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1. Introduction and main result

Nowadays, there is a great interest in the study of nonlinear PDEs involving the (p,q)-Laplace operator, see [1-3], due to
several relevant physical applications in the field of applied sciences such as physics, plasma physics, chemical reaction design,
electromagnetism, electrostatics and electrodynamics, see [4-6]. Such problems are both fascinating and difficult to deal with.
From an analytical point of view, there are several technical difficulties, such as the inhomogeneous nature of the (p, g)-Laplacian
and the lack of compactness of Palais-Smale sequences due to the unboundedness of the domain. Concerning problems driven by
the (p, n)-Laplacian, we refer to the papers [7-10], see also the references therein. Moreover, we also mention [11-13] for the study
of existence and multiplicity of solutions of Choquard equations with critical exponential growth in the whole Euclidean space.

Motivated by the above mentioned works, we study the following (p, n)-Laplace Schrodinger-Choquard type equation

Loy +L,yw)= / FQ,u dy Jxw in R”, Q)
‘ ’ Rr |x — yl#|yl? |x?

where 1 <p<nwithn>2,§>0,0<u<n 0<2f+u<n, L,y =—A,u+V@u"uand 4,u = div(|Vu|"~>Vu) denotes the
usual m-I:aplacian for m € {p,n}. The nonlinearity f: R” xR — R has critical exponential growth at infinity, that is, it behaves like
exp(a|s|»-T) when |s| > +oo for some « > 0, which means that there exists a; > 0 such that

0 if a > a,
. 0 uniformly with respect to x € R".
+oo  if a < ap,

(fo) imyyjoyeo | (x, 9)] exp(—als|7T) = {
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For the scalar potential V : R" — R, we suppose that the following hypotheses are satisfied:

(v)) V € C(R",R) and there exists a constant ¥}, > 0 such that inf g, V(x) > Vp;
(v7) V(x) > 400 as |x| - +o0, or more generally, for any M > 0, u({x € R": V(x) < M}) < +o0, where for any A Cc R", u(A)
denotes the Lebesgue measure of A in R”".

Next, we assume the following hypotheses on the nonlinearity f : R” xR — R:

(f1) f:R"xR — R is a Carathéodory function such that f(-,s) =0 for all s <0 and f(-,s) > 0 for all s > 0; further, there holds
F(x,5)=o(s|" ") as s - 0% for a.a.x € R

(f,) there exists 6 > n such that 0 < 0F(x, s) = 9/; f(x,1)dt <2sf(x,s) for a.a. x € R" and for all s > 0;

(f5) there exists £ > n and # > 0 such that F(x,s) > ns° for a.a.x € R” and s > 0;

(f,) the maps s — @ &9 are strictly increasing for a.a. x € R" and for all s > 0.

] and s —
s3 52

Due to (fy) and (f)), for any ¢ > n and « > «, there exist € > 0 and a constant D, = D,(¢,a,q) > 0 depending on ¢, @ and ¢ such
that

1f(x, 9)] < els|™" + D,|s|"'®(a|s|™) for a.a.x € R" and for all s € R, (1.1
where @(f) = exp(t) — Z;’;g ;—/, and 0’ = nf—l Thus, one has
max{|sf(x,s)],|F(x,s)|} < el|s|" + Dglsl"d>(a|s|”/) for a.a.x € R"” and for all s € R. (1.2)

Note that the function F(x,s) = n(s*)¢ exp (a0(5+)"/) fora.a.x € R" and for all s e R, wheren >2, >0, ¢ >n, 0<aqy<a, st =

max{s,0} and f(x,s) = % for a.a. x € R” and for all s € R satisfies hypotheses (f;) — (f4).
Next, we define the function space X = WVI‘”(R") n WVI’"(R") equipped with the norm || - || = || - 10+ 11l 10 From [10], it is
Vv

known that (X, || - ||) is a reflexive and separable Banach space, where by means of (v1) and m € {p, n}, the weigllllted Sobolev space

W R") = {ue WIMRY : V()™ € L'R")},

is endowed with the norm || - ||Z/ o = NV A+ 17, As usual, W lm@R") stands for Sobolev space equipped with the norm
II - ||’V';/]_m =[IV-lm+1 -7, while | ~V||m is the usual norm of L"(R") and || - ||, is the norm of the weighted Lebesgue space Ly R,

see [10] for its definition.
We say that u € X is a weak solution of problem (P), if there holds

F(y,u) f(x, Wy
u, Y + (u,y =/ / dy dx forall y € X,
ety oy Rn( w lx = yly) lx1?

where (-,-), ., for m € {p,n} is defined by

<u,y/)mV = / |Vu|"2Vu - Vi dx +/ V(X)|u|" 2uy dx  for u,w € X.
’ R" R7
In addition, we say that a solution u, € X is a ground state solution of problem (7), if there holds
J(uy) =inf{J(m):u e X\ {0} and J'(w) =0},

where J € C!(X,R) is the associated functional to problem (7).
Our main result is given by the next theorem.

Theorem 1.1. Let hypotheses (v,)—(v,) and (f,)-(f,) be satisfied and suppose there exists ny, > 0 large enough such that (f3) holds for all
n > ny. Then problem (P) has a positive ground state solution.

The paper is organized as follows. In Section 2, we provide some preliminary results, while Section 3 is devoted to the proof of
Theorem 1.1.

2. Preliminary results

In this section, we introduce some elementary results which will be useful in the sequel.

Lemma 2.1 ([10, Corollary 2.6]). Let (v,) and (v,) be satisfied. Then the embedding X < L*(R") is compact for any = € [p, p*) U [n, +),
where p* = % is the critical Sobolev exponent.

Now, we recall the celebrated Moser-Trudinger inequality, which was initially established in [14, Lemma 1], see also [15-17]
and the references therein.
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Theorem 2.2 (Moser-Trudinger Inequality). For all n >?2, a > 0 and u € W'"(R"), there holds
n—=2

’ ol ’
exp(ajul™) — ,—|u|"/>dx<+oo.
/R"< Z J!

j=0

1
Moreover, if ||Vull? < 1, |jull, £ M <+ and a < @, = nwE, where w,_, is the measure of the unit sphere in R”, then there exists a
constant C = C(n, M, a) > 0 which depends only on n, M and a such that

n-2

J .
/ (exp<a|u|"’> -2 “.—|u|"’f> dx < C(n, M, a).
Rn j'

j=0
Lemma 2.3 ([18, Lemma 2.1 and Lemma 2.2]). For any n > 2, the map s — exp(s) — Z;’;é ;—j is increasing and convex on [0, +0).

!
Moreover, for all p > 1 and s > 0, there holds
n—-2

AN @ (ps)
<exp(s) -y 7) <exp(ps) - Y, =
. &)

=0

The following doubly weighted Hardy-Littlewood-Sobolev inequality can be found in [19].

Theorem 2.4 (Doubly Weighted Hardy-Littlewood-Sobolev Inequality). Let 1 < r,s < +00, 0 <y <n, a+f >0and 0 < a+f+u < n such
that L + 1 + "+f+" 2and 1 — % - % < % <1- %, then there exists a sharp constant C = C(r, s, n, a, i, u) > 0 independent of g € L"(R")
and h [S LS (R") such that

/ / _ gh(py) dx
n JRe [ x]%[x — I”Iyl”

Further, let

ho)
T = [ —
o [l — y1 o)

dy| < C(r,s,m,a, B, gl N Alls.

Then there exists a constant C = C(t,s,n,a, f, u) > 0 independent of h € L*(R") with 1 + % + W and 2 < % < % such that
ITAI, < Ct,s,n,a, B, wllAll.

Next, we define the energy functional J : X — R associated with problem (7) by

F(y, F(x,
J@ =L+ L M—l/ / 00 g ) £ 4 foratue x.
P w2 Jen\ e x =y x|

In virtue of (1.2), Lemma 2.1, Theorem 2.2, Lemma 2.3 and Hélder’s inequality, we have F(x,u) € L¢(R") for all u € X and ¢ > 1.
Thus, by employing Theorem 2.4 with r = s = —2*— and « = , one has

2n=2p—u
@) < CBm, wIFCwl?  where I(w)= / </ Fly.u) - dy> F(Xﬂ") dx @.1)
" \JR" [x = yl¥]yl [x]|
By using the above inequality, it is easy to see that J is well defined and of class C!(X,R) with
F(y,u) S G, wy
(J' W), w) = {u,w + (), —/ / dy dx forall u,y € X, (2.2)
A AV Sy lxI?

where (-,-) is the duality pair between the dual X* and X. It is standard to see that the critical points of J are exactly the weak
solutions to problem (P).

3. Existence of ground state solutions: Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First, we need to check that J satisfies the geometrical hypotheses of the
mountain pass theorem.

Lemma 3.1. Let hypotheses (v,)—(v,) and (fy)—(f>) be satisfied. Then the following hold:

(a) Any nontrivial critical point of J is nonnegative;
(b) There exist 5, p > 0 such that J(u) > 6 for all u € X and ||u|| = p;
(c) There exists e € X with ||e|| > p such that J(e) < 0.

Proof. Let u € X \ {0} be a critical point of J. Denote u = u* —u~, where u* = max{+u,0}. Now, testing (2.2) by u~ € X, we obtain
from (J'(u),u”) =0 and (f;) that

[V |)? L HIVaT? =0, thatis, [[Vu~|| wie = = IVu~lly, L =0.
WV WV
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It follows that ||u~|| = 0. Thus, we have u~ =0 a.e.in R” and u = ™ > 0 a.e.in R". This completes the proof of (a).
Let 9 > 0 be such that 2ar9" < a, for all u € X satisfying ||u|| € (0, 9]. By direct calculations, one has

V<L> ’ 0 P

T llall ), lall|, = /v

It follows from (1.2), (2.1), (3.1), Lemma 2.1, Theorem 2.2, Lemma 2.3 and Holder’s inequality that

e wh(®"), < 400. 3.1)

1
1) < C< 22 + Dzllullzq,< / ¢(2ar|u|"’>dx> ) < c(énunz" ¥ Dg”uw( / rb(zarnun"’|<u/||u||>|"’>dx> )
]:RH RH
< CE2lull®™ + D2{[u]|®),

where C > 0 is a suitable constant varies from step to step. Define p = min{1,8}. Then, by taking ||u|| = p for all u € X, we have
J@) > ||ul” (zn i C(&*||ull" + D?|jul|?¢=")). Choosing 0 < & < (\/2"—1nC)_1 and using g > n, we are able to find p > 0 small enough

such that —— — C(£2p" + D?p*™") > 0. Thus, we have J(u) > p (2"_ - C(£2p" + D?p*1™")) 1= 6 > 0 for ||u|| = p. This shows (b)
Next, fix uy € X\ {0} with u, > 0 and define IT : (0 +00) - Rby IT(r) = 1I( 1o ) for all ¢ > 0. By using (f,), one has IT’(r) > H(t)

we deduce that I(suy) > > s9||u0||‘91( ) and

for all 7 > 0. Integrating it on [1, sy|luyl|] with s > —

H oll” oll

sP s" 0
T (sug) < ;uuoni/,_p + = lugll? , ~ 2 gl 1( Tl ) - -0 ass— oo,
14 14

where we have used that p < n < 0. Taking s > —
of (¢) and consequently of Lemma 3.1.

” large enough and e = su,, we get J(e) < 0 and ||e|| > p. This completes the proof

By employing Lemma 3.1 and the mountain pass theorem [20] without the Palais—Smale condition, one can see that there exists
a (PS),-sequence {u; };cy C X, thatis, J(u;) - ¢ in R and J'(y;) — 0 in X* as k - oo, where c is the mountain pass level given by
c = m; max Jy@®)>6>0 with I :={y e C(0,1],X):y(0)=0,J(r(1)) <0}.
yer teg[0.
Next, we cornpute the following key estimate for the mountain pass minimax level c.

Lemma 3.2. There exists n, > 0 large enough such that if (f5) is satisfied for all n > n,, then there holds
n n 2
0<c<cyi=min Lfo=n)"(% H,L O—ny(%)" . (3.2)
27\ " no a 2» \ nb a

Proof. Let y € C(‘)”(]R”, [0, 1]) be a cut-off function such that y(x) =1 if |x| < 1, w(x) =0 if |x|] > 2 and |Vy(x)| < 1 for all x € R". By
direct computations, we obtain

1

2"w, (1 + [[Vlle)

O (VG +V@)lsw|™) dx < s™ for m € {p,n},
m JBy©) nm
2
N dxd @ pn,n—p+1) .
(i) / / , xdy 52 n-1 ., where ﬁ(21,22)=/ #1711 = =l gr
10 /B0 [x|7]x = yI¥ ] n—u 0

for all z;, z, € C with Re(z;) > 0 and Re(z,) > 0 is called the Euler integral of the first kind. Thus, for all s € [0, 1], we obtain from
(f3) that

2l (L+ IV @?_ pn,n—p+1)
J(sy) < C s — Con®s® with €, = o0 IWVle) g C=-—2 7
np 2(n — )

Define the map g : [0, 1] - X by g(s) = sy for all s € [0, 1] and choose #; > 0 such that J(y) < C, - Cznf < 0 for all # > #,. It follows
that g € I'. Hence, one has

28— p)C C
¢ < max J(g(s)) < max J(sy) < max [Cs? — Cznzsz"f] = Gl 2i0} (p_1
s€[0,1] 520 520

2 260G,

Therefore, we can find 7, > #; large enough such that ¢ < ¢, for all n > r,, where ¢, is defined in (3.2).

2%-p
> -0 asny— oco.

Lemma 3.3. Every (PS),-sequence {u;},cy C X for J is bounded in X, where ¢ € (0,c) and ¢, is given in Lemma 3.2. Moreover, there
holds

. o Oy
limsup [Ju; ||" < - (3.3)
k—co 0

Proof. Let ¢ € (0,cy) and {u; },cy C X be a (PS),-sequence for J. Applying (f,) leads to

11 )
¢+ o, (1) + o (D]l > <; - 5) (”uk”iv;"’ + ””k”w;,n) as k - oo. (3.4)

4
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Suppose now that {u; },cy is unbounded in X. We consider three cases. Case 1: Assume that gl 10 — 00 and el 1n — o0 as
|4 |4

k — 0. By using 1 < p < n, one has ”uk”rI:Vl"' > ”uk”iv‘*” > 1 for large k. It follows from (3.4) that
|4 14

¢+ op(D) + o, (Dl | 2 zlw(% _ é) lug P as k — oo.

Dividing |ju,||” on both sides and letting k — o, we have 0 > 21’F’(£ - é) > 0, which is a contradiction. Case 2: Suppose that
||uk||W1,p — o0 as k - oo and lltgellyy 1 is bounded. Thus, we deduce from (3.4) that
14 14

1 1
¢+ 0, (1) + o (Dl |l = <; - 5>||“k||€VVLp as k — oo.

Dividing ||uk||" 1 on both sides and sending k — oo, we have 0 > (% - 5) > 0, which is again a contradiction. Case 3: Suppose

that ||uk||W I o0 as k — oo and ||“k|| 1o is bounded, then by arguing as in Case 2, we can easily arrive at a contradiction. Thus,
{u ) pen 1S a bounded sequence in X. Further by using (3.4), we get
né né %
h?lscl:p”“k”" i < <9_n>c and llkmﬁs‘;lp fluage 11" Wi < [<H—n>c] . (3.5)

It follows from (3.5) and the inequality (a + b)° < 2°~!(a® 4 b°) for all a,b > 0 and ¢ € [1,+co) that

1 _n
1 n—1 (n—Dp
liiriscgpllukll”’ s2~1<[<9”_9n>c] + [(9”_9n>c >

By using the fact that ;= > 1 and — < — = 1) , we obtain from the previous inequality that
n 4L
- n—1
29 [2"(ﬂ>pc] ife<1,
. / né P L L -n
limsup [lu || < [2( 7 > ] (c n=1 + ¢ (=-Dp ) < 1 (3.6)
k—co —-n =)

Due to (3.2) and (3.6), one can easily obtain (3.3). This finishes the proof of the lemma. []

Lemma 3.4. Let hypotheses (v,)—-(v,) and (f,)-(f3) be satisfied. Then J satisfies the (PS), compactness condition for all ¢ € (0, ¢), where
¢ is defined in Lemma 3.2.

Proof. Let {u; },cy C X be a (PS),-sequence for J. Then, by employing Lemma 3.3, one sees that {u, },<y is bounded in X and (3.3)
is satisfied. Hence, up to a subsequence not relabeled, there exists u € X such that u; — u in X. Thus, from Lemma 2.1, we obtain
u, —» uin L*(R") for all = € [p, p*)U[n, +o0) and u;, — u a.e.in R". In addition, as a consequence of (1.2), (3.3), Lemma 2.1, Theorem
2.2, Lemma 2.3 and Holder’s inequality, one can deduce that { F(-,u;)};cy is bounded in L"(R"). Using the continuity of the map
s F( s), we obtain F(x, uk) — F(x,u) a.e.in R"” as k —» 0. It immediately follows that F(x,u,) = F(x,u) in L"(R") as k - o0. Set
=

2/i+
h(y)

L' (R") 3 h(x) » _—
R |x|P|x = yl#|yl?

dy € L'(R")

is a linear and bounded operator. As a result, we obtain

F(y,u F(y, .

/ % dy - / % dy m Lt(Rn) as k — .
R |x|P|x = yI#]y] R |x|P|x = y[#]y]

Therefore, the sequence { Jra m dy} is bounded in L'(R"). Note that (3.1) holds replacing u by u,. Since (3.3) holds
and passing to a subsequence if necessary (not relabeled), we can assume that sup,cy ||uk||" ”. Let us fix m € (||uk||"/, :—”) and
a > a, close to a, in such a way that 2agrm < a,. Now, by using (1.1), Lemma 2.1, Theorem 2.2, Lemma 2.3, Holder’s inequality
and the boundedness of {u; },cy in X, we have

1 1
[T (ug), uy, — u)| < C[(/ |uk|(n—l)r|uk —ulrdx> r + </ |uk|(q—1)r|uk —u|r4’(ar|uk|"')dx> r]
Rn Rn

1
- - ’ ’ 2r
< C[”“k”f,, oty = ull,r + e N1 Ml — M||2qr</]R DQagr|lugll™ [/ llu DI )dx> ] =0, (D

as k — oo, where C > 0 is a suitable positive constant. It follows that

F —
lim ( / . 14) ; dy> ZACS “k)(zk “) 4x = 0, (3.7)
k=oo Jra \ Jrr |x — y|#]y] [x]
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lim/</ F@,uw) dy)f(x’”)(”"_")dx=o. (3.8)
koo Jpn \ Jre |x — y|#|y|? |x|?

Recall that (J'(uy) — J'(u), u — u) = 0, (1) as k — oo. Hence, for m € {p,n}, we obtain by using (3.7), (3.8), the convexity of the map
t im’” and (v;) that

Jlim (1Vu "2V — |Vu"2Vu) - (Vi — Vi) dx = 0, (3.9
= Jpn
Jlim / V() (I "2y, = |ul™2u) (), — u) dx = 0. (3.10)
— 00 RVI

From [21], for all w, z € RY with d > 1, there exist two positive constants C, and ¢, depending only on ¢ such that

o 2-0
C,[(Iwl"?w = 1z1°%2)(w - 2)| 2 [lwl® + |2I°] 2 ifl<o<2,

(3.11)
ey (lw]"2w = |2°72z) (w - 2) if 6 >2.

lw—z|” <

Due to (3.9), (3.10), (3.11) and the boundedness of {u,; },cy in X, we obtain for m > 2 that

IVuy = Vu||™ < c,,,/ (IVu ™2V, — |Vu|""2Vu) - (Vi — Vu)dx = 0,(1) as k — oo,
Rﬂ

[luy — u||2y < cm/ V(x)(lukl'"_zuk - |u|m_2u)(uk —u)dx =0, (1) ask — .
R’l

Because of (3.9), (3.10), (3.11), Holder’s inequality and the boundedness of {u; },cy in X, we get for 1 < m < 2 that

m
2

2-m
Vi, = Vul|” < Cm/ [(IVu "2 Vuy, = V| "2 Vu).(Vay, = V)| 2 [V | + [Vu|™] 2 dx
]RVI

Q-m)m

(2—m)m
[|Vuk|72 +|Vu| ]dx

SIH]

< cm/ [(1Vu "2V = |Vu|™ 2 V1) (Vi — V)]
Rn

Q—m)m Q2-m)m

[Vl 2+ 19l 2 | = o)

2IF

< cm</ (IVue ™2V, — |Vu|™2Vu).(Viy — Vu) dx)
Rn

as k - oo and

2-m

llug —ullyyy < C /R Ve (1 1"y = Ll 2u) g = 0] 7 [l + ™) 2 dx

Q—mm 2=m)m

<G [Vl =l 0) 0] gt 5 1 5

Q=—m)m Q=m)m

3
<, (/R V0 (g "2, = [l ™20) —u)dx) [l + Ml p | = o)) as k= oo.

Hence, we deduce from the above convergences that Vu, — Vu in L™(R") as k — co and u;, — u in L}(R") as k — oo for m € {p,n}.
It follows that u, — u in X as k — oo. This finishes the proof. []

Proof of Theorem 1.1. By using Lemma 3.4 and J € C!(X,R), one has J(u) = ¢ > 0 and J'(u) = 0. Thus, we obtain from
Lemma 3.1 that u is a positive solution of (7). Next, we claim that « is a ground state solution of (P). It suffices to show
c <0 :=inf{lJw:u € N}, where N' := {u € X \ {0}: J'(u) = 0}. Define the map : (0,+00) — R by z(s) = J(su) for all
u € N and s > 0. Note that 7’ (s) = %(J "(su), su) — s"~1(J'(u), u). Moreover, by direct calculations, we have

A= (" =Dl | s [/ {/ (F(y;”)_F(y’i”)) uz dy}f(f’u)ﬂdx
Wy o e\l sw? ) lx=yl"yl’ wr ™t Ixl
. / ( / Fous b dy) {f(jc,u) _ S } s dx]‘
"\IR" (su)2 Ix = yl#|yl? uz! (su)i_l x|

Due to (fy), one sees that z’(s) > 0 for all s € (0,1) and z’(s) < 0 for all s € (1,+o0). It follows that 1 is the maximum point of
7 and thus J(u) = max,( J(su). Further, let g: [0,1] — X be such that g(s) = ssyu, where s, fulfills J(sou) < 0. Hence, g € I" and
¢ < maxgg 1y J(8(s)) < maxo J(su) = J(u). Since u € N is arbitrary, we have ¢ < 6. []
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