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Abstract: In the present paper, we introduce a family of the approximating problems corresponding to an
elliptic obstacle problem with a double phase phenomena and a multivalued reaction convection term. De-
noting by 8 the solution set of the obstacle problem and by S, the solution sets of approximating problems,
we prove the following convergence relation

0 # w-limsup 8, = s-limsup 8, C 8§,

n—oo n—oo

where w-lim sup,,_, ., S» and s-lim sup,,_, ., S» denote the weak and the strong Kuratowski upper limit of 8y,
respectively.
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1 Introduction

Recently, based on a surjectivity result for pseudomonotone operators obtained by Le [25], the authors [44]
have studied the nonemptyness, boundedness and closedness of the set of weak solutions to the following
double phase problem with a multivalued convection term and obstacle effect

—div (\Vu|p’2Vu + y(x)\Vu|q'2Vu> e flx,u, Vu) in Q,
u(x) < o(x) in Q, 1.1
u=0 onoQ,
where Q C RY is a bounded domain with Lipschitz boundary 02, 1 < p < g < N, u: Q — [0, eo) is Lipschitz

continuous, f: Q x R x RN — 2% is a multivalued function depending on the gradient of the solution and
@: Q — R, is a given function, see Section 3 for the precise assumptions.
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As the obstacle effect leads to various difficulties in obtaining the exact and numerical solutions, it is
reasonable to consider some appropriate approximating methods to overcome/avoid the obstacle effect. In
the present paper, we are going to propose a family of approximating problems corresponding to (1.1) and
deliver an important convergence theorem which indicates that the solution set of the obstacle problem can
be approximated by the solutions of perturbation problems. More precisely, let {pn} be a sequence of positive
numbers such that p, — 0 as n — oo and for each n € N, we consider the following problem

. -2 ) 1 + .
—div (\Vu|p Vu + ux)|Vul? Vu) + o (u(x) - @x))" € f(x,u, Vu) in Q, 12)

u=0 on 0Q.

Denoting by 8 and 8, the sets of solutions to problems (1.1) and (1.2), respectively, we shall establish
the relations between the sets 8, w-limsup,,_,.. Sn (being the weak Kuratowski upper limit of 8,) and s-
lim sup,,_, .. Sn (being the strong Kuratowski upper limit of 8,), see Definition 2.2.

The introduction of so-called double phase operators goes back to Zhikov [46] who described models of
strongly anisotropic materials by studying the functional

U / (IVulP + u(x)|vu|?) dx. (1.3)

The integral functional (1.3) is characterized by the fact that the energy density changes its ellipticity and
growth properties according to the point in the domain. More precisely, its behavior depends on the values
of the weight function u(-). Indeed, on the set {x € Q : u(x) = 0} it will be controlled by the gradient of order
p and in the case {x € Q : u(x) # 0} it is the gradient of order g. This is the reason why it is called double
phase.

Functionals of the expression (1.3) have been studied more intensively in the last five years. Concern-
ing regularity results, we refer, for example, to the works of Baroni-Colombo-Mingione [4-6], Baroni-Kuusi-
Mingione [7], Cupini-Marcellini-Mascolo [15], Colombo-Mingione [13], [14], Marcellini [28, 29] and the refer-
ences therein.

Double phase differential operators and corresponding energy functionals appear in several physical
applications. For example, in the elasticity theory, the modulating coefficient pu(-) dictates the geometry of
composites made of two different materials with distinct power hardening exponents q and p, see Zhikov
[47]. We also refer to other applications which can be found in the works of Bahrouni-Radulescu-Repovs
[1] on transonic flows, Benci-D’Avenia-Fortunato-Pisani [8] on quantum physics and Cherfils-11'yasov [9] on
reaction diffusion systems.

Existence and uniqueness results have been recently obtained by several authors. In the case of
single-valued equations with or without convection term, we refer to Colasuonno-Squassina [12], Gasifnski-
Papageorgiou [16, 17], Gasinski-Winkert [19-21], Liu-Dai [27], Perera-Squassina [39], Papageorgiou-Vetro-
Vetro [34, 35] and the references therein.

Finally, papers or monographs dealing with certain types of double phase problems or multivalued
problems can be found in Bahrouni-Rddulescu-Repovs [1], Bahrouni-Radulescu-Winkert [2], [3], Carl-Le-
Motreanu [10], Cencelj-Radulescu-Repovs [11], Clarke [22], Gasifiski-Papageorgiou [18], Marino-WinKkert [30],
Papageorgiou-Radulescu-Repovs [32, 33], Papageorgiou-Vetro-Vetro [37], Radulescu [40], Vetro [41], Vetro-
Vetro [42], Zhang-Radulescu [45], Zeng-Bai-Gasinski-Winkert [43] and the references therein.

The paper is organized as follows. In Section 2 we recall the definition of the Musielak-Orlicz spaces
L?(Q) and its corresponding Sobolev spaces W7(Q) and we recall the definition of the Kuratowski lower
and upper limit, respectively. In Section 3 we present the full assumptions on the data of problem (1.2), give
the definition of weak solutions for (1.1) as well as (1.2) and state and prove our main result, see Theorem 3.4.



DE GRUYTER S. Zeng et al., Convergence analysis for double phase obstacle problems =—— 661

2 Preliminaries

Let Q be a bounded domain in RN and let 1 < r < oo. In what follows, we denote by L'(Q) := L"(Q; R) and
L7(Q; RY) the usual Lebesgue spaces endowed with the norm || - ||,. Moreover, W*'(Q) and Wé’r(Q) stand for
the Sobolev spaces endowed with the norms || - ||1,, and || - ||1,,0, respectively. For any 1 < r < oo we denote
by r’ the conjugate of r, thatis, 1 + 1 = 1.

For the weight function y and powers p, g we will assume that:
H(u): u: Q — R, := [0, oo) is Lipschitz continuous and 1 < p < g < N are chosen such that

q 1
p<1+N'

We consider the function H: Q x R, — R, defined by
H(x, t) =t + u(x)t? forall (x,t) € Q xR..

Based on the definition of H we are able to introduce the Musielak-Orlicz space L?(Q) given by
L7(Q)={ u|u: Q — Ris measurable and pg4c(u) := /%(x, lul) dx < +oo 5,
Q

endowed with the Luxemburg norm
lulls = inf{‘r >0 pac (%) < 1} .
We know that L7(Q) is uniformly convex and so a reflexive Banach space. In addition, we introduce the

seminormed function space

LZ(Q) =< ulu:Q — Rismeasurable and /y(x)\u\q dx < +oo 3y,
0

which is equipped with the seminorm || - ||¢,x given by
1
q
Iullgs = | [ moolul? dx
Q
It is known that the embeddings
LI(Q) — L”(Q) — LP(Q) N LL(Q)

are continuous, see Colasuonno-Squassina [12, Proposition 2.15 (i), (iv) and (v)]. Taking into account these
embeddings we have the inequalities

min { [[ul5e, l[ulle} < ullp + lullg,, < max {{lullf, [lull5 } 1)

forall u € L7(Q).
By W7t(Q) we denote the corresponding Sobolev space which is defined by

whH(Q) = {u e L’(Q) : [Vul € L“(Q)}
equipped with the norm

[ull,5¢ = IVullsc + [[ullsc,

where [[Vul|gc = [[[Vull|gc.
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By Wy'"*(Q) we denote the completion of C3’(Q) in W''(Q), that is,

——W"7Q)
Wy’ (Q) = C5(Q) .

Besides, from condition H(u) and Colasuonno-Squassina [12, Proposition 2.18] we can see that
lull1,5¢,0 = [Vullse  forallu € Wy"'(Q)

is an equivalent norm on Wé’H(Q). Now we are able to adapt (2.1) in terms of Wé’}f(Q)-norm as follows

min {1l 5 o0 Ul 36,0} < IVUlB + VUl < max {ull? o o0 149 50} 2.2)

forallu Wcl)"%(_()). Since both spaces W7((Q) and Wé’%(_()) are uniformly convex, we know that they are
reflexive Banach spaces.
Furthermore, we have the following compact embedding

w3?H(Q) — L'(Q) 2.3)

foreach 1 < r < p*, where p” is the critical exponent to p given by

* o Np
b = N-p’ (4)
see Colasuonno-Squassina [12, Proposition 2.15].
Let us now consider the eigenvalue problem for the negative r-Laplacian with homogeneous Dirichlet

boundary condition and 1 < r < o which is defined by

~Avu = Alu|"?u in Q,

(2.5)
u=0 on 00.

From L& [26] we know that the set g, being the set of all eigenvalues of (—A,, Wé’r(())) has a smallest element
A1,r which is positive, isolated, simple and it can be variationally characterized through

[Vully
([ull7

A,y = inf{ tu e Wé”(_Q), u# O} .

Now, let A: W37'(Q) — Wy’ (Q)" be the operator defined by

(A(u), v)g¢ := / (\Vu|p"2Vu +y(x)\Vu|q"2Vu) - Vv dx, (2.6)
Q

for u, v e Wy’ (Q), where (-, )4 is the duality pairing between W”*(Q) and its dual space W’ (Q)".
The properties of the operator A : Wé’f}c(_()) — Wé’%(_())* can be summarized as follows, see Liu-Dai [27].

Proposition 2.1. The operator A defined by (2.6) is bounded, continuous, monotone (hence maximal mono-
tone) and of type (S.).

Throughout the paper the symbols "—" and "—" stand for the weak and the strong convergence, respectively.
Let (V, ||-||v) be a Banach space with its dual V" and denote by (-, -) the duality pairing between V" and V. We
end this section by recalling the following definition, see, for example, Papageorgiou-Winkert [38, Definition
6.7.4].

Definition 2.2. Let (X, 1) be a Hausdor{f topological space and let {A,} C 2% be a sequence of sets. We define
the T-Kuratowski lower limit of the sets An by

7-liminf A, := {XEX|X=T- lim xn, xn € Apforall n > 1},
n—oo n—oo
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and the T-Kuratowski upper limit of the sets An

T-limsup Ay :={ x € X | x =7- lim Xpn;, Xn, € An, N1 <N <...<Np<.ue p.
n—oo k—oo

If

A = 1-liminf A, = 7-lim sup An,
n—eo n—soco

then A is called t-Kuratowski limit of the sets An.

3 Main results

We assume the following hypotheses on the data of problem (1.2).
H(f): The multivalued convection mapping f: Q x R x RN — 2 has nonempty, compact and convex values
such that
(i) the multivalued mapping x — f(x, s, &) has a measurable selection for all (s, &) € R x RV;
(ii) the multivalued mapping (s, &) — f(x, s, &) is upper semicontinuous for almost all (a.a.) x € Q;
(iii) there exists a € L% (Q) and a4, a, = 0 such that

a1 -
nl <@g’ o +axls|™ + alx)

foralln € f(x,s, &), fora.a.x € Q,alls € Rand all ¢ € RV, where 1 < ¢q; < p" with the critical
exponent p” given in (2.4);
(iv) there exist w € L1(Q) and b1, b, = O such that

b+ bzA{}p <1,
and
1s < b1|&P + bys[’ + w(x)

foralln € f(x,s, &), fora.a.x € Q,all s € Rand all ¢ € RV, where A1,p is the first eigenvalue of the
Dirichlet eigenvalue problem for the p-Laplacian, see (2.5).

H(®): @: Q — [0, o0) is such that @ € L Q).
H(0): {pn} is a sequence with p, > 0 for each n € N such that p, — 0asn — oo.
Let K be a subset of Wé’gf (Q) defined by

K := {u e Wy''(Q) | u(x) < @(x) fora.a.x e Q} . (3.1)

Remark 3.1.
(a) The set K is a nonempty, closed and convex subset of Wé’:}f(!)).
(b) From assumption H(®) we see that O € K.

The weak solutions for problems (1.1) and (1.2) are understood in the following way.

Definition 3.2. .
1
(a) We say that u € K is a weak solution of problem (1.1) if there exists n € L%417(Q) such that n(x) €
f(x, u(x), Vu(x)) fora.a.x € Q and

/(|Vu|p’2Vu-V(v—u)+y(x)|Vu\q’2Vu-V(v—u)) dx=/n(x)(v—u)dx
0 Q

for all v € K, where K is given by (3.1).
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(b) We say that u < Wé’}f(Q) is a weak solution of problem (1.2) if there exists n € L% (Q) such that n(x) €
fx, ux), vu(x)) fora.a.x € Q and

n
Q Q

= / n()v(x) dx
Q

/(|Vu\p_2Vu+y(x)|Vu\q‘2Vu) -Vvdx+pi/(u(x)—d.‘)(x)fv(x)dx

forallv e W3"'(Q).
It is straightforward, to prove the following lemma.
Lemma 3.3. If hypothesis H(®) holds, then the function B: L1 (Q) — L% (Q) given by
(Bu,v)q, = / (ux) - cD(x))+ v(x)dx forallu,v e L9*(Q), (3.2)
Q
is bounded, demicontinuous and monotone, where (-, -, )4, denotes the duality pairing between L9 (Q) and its
dual space L% Q).

Now, we can state the main result of this paper.

Theorem 3.4. If hypotheses H(u), H(f), H(®), and H(0) hold, then
(i) foreachn € N, the set 8, of solutions to problem (1.2) is nonempty, bounded and closed;
(ii) it holds

0 # w-limsup 8, = s-limsup 8, C §;
n—oo n—-oo

(iii) for each u € s-lim sup 8, and any sequence {un} with
n—oo

Un € T(8n,u) foreachn e N,

there exists a subsequence of {un} converging strongly to u in Wé’:}c (Q), where the set T(8n, u) is defined
by

TSn,u) :={u €8n | |lu-1ll1,3¢,0 < lu-vll1,s0forallv e 8n}.

Proof. (i) Let i: Wé’j{([)) — L9(Q) be the embedding operator from Wcl)’g{(()) to L9*(Q) with its adjoint
operator i": L91(Q) — WE(Q)". Since 1 < g; < p” the embedding operator i is compact and so i* as well.
From hypotheses H(f)(i) and (iii), we see that the Nemytskij operator Nf: Wé’g{(Q) c L1(Q) — 21"@
associated to the multivalued mapping f given by

Np(u) = {n € LU(Q) | n00) € 0, u(), Vu) fora.a.x € 9}

forall u € Wé’% (Q) is well-defined (see the proof of Proposition 3 in Papageorgiou-Vetro-Vetro [36]). The
convexity and closedness of the values of f ensure that Ny has closed and convex values as well. Moreover,
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by hypothesis H(f)(iv) we have

I} = [ ncoi® ax
Q

< / (aﬂVu(x)ﬁ +ay|u()| Pt + a(x)) o dx
F (3.3)

< Mo/ [Vu@)|P + [u(x)| " + a(x)qi dx
0

ql
= Mo (vl + ul: + ) -

Notice that the embeddings Wé’jc Q) c Wé’p (Q) c L9'(Q) are both continuous, so, Nf(u) is bounded in
L9(Q) for each u € WE7(Q).

It is easy to see that u Wé’f}c(.()) is a weak solution of problem (1.2) (see Definition 3.2(b)), if and only if
u solves the following inclusion:

Findu ¢ W™ (Q)andn ¢ Klf(u) such that

A(w) + pii*B(u) ~i"N¢(u) 3 0,
n

where A: Wé’%(Q) — Wé’%(Q)* and B: L9(Q) — L9 (Q) are given by (2.6) and (3.2), respectively.
Then, using the same arguments as in the proof of Zeng-Gasinski-Winkert-Bai [44, Theorem 3.3], we can
conclude that for each n € N, the set 8, of solutions to problem (1.2) is nonempty, bounded and closed.

(ii) First, we prove that the set w- lim sup 8, is nonempty. Indeed, we have the following claims.
n—oo

Claim 1. The set | Sy is uniformly bounded in Wé’%(!)).
neN
Arguing by contradiction, suppose that J S, is unbounded. Without any loss of generality (passing to
neN

a subsequence if necessary), we may assume that there exists a sequence {un} C Wé’j{(()) with u, € 8 for
each n € N such that

[lunll1,7¢c,0 = o= asn — oo.

Hence, for each n € N, we are able to find 1, € Klf(un) such that

/ (|Vun\p’2Vun + y(x)\Vun|q’2Vun) -Vvdx + pi / (un(x) - CD(X))+ v(x) dx
) )

= / Mn()v(x) dx
Q

forallv € Wcl)’f}C (Q). Inserting v = u, into the inequality above, we get

/(|Vun|p"2Vun +y(x)|Vun\q"2Vun) - Vupdx - /nn(x)un(x) dx
) o)

1
=—-— / (un(x) - CD(X))+ un(x) dx.
Pn
0
By the nonnegativity of @ and the monotonicity of the function s — s*, we have

/(|Vun|p"2Vun +p(x)|Vun\q"2Vun) - Viun dx—/nn(x)un(x) dx
0 )
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-1 [(un(x) - o))" - (0- (D(x))q un(x) dx

L
<0,

thus

[Vun|b + Vun|d, - / Nn(x)un(x) dx < 0. (3.4)
Q

However, by hypothesis H(f)(iv), we have

| nnOunG0) dx = by [Vun 5+ b+ (5)
Q

Applying (3.5) in (3.4), using the continuity of the embedding Wé’%(()) C Wé 'P(Q) as well as the estimate
ullh < Al Vullb  forallu € WyP(Q),

we get
0> ||Vun|\§ + HVunHZ,H —/r[n(x)un(x) dx
o)

> [ Vun} + [ Vttn = bl Vunllh = ballunll) - Wl
-1

> (1= b1 = boAl ) [IVunllh + | Vatnlld = [ Wila

> (1=b1 = oAty ) (IVunll) + [ Vttnl1,) = Wy

-1 .
> (1= by = boAzly ) min {unll o0 lunlld 50 } = W1,

where the last inequality is obtained by (2.2). Since 1 < p < g < N and by + bz/q,lp < 1, we can take Ry > 0
large enough such that for all R > R it holds

(1 —by - bzAg}p) min {R?, R%} - [|w|; > 0.
Therefore, we are able to find Ny > 0 large enough such that ||un||1,9¢,0 > Ro forall n = No and

-1 .
02 (1= by =byA7y ) min {[lunl o0 unllf g0 } = W11 >0

for all n > Ny. This gives a contradiction, so Claim 1 is proved.
Let {un} C Wé’}f([)) with u, € 8y, for each n € N be an arbitrary sequence. Claim 1 indicates that {un}
is bounded in Wcl)"%(_()). Then, we may assume that along a relabeled subsequence we have

Up — U asn-—oo (3.6)

for some u € Wé’?c (Q). This guarantees that the set w- lim sup 8, is nonempty.
n—oo

Next, we are going to demonstrate that w- lim sup 8y is a subset of 8. Let u € w-lim sup 8, be arbitrary.
n—oo n—oo

Without loss of generality, we may suppose that there exists a subsequence {un} C Wé’% (Q) with un € 8
for all n € N, satisfying (3.6). Our goal is to prove that u € 8.

Claim 2. u(x) < @(x) fora.a. x € Q.

For every n € N, we have

1 / (un(x) - c17()())+ v(x) dx = (Aun, -v) g +/)1n(x)v(x) dx. 3B.7)

Pn
Q Q
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It follows from Holder’s inequality and (3.3) that

1 , L/
[ 0veo dx < M7 (Il + fun + ) T vl (3.8)
Q

Putting (3.8) into (3.7), employing the boundedness of A (see Proposition 2.1), the convergence (3.6), and the
embedding (2.3), we have

pln! (un(x) - cD(x))+v(x) dx

1 1
<A +M‘1§ VunlP + q1 a1 9
< [[Aun|l1,s¢,0lvII1,9¢,0 + Mo ([[Vtnllp + [lunllg H“Hqi Vlia:

< Mi|[vi1,9¢0
for some M; > 0, where M; > 0 is independent of n, that is
/ (un(x¥) - ()" v(x) dx < pnM1|[V|11,9¢,0
Q

forallv e Wé’:}c (Q). Passing to the limit in the inequality above, using convergence (3.6), the compact em-
bedding (2.3), and the Lebesgue Dominated Convergence Theorem, we conclude that

/ (u(x) - cI)(x))+ v(x) dx = /nli_>n°lo (un(x) - (D(x))+ v(x) dx
0

Q

- lim / (un(0) ~ D))" v(x) dx
Q

< lim pnM1||v|1,9¢,0
n—oo

=0

forallv e W(l)’g{(Q). Therefore, we have (u(x) - (D(X))+ =0 fora.a. x € Q, thus, u(x) < ®(x) fora.a. x € Q.
Claim3. u € 8.
For each n € N, we have

(At V) = - / () - D))" (VO - un() dx + Z 100 (1n(x) - ¥()) dx

0

forallv e Wé’}c (Q). The latter combined with the monotonicity of s — s* gives

(AU, Un — V)gc € pan/ (v(x) - @(x))+ (v(x) — un(x)) dx + Q/ () (un(x) — v(x)) dx

forallv € W}7'(Q). Hence,

(Aun, un — v)gc - / Nn()(un(x) - v(x)) dx < 0 (3.9)
0

for all v € K, where K is defined in (3.1).
Claim 2 indicates that u € K, so, we put v = u in (3.9) to obtain

(A, ttn — Uy - / M0 (wn00) - u(0) dx < 0,
Q
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that is,

lim sup(Aun — 1 Nn, tn - U)g¢ < O.
n—oo

It follows from the proof of Theorem 3.3 in Zeng-Gasifiski-Winkert-Bai [44] that the multivalued mapping A =
A- i*Nf is pseudomonotone. So, for each v € K, there exists u” € Au such that

ligginf(Aun — i Ny Un = Vg = (U (V), un - v).
This means that for each v € K, there is an element n(v) € N ¢(u) satisfying
u'(v) = Au - i*q(v).

For each v € K, passing to the lower limit as n — oo in inequality (3.9), we are able to find an element
n(v) € N¢(u) such that

(Au, v —u)qgc - / n()(x¥)(v(x) - u(x)) dx = 0. (3.10)
Q

We shall prove that u € K is a weak solution to problem (1.1), namely, there exists an element " € ﬁf(u),
which is independent of v, such that

(Au,v—-u)qgc - / n*(x)(v(x) -u(x))dx=0 (3.11)
Q

for all v € K. Arguing by contradiction, suppose that for each 1 € ﬁf(u), there is v € K such that

(Au, v—u)qgc - / n()(v(x) - u(x)) dx < 0.
Q
For any v € K, let us consider the set R, C Nf(u) defined by
Rvi=dne N | (Au,v—upsc - / OO - u()) dx < 0
Q

forall v € K. We now assert that for each v € K, the set Ry is weakly open. Let {nn} C Ry be such thatn, — n
for some n € L9 1 (2) as n — oo, where RY denotes the complement of R,. Hence,

(Au, v —u)gc - / Nn()((x) - u(x))dx =0
0

for all n € N. Passing to the limit in the inequality above, we obtain that n € Ry. Therefore, for every v € K,
the set Ry is weakly open in L% (Q). Besides, we observe that {Rv},cx is an open covering of N (). The latter
coupled with the facts that L9 (Q) is reflexive and N ¢(u) is weakly compact and convex in L9 (Q), ensures that
{Rv}yex has a finite sub-covering of Klf(u) , let us say {Rv,, Rv,, ..., Ry, } for some points {vy,vy,...,vn} C
K. Let kq, K2, ..., kn be a partition of unity for Nf(u), where foreachi =1,2,...,n, k;: Nf(u) —[0,1]isa
weakly continuous function such that Xn: ki(n) =1foralln ¢ Nf(u), see, for example, Granas-Dugundji [23,

i1
Lemma 7.3].

Also, we introduce a function M: Nf(u) — Wé’:}c(.()) defined by

M(n) = Z ki(n)v; foralln e Klf(u).

i=1
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Obviously, the function M is also weakly continuous due to the weak continuity of x; fori = 1, 2, ..., n. For
any 1 € N¢(u), we have

(Au-1i"n, M) - uygc = (Au-i'n, Z k(v —u),,
i-1

n

= > kil (Au~ i, vi - u)gc
i=1

<0

(312)

foralln e N f(u), where the last inequality is obtained by the use of Lemma 7.3(ii) of Granas-Dugundji [23].
Let us define two multivalued functions A: K — 2¥® and ¥: Nf(u) — 2N W py

AWv):={ne Nf(u) | (Au,v—u)g —/n(x)(v(x) -u(x))dx =0
Q

forallv € K, and
¥(n) := A(M(n)) forallne Nf(u).

Then, ¥ has nonempty, weakly compact and convex values (by (3.10) and because Nf(u) is bounded closed
and convex in L91(Q)) and A is upper semicontinuous from the normal topology of K to weak topology of
L% (Q). From Migbrski-Ochal-Sofonea [31, Proposition 3.8], it is enough to verify that for each weakly closed
set D in L91(Q), the set

A(D):={veK | AWND#0}

is closed in Wé’}c(_()). Let {vn} C A7(D) be a sequence such that v, — v as n — oo. Then, for each n € N, we
are able to find 1, € Ny(u) satisfying

(A, Vo - 1) g / 10 () (Wn () = u(x)) dx > 0. (313)
0]

From the weak compactness of N ¢(u), without any loss of generality, we may suppose that n, — nin L? 1 (Q),
as n — oo, for some n € N¢(u). Passing to the upper limit as n — oo for (3.13), we have

(A, v - )y - / GO0 - u() dx = 0,
Q

thatis, n € A(v). But, the weak closedness of D implies that n € D. Therefore, n € A(v)nDandsov € A™(D).
Applying Migorski-Ochal-Sofonea [31, Proposition 3.8] derives that A is strongly-weakly upper semicontinu-
ous. On the other hand, the continuity of M and Theorem 1.2.8 of Kamenskii-Obukhovskii-Zecca [24] imply
that ¥ is also strongly-weakly upper semicontinuous.

We are now in a position to employ Tychonov fixed point principle, (see, for example, Granas-Dugundji
[23, Theorem 8.6]) for function ¥, to conclude that there exists n € Klf(u) such that

(Au, M)~ u) g ~ / OO0 - u(0) dx = 0,
Q

This leads to a contraction with (3.12). Consequently, we infer that u € K solves problem (1.1) as well, that
means, there exists € N¢(u), which is independent of v, such that (3.11) holds.

Consequently, we conclude that §) # w-lim sup 8, C 8.
n—oo

Claim 4. It holds w- lim sup 8, = s-lim sup Sp.
n—oo n—oo
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Since s-limsup 8, C w-lim sup 8y, it is enough to verify the condition w-limsup 8, C s-lim sup S,. Let
n—oo n—oo n—oo n—oo
u € w-limsup 8, be arbitrary. Without any loss of generality, there exists a sequence, still denoted by {un}
n—oo
with un € 8y such that uy, — uas n — oo. We claim that u, — uas n — oo. For each n € N, it holds

(Attn, tn - Ve = - / () - D0O) (un(x) - V() dx + / M0 (un00) - V() dx
Q Q

for some nn € Nf(un) and forall v € Wé’:}c (Q). Inserting v = u into the above inequality and passing to the
upper limit as n — oo for the resulting inequality, we can use the compact embedding (2.3) to get

lim sup{Aun, un — u)q¢ < 0.
n—oo
The latter combined with the convergence un, — uasn — oo and the fact that A is of type (S.) (see Proposition

2.1) implies that un — u as n — oo. This means that u € s-lim sup 8,. Therefore s-lim sup 8, = w- lim sup 8.
n—oo n—oo n—oo

(iii) Let u € s-limsup 8, be arbitrary. Since 8, is nonempty, bounded and closed, so, the set T7(8y, u) is
n—oo

nonempty. Let {un} be any sequence such that
Un € T(8n,u) foreachn e N.

It follows from Claim 1 that the sequence {u} is bounded. So, passing to a subsequence, we may assume,
that

Up U as n— oo

for some u € Wé’j{ (Q). Thus, using the same argument as the proof of Claim 2, we get that u € K. Then, for
each n € N, we have

(Aln, tn = V)gc = pin Z (Un(x) = D(0)) " (V(x) - un(x)) dx + Q/ nn()(un(x) - v(x)) dx

forallv e Wé’ﬂ (Q). Proceeding in the same way as in the proof of Claim 3, we conclude that u is a solution
to problem (1.1) as well. Consequently, the desired conclusion is proved. O

Acknowledgment: The authors wish to thank the three knowledgeable referees for their useful remarks in
order to improve the paper.

Project supported by the NNSF of China Grant No. 12001478, H2020-MSCA-RISE-2018 Research and In-
novation Staff Exchange Scheme Fellowship within the Project No. 823731 CONMECH, and National Sci-
ence Center of Poland under Preludium Project No. 2017/25/N/ST1/00611. It is also supported by the Startup
Project of Doctor Scientific Research of Yulin Normal University No. G2020ZK07, and International Project
co-financed by the Ministry of Science and Higher Education of Republic of Poland under Grant No.
3792/GGPJ/H2020/2017/0.

References

[1]  A.Bahrouni, V. D. Radulescu, D. D. Repovs, Double phase transonic flow problems with variable growth: nonlinear patterns
and stationary waves, Nonlinearity 32 (2019), no. 7, 2481-2495.

[2] A.Bahrouni, V. D. Radulescu, P. Winkert, A critical point theorem for perturbed functionals and low perturbations of differen-
tial and nonlocal systems, Adv. Nonlinear Stud. 20 (2020), no. 3, 663-674.

[3] A.Bahrouni, V.D.Radulescu, P. Winkert, Double phase problems with variable growth and convection for the Baouendi-
Grushin operator, Z. Angew. Math. Phys., 71 (2020), no. 6, 183.

[4] P.Baroni, M. Colombo, G. Mingione, Harnack inequalities for double phase functionals, Nonlinear Anal. 121 (2015), 206-
222.



DE GRUYTER S. Zeng et al., Convergence analysis for double phase obstacle problems =— 671

5]

(6]

[7]

(8]

[9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]
[24]

[25]

[26]
[27]

(28]

[29]

(30]

(31
(32]

(33]

(34]

(35]

[36]

P. Baroni, M. Colombo, G. Mingione, Non-autonomous functionals, borderline cases and related function classes,

St. Petersburg Math. J. 27 (2016), 347-379.

P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc. Var. Partial Differential
Equations 57 (2018), no. 2, Art. 62, 48 pp.

P. Baroni, T. Kuusi, G. Mingione, Borderline gradient continuity of minima, |. Fixed Point Theory Appl. 15 (2014), no. 2, 537-
575.

V. Benci, P. D’Avenia, D. Fortunato, L. Pisani, Solitons in several space dimensions: Derrick’s problem and infinitely many
solutions, Arch. Ration. Mech. Anal. 154 (2000), no. 4, 297-324.

L. Cherfils, Y. Il'yasov, On the stationary solutions of generalized reaction diffusion equations with p&q-Laplacian, Com-
mun. Pure Appl. Anal. 4 (2005), no. 1, 9-22.

S. Carl, V. K. Le, D. Motreanu, “Nonsmooth Variational Problems and Their Inequalities”, Springer, New York, 2007.

M. Cencelj, V. D. Radulescu, D. D. Repovs, Double phase problems with variable growth, Nonlinear Anal. 177 (2018), part A,
270-287.

F. Colasuonno, M. Squassina, Eigenvalues for double phase variational integrals, Ann. Mat. Pura Appl. (4) 195 (2016), no. 6,
1917-1959.

M. Colombo, G. Mingione, Bounded minimisers of double phase variational integrals, Arch. Ration. Mech. Anal. 218 (2015),
no.1, 219-273.

M. Colombo, G. Mingione, Regularity for double phase variational problems, Arch. Ration. Mech. Anal. 215 (2015), no. 2,
443-496.

G. Cupini, P. Marcellini, E. Mascolo, Local boundedness of minimizers with limit growth conditions, ]. Optim. Theory
Appl.166 (2015), no. 1, 1-22.

L. Gasinski, N.S. Papageorgiou, Constant sign and nodal solutions for superlinear double phase problems, Adv. Calc. Var.,
https://doi.org/10.1515/acv-2019-0040.

L. Gasinski, N.S. Papageorgiou, Positive solutions for nonlinear elliptic problems with dependence on the gradient,

). Differential Equations 263 (2017), 1451-1476.

L. Gasinski, N.S. Papageorgiou, “Nonsmooth critical point theory and nonlinear boundary value problems”, Chapman &
Hall/CRC, Boca Raton, FL, 2005.

L. Gasinski, P. Winkert, Constant sign solutions for double phase problems with superlinear nonlinearity, Nonlinear Anal. 195
(2020), 111739.

L. Gasinski, P. Winkert, Existence and uniqueness results for double phase problems with convection term, ). Differential
Equations 268 (2020), no. 8, 4183-4193.

L. Gasinski, P. Winkert, Sign changing solution for a double phase problem with nonlinear boundary condition via the Nehari
manifold, https://arxiv.org/abs/2003.13241

F. H. Clarke, “Optimization and Nonsmooth Analysis”, Society for Industrial and Applied Mathematics (SIAM), Philadel-
phia, PA, 1990.

A. Granas, ). Dugundji, “Fixed Point Theory”, Springer-Verlag, New York, 2003.

M. Kamenskii, V Obukhovskii, P. Zecca, “Condensing Multivalued Maps and Semilinear Differential Inclusions in Banach
Spaces”, de Gruyter, Berlin, 2001.

V. K. Le, A range and existence theorem for pseudomonotone perturbations of maximal monotone operators,

Proc. Amer. Math. Soc. 139 (2011), no. 5, 1645-1658.

A. L&, Eigenvalue problems for the p-Laplacian, Nonlinear Anal. 64 (2006), no. 5, 1057-1099.

W. Liu, G. Dai, Existence and multiplicity results for double phase problem, ). Differential Equations 265 (2018), no. 9, 4311-
4334,

P. Marcellini, The stored-energy for some discontinuous deformations in nonlinear elasticity, in “Partial differential equa-
tions and the calculus of variations, Vol. 11”, vol. 2, 767-786, Birkhduser Boston, Boston, 1989.

P. Marcellini, Regularity and existence of solutions of elliptic equations with p, q-growth conditions, ). Differential Equations
90 (1991), no. 1, 1-30.

G. Marino, P. Winkert, Existence and uniqueness of elliptic systems with double phase operators and convection terms,

J. Math. Anal. Appl. 492 (2020), 124423, 13 pp.

S. Migérski, A. Ochal, M. Sofonea, “Nonlinear Inclusions and Hemivariational Inequalities”, Springer, New York, 2013.

N. S. Papageorgiou, V. D. Radulescu, D. D. Repovs, Double-phase problems and a discontinuity property of the spectrum,
Proc. Amer. Math. Soc. 147 (2019), no. 7, 2899-2910.

N.S. Papageorgiou, V. D. Radulescu, D. D. Repovs, Double-phase problems with reaction of arbitrary growth,

Z.Angew. Math. Phys. 69 (2018), no. 4, Art. 108, 21 pp.

N.S. Papageorgiou, C. Vetro, F. Vetro, Continuous spectrum for a two phase eigenvalue problem with an indefinite and un-
bounded potential, ). Differential Equations 268 (2020), no. 8, 4102-4118.

N.S. Papageorgiou, C. Vetro, F. Vetro, Multiple solutions for parametric double phase Dirichlet problems, Com-

mun. Contemp. Math., https://doi.org/10.1142/5S0219199720500066.

N. S. Papageorgiou, C. Vetro, F. Vetro, Nonlinear multivalued Duffing systems, ). Math. Anal. Appl. 468 (2018), no. 1, 376-
390.



672 — S.Zengetal., Convergence analysis for double phase obstacle problems DE GRUYTER

[37]

[38]
[39]

[40]
[41]

[42]
[43]

[44]

[45]

[46]

[47]

N. S. Papageorgiou, C. Vetro, F. Vetro, Relaxation for a Class of Control Systems with Unilateral Constraints,

Acta Appl. Math. 167 (2020), no. 1, 99-115.

N.S. Papageorgiou, P. Winkert, “Applied Nonlinear Functional Analysis. An Introduction”, De Gruyter, Berlin, 2018.

K. Perera, M. Squassina, Existence results for double-phase problems via Morse theory, Commun. Contemp. Math. 20
(2018), no. 2, 1750023, 14 pp.

V. D. Radulescu, Isotropic and anistropic double-phase problems: old and new, Opuscula Math. 39 (2019), no. 2, 259-279.
C. Vetro, Parametric and nonparametric A-Laplace problems: Existence of solutions and asymptotic analysis, Asymp-

tot. Anal., https://doi.org/10.3233/ASY-201612.

C. Vetro, F. Vetro, On problems driven by the (p(-), q(-))-Laplace operator, Mediterr. ). Math. 17 (2020), no. 1, 1-11.
S.D.Zeng, Y.R. Bai, L. Gasifski, P. Winkert, Existence results for double phase implicit obstacle problems involving multival-
ued operators, Calc. Var. Partial Differential Equations, 59:5 (2020), pages 18.

S.D. Zeng, L. Gasifiski, P. Winkert, Y. R. Bai, Existence of solutions for double phase obstacle problems with multivalued
convection term, ). Math. Anal. Appl., https://doi.org/10.1016/j.jmaa.2020.123997.

Q. Zhang,V. D. Radulescu, Double phase anisotropic variational problems and combined effects of reaction and absorption
terms, J. Math. Pures Appl. (9) 118 (2018), 159-203.

V. V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, lzv. Akad. Nauk SSSR Ser. Mat. 50
(1986), no. 4, 675-710.

V. V. Zhikov, On variational problems and nonlinear elliptic equations with nonstandard growth conditions, ). Math. Sci. 173
(2011), no. 5, 463-570.



	Convergence analysis for double phase obstacle problems with multivalued convection term
	1 Introduction
	2 Preliminaries
	3 Main results


