&, , € N,. Note that, if [supp(|&, ,))) N A,| > 0, then
t, satisfies

Tt ) = rrtlza:)xjé(téé,y).

We define ®.: M — N, by ®,(y) = t.&, ,. By the above construction, we see that @, has compact support for
anyy € M.
Inspired by Ambrosio-Repovs [[55], Lemma 6.1] and by Thin [[56], Lemma 13], we have the following lemma.

Lemma 5.5. There holds
ling J.(@.(y)) =¢, uniformlyinye€ M.
£l
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Proof. Let us assume by contradiction, there exist §, > 0, {y, },en C M and €, - 0 as n — oo such that
]6,1((I)sn(yn)) — G| 2 50' 5.1
Invoking Lebesgue’s dominated convergence theorem, we have

1Ee, s = lllll . and &, 1If = llugllf asn— oo forte {p,N). (52)
an Vo

Setting t, = ¢, > 0 and using that ( I (&, y,)» tnée,.y,) = 0, we obtain by that change of variable z = ‘"’;—_y"

that

1N
WVE" +1

p p N N
e, 1 + 10,
€n

- / (Gl tule ) = UG, )+ 8len, tid, )t dX

RY (5.3)
= /(Gé(SnZ +yn’ tn’7(|5nz|)u0(z)) - H{(tnnﬂgnzl)uo(z))

RN

+ g€,z + Yy, tan(1€,21 )y (2))) (€ ,2] Dy (2) dz,

where we have used || - ||1I‘/’V = - ||1;1’/ « + - Iy. Now, we claim that {t,},cy is bounded. Indeed, if not, let

1N
Vep+l Ve

t, > o0 asn— oo.Take z € Bs , then s,,zn+yn € B;(y,) C M; C A. By using G, = H, and g = f on A together
with (2.5) and (f4), we obtain from (5.3) that

1
Fnan,y"n;’% + ||§£n,y"||’§vaﬂ
t
=108(t1,¥)/|77(|€nZ|)uo(Z)|N dZ+ / f( n”(lgnzl)u(z’l(vz_)l)ﬂ(lgnzl)MO(Z) dZ
Bs Bs "

(5.4)
+ /In(lenZI)uo(Z)IN[log(ln(lsn2|)u0(z)|N) +1] dz
B

en

zlog(tﬁ’)/|u0(z)|Ndz+yt,’f_N/|u0(z)|”dZ+Dn,
B 5 B )

Zen Zn

where
Dy = [ IntlegzDuy (@) ogIntle,2u(@)1*) +1] dz.
Bs
Using the fact that u, € Y is a positive solution of (7)), y3, —1and y; , — 1a.e.in R¥ asn — co, we obtain

Zen

by using Lemma 2.9 and Lebesgue’s dominated convergencne theorem that

/ |uy(2)|" dz — /|u0(z)|’dz and D, - /luo(z)lN[log(luo(z)lN) +1] dz (< +o0) (5.5)
B s RN RN

Ten

asn — co,wherewe haveusedr € {u, N} and [s|¥[log(|s|Y) + 1] = H;(s)s — H,(s)s.In view of (5.2) and (5.5), we
have a contradiction by letting n — oo in (5.4). This shows that {,} <y is bounded and thus, up to a subsequence,
we can assume thatt, — t;, > 0 asn — oco. Now, we prove that ¢, # 0. In fact, if not, suppose ¢, = 0, thatis, t, = 0
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asn — oo. Since {t, } ,c is bounded, we can find C > 0 such that |t,| < C. Moreover, by using Corollary 2.12 and
(3.2), one sees that

| f(tn(lenzDug(2)t,n(le,z g (2))]
< 7tV n(le,zDug @)Y + &£ 11,2t (@) (CY aln(lenzug(2)N).

It follows immediately from the above inequality and (5.4) that

N— N—
||§En!yn||";/w +t, P||§£myn||1VVV;NH <ty 7| (log(eY) +T)/|i1(|enzl)u0(z)|N dz + D,
£n €n B

+& 7 / In(1€,2Dug(2)1°D(CY aln(le,zDuy(2)N') dz.
Bs

Again by Lebesgue’s dominated convergence theorem together with Hélder’s inequality, Corollary 2.12 and
Lemma 2.13, we get

/ln(|£nz|)u0(z)|Ndz—>/|u0(z)|Ndz
Bg RN
and

/|;1(|e,,z|)uo(z)|'9<I>(CN’a|n(|enz|)u0(z)|N’)dz—> /|uo(z)|’9(I>(CN’a|u0(z)|N/)dZ < +o0
B RN

asn — oo. Letting n — oo in the above inequality and using the above convergences together with (5.2) and (5.5),
we get ||u| Sv ., =0, that is, uy = 0 a.e. in R", which is a contradiction. This shows that ¢, # 0. Repeating the

Yo

same arguments used in Lemma 4.5(c) with simple modifications and using that {t,},cy is bounded, we can
deduce from Lebesgue’s dominated convergence theorem that

/Hl(tnn(lenzl)uo(z))dz—> /Hl(touo(z))dz,
B RN

en

/Hz(tnn(lenzl)uo(z))dz—> /Hz(touo(z))dz,
B RN

en

/F(tnn(lenzl)uo(z))dz - /F(touo(z))dz asn— oo.
RN

Bs

€n

Similarly, we also have

/Hl’(tnn(|£nz|)uo(z))tnn(|enz|)u0(z) dz —» /H{(touo(z))touo(z)dz,
B RN

e

/Hé(tnn(|£nz|)uo(z))tnn(|enz|)u0(z) dz —» /Hﬁ(touo(z))touo(z)dz,
B RN

&

/f(tnn(|£nz|)uo(z))tnn(|enz|)u0(z) dz - /f(touo(z))touo(z)dz asn— oo.
B RN

&
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Combining all the above information and sending n — oo in (5.3), we get

1 H (touo)uo H! (touo)uo (t uu
FﬁmmwﬂmmeMW+/—WT—w e f&%°w
0 Yo % RN RN

But u, € N, therefore we get

luoll? ., + luolly v + lolly + /w%MM=/%MMM+/ﬂW%M
[RN RN N

VO V[)

Subtracting these equalities, we have

1 H; (toug) ,
<tN_p—1)||u0||5V‘1/,p+/< 1%\,310 —Hl(u0)>u0dx
0 0 RN
H!(t
- /( ztgvgilo) _H;(u0)>u0dx+/<f§f§_”1°) —f(u0)>u0dx
RN 0 RN 0

Employing similar arguments as done before in Lemma 4.5(c), from the above equation, we conclude that ¢, = 1.
Consequently, we obtain from the above convergences that

nlig]gn(fl)gn(yn)) = Jo(ug) = ¢y,
which contradicts (5.1). This finishes the proof. O
We define by N . a subset of NV, given by
N, ={ue N_:J.(w) <c,+ h(e)},

where h: R* — R* is defined by h(e) = sup,ey |/ (W) — ¢, |. From the above lemma, we have h(e) — 0 as € — 0.

Moreover, we know that ®,(y) € .A/ for all y € M and € > 0. It follows that J\/' # (. Let for any 6 > 0 with
p = p(6) > 0 be such that M5 C B,. Let y:RY — R" be defined by

X if |x] < p,
xX) =

pX .

= if [x] > p.

x|

Now, we define the barycenter map f,.: N, — RN by

J xE)((ul? + [ul™) dx
pew) ==

J (ul? + JulV) dx
RN

Lemma 5.6. There holds
lirré p.(®.(y)) =y uniformlyiny e M.
£

Proof. Let us assume by contradiction there exist 6, > 0, {y, },eny C M and £, — 0 as n — oo such that

ﬂen(q)sn(yn)) —Yn > 60' (56)
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Note that for z € B s, one has £,z +y, € B;(y,) C M; C B,. Therefore, from the definitions of @, , , andz

as well as the change of variable z = “°=> we have

] eaz(In(e,zDug(2)|P + |n(le,z)uy(2)V) dz

P =y, + &
ﬁsn( g"(yn)) Yn /(Iﬂ(|5n2|)u0(z)|p+Irl(lgnZDuO(Z)'N)dZ

RN

This together with Lebesgue’s dominated convergence theorem implies that

Pe (@c, (V) = Yn

=0,(1) asn- oo,
which contradicts (5.6). This completes the proof. O
The following compactness principle is crucial in order to find multiplicity of solutions for our problem.

Lemma5.7. Lete, — 0asn — oo and {u, }nen C N, beasequence suchthat J, (u,) — ¢, asn — oo and satisfy-
ing (3.14). Then, there exists a sequence {y, } ,cn, C RY such that w,(x) = u,(x +Yy,) has a convergent subsequence
in Y. Moreover, there holds y, = €,y, — y, asn — oo for somey, € M.

Proof. By applying the same idea as in Alves-da Silva [[58], Lemma 6.5], the lemma can be proved. O

Now, we shall discuss the multiplicity of solutions to (§E) by using the Lusternik-Schnirelmann category
theory.

Proposition 5.8. Assume that (V1)-(V2) hold and let 6 > 0 be small enough. Then, the problem (§E ) has at least
caty, (M) solutions for € small enough such that € € (0,&,) for some &, > 0.

Proof Choose &, > 0 be sufficiently small and fix e € (0,£,). LetussetZ = J,, ¥V = N, d = ¢, + h(¢e) and 7¢ =
]‘1 = N.. In view of Proposition 4.4, one sees that J, | N, satisfies the (PS) condition and thus, by Corollary 5.3,

it 1mp11es that J, |- has at least cat (j\/ ) critical points in J\/ Consequently, by Proposition 4.3, we deduce
that J, has at least cat (J\~/’ ) crit1ca1 points. This shows that (S ) has at least cat (J\/' ) critical points. To

complete the proof, we only have to show that cat (N' ) > caty, (M). One can notlce that ®,(M) C N for e
small enough, thanks to Lemma 5.5. Moreover, the followmg diagram

o~ b
M— N ,— M;

is well-defined for € small enough. It follows that the map f, o ®,: M — M is well-defined for £ small enough.
Define the map H:[0,1] X M - My by H(t,y) = (1 — )y + ¢f,.(D,(y)) for all (¢, y) € [0,1] X M. This shows that
H(0,y) =yand H(L, y) = B.(®.(y). Therefore, we infer that the map f, o @, is homotopically equivalent to the
embedding j: M — M and thus, by Corollary 5.4 implies that cat 7. (W) > cat m, (M). O

Proposition 5.9. Let V satisfies (V1)-(V2) and let 6 > 0 sufficiently small, then there exists €, > 0 such that for
e €(0,&,), we have the followmg assertlons
(@) problem (S ) has at least ° f positive solutions, whenever caty, (M) is an even number;

(b) problem (S ) has at least % positive solutions, whenever cat,, (M) is an odd number.

Proof. Let &, > 0 be small enough and fix € € (0, &,). Further, assume that w, is a critical point of J, and
J.(w,) < ¢, + h(e) holds. Then either w} = 0 or w_ = 0. Indeed, if not, then repeating a similar procedure as
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in Proposition 4.6, one has w?, w_ € N,. Consequently, we deduce that
co+he) > J.(w,) = J (wf) + J. (w]) > 2¢,.

Letting € — 0 in the above inequality and using Remark 4.9, we get a contradiction. Once more by similar argu-
ments as in Proposition 4.6, we infer that either w, > 0 or w, < 0. Denote ¢ = cat,, (M). Let ¢ be an even
number and wj, ..., w, be the solutions of (§8) as in Proposition 5.8. If at least % of the solutions wy, ..., w,
are positive, then (a) is proved. In fact, if not, suppose that at least g of the solutions wy, ... , w, are negative and
denote these negative solutions by v, ..., ve. Observe that G;(x, d+ gk, -) - Hl’ (+) is an odd function, there-

fore —v,, ..., —v. are positive solutions of (§£). The assertion in (a) follows. In a similar way, one can prove the
2
statement (b). 0O

Now, we shall be able to prove Theorem 1.4.

Proof of Theorem 1.4. Suppose w, is a critical point of ], satisfying J,(w,) < ¢, + h(e). In order to complete the
proof, it is sufficient to show that there exists £; > 0 small enough with € € (0, &;) such that

0<w.(x)<t forallx € RV\A, (5.7

holds, where each solution w, of (§€) isgivenin (a) and (b) of Proposition 5.9. Let us assume by contradiction that
there exists a sequence {, } .y such thate, — 0asn — oo, {w, },en = {w,, }nen be a sequence of solution for
(gen) and (3.14) holds but (5.7) is not satisfied. It is easy to see that { w), } ,cy satisfies the assumptions of Lemma 5.7
and thus, (4.35) holds. Now, using a similar procedure as in the proof of Theorem 1.3, we get a contradiction. It
follows that (5.7) holds true. Consequently, we deduce that (S,) satisfies (a) and (b) of Theorem 1.4. Hence, the
result follows immediately by using a simple change of variable. This completes the proof. O
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