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Abstract. We prove existence and comparison results for multi-valued
variational inequalities in a bounded domain 2 of the form

ue K :0€ Au+ 0k (u) + F(u) + Fr(u) in WHH Q)"
where A: WHH(Q) = WHH(Q)* given by
Au = —div (|Vu\p(z)72Vu + u(x)|Vu\q(I)72Vu)

for u € WH"(Q), is the double phase operator with variable expo-
nents and W'*(Q) is the associated Musielak-Orlicz Sobolev space.
First, an existence result is proved under some weak coercivity condi-
tion. Our main focus aims at the treatment of the problem under con-
sideration when coercivity fails. To this end we establish the method
of sub-supersolution for the multi-valued variational inequality in the
space WI’H(Q) based on appropriately defined sub- and supersolutions,
which yields the existence of solutions within an ordered interval of sub-
supersolution. Moreover, the existence of extremal solutions will be
shown provided the closed, convex subset K of W (Q) satisfies a lat-
tice condition. As an application of the sub-supersolution method we are
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able to show that a class of generalized variational-hemivariational in-
equalities with a leading double phase operator are included as a special
case of the multi-valued variational inequality considered here. Based on
a fixed point argument, we also study the case when the corresponding
Nemytskij operators F, Fr need not be continuous. At the end, we give
an example of the construction of sub- and supersolutions related to the
problem above.

1. INTRODUCTION AND MAIN RESULTS

In this paper we prove comparison and extremality results for a wide
class of multi-valued variational inequalities driven by the double phase op-
erator with variable exponents. This operator, denoted by A: W”"(Q) —
WHLH(Q)*, is given in the form

Au = —div (\WWHW + N($)|V“’q(x)72vu> (1.1)

for u € WLH(Q), where p,q € C(Q) with 1 < p(z) < N, p(z) < q(x) for
all z € Q, 0 < p(-) € LY(Q) is the weight function and W17(Q) is the
corresponding Musielak-Orlicz Sobolev space (see Section 2 for its precise
definition). Note that (1.1) reduces to the p(x)-Laplacian when p = 0 and
to the (p(z), ¢(z))-Laplacian when inf i > 0.

When p and ¢ are constants, such setting is originally due to Zhikov [42]
who introduced and studied the integral functional

w / (IVw|? + p(z)|Vw|?) dz (1.2)

in order to describe models for strongly anisotropic materials. The functional
(1.2) also demonstrated its importance in the study of duality theory and in
the context of the Lavrentiev phenomenon, see Zhikov [43]. Note that (1.2)
is related to the differential operator

u i —div (|VulP"2Vu + p(z)|Vul! 2Va), (1.3)

which is a special case of (1.1). From the physical point of view, (1.2)
describes the phenomenon that the energy density changes its ellipticity and
growth properties according to the point in the domain. In the elasticity
theory, for example, the modulating coefficient u(-) dictates the geometry
of composites made of two different materials with distinct power hardening
exponents ¢ and p, see Zhikov [44]. From the mathematical point of view,
the behavior of (1.2) depends on the sets on which the weight function p(-)
vanishes or not. Therefore, we have two phases (pu(x) = 0 or # 0) and so
we call it double phase. Even though no global regularity theory for double
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phase problems exists yet, there are some remarkable results about local
minimizers, see [2, 3, 4, 14, 15, 17, 28, 29, 30, 34]. We also refer to the recent
overview article in [31].

Let us next formulate the problem under consideration. To this end, let
Q c RY (N > 2) be a bounded domain with Lipschitz boundary 9Q and
let ' C 0N be a relatively open subset and denote I'y = 9 \ ' such that
0Q =T UTy. We consider the multi-valued elliptic variational inequality of
the form

uweK : 0 Au+ dlg(u) + F(u) + Fr(u) in WHH(Q)*, (1.4)

where W (Q)* its dual space of WH™(Q), K is a closed convex subset of
the closed subspace Vi, of W1 (Q) defined by

VFU = {u S WLH(Q) U ‘F[): 0} ,

Ik is the indicator function related to K, and 0k denotes its subdifferential.
The lower order multi-valued operators F and JFr are generated by the multi-
valued functions f: QxR — 28\ {#} and fr: I xR — 28\ {0}, respectively.
Let
« Np(x N — 1)p(x
o o) (N~ 1)p(a)
N — p(z) N —p(z)
be the critical exponents to p for 1 < p(z) < N, and denote by p/(-) the

Holder conjugate to p given by p/(-) = pfgzl.

and p.(x) = forallz € Q  (1.5)

We assume the following
hypotheses:

(HO) p,q € C(Q) such that 1 < p(z) < N, p(x) < q(x) < p*(x) and
0 < pu() € L>(Q).

(F1) f: QxR — 28\ {0} and fr: I' x R — 2%\ {()} are graph measurable
on ) x R and I' x R, respectively, and for a.a.x € €2 the function
f(z,-): R — 2% is upper semicontinuous and for a.a.z € T, the
function fr(z,-): R — 2R is upper semicontinuous.

(F2) There exist 11 € C(Q), 2 € C(I') with 1 < ry(z) < p*(z) for all
x€Q, 1<ryr) <pu(x)forallz €T, >0, Br > 0 and functions
a e L"O(Q), ap € L0(T) such that
sup {[n| : 1 € f(z,9)} < afz) + Bls|" @
for a.a.z € Q, for all s € R, and
sup {[¢| : ¢ € fr(x,5)} < ar(x) + Br|s|" !
for a.a.z € I', and for all s € R.
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We point out that the classical obstacle problem fits in our setting, that
is,

K ={ueW'(Q) : u(z) > (z) a.e.in Q}

with a given obstacle ¢: 2 — R. Originally, the study of obstacle problems
is due the pioneering contribution by Stefan [36] in which the temperature
distribution in a homogeneous medium undergoing a phase change, typically
a body of ice at zero degrees centigrade submerged in water, was studied.
Furthermore, we mention the famous work of J.-L. Lions [26] who studied
the equilibrium position of an elastic membrane which lies above a given
obstacle and which turns out as the unique solution of the Dirichlet energy
functional minimized on the closed convex set K.

Before we state our main results, we first give the definition of a weak
solution to problem (1.4).

Definition 1.1. A function u € K is said to be a (weak) solution of (1.4)
if there exist 1 € C(Q), 2 € C(T), 1 < 7i(x) < p*(z) for all x € Q,
1 < m(x) < pu(z) for all z € T and n € L1O(Q), ¢ € L) such that
n(z) € f(z,u(x)) for a.a.x € Q, ((x) € fr(z,u(x)) for a.a.z €T and

/ (|Vu|p(x)72Vu + u(m)|Vu\q<x)*2Vu> V(v —u)dz
@ (1.6)
—|—/ﬂn(v—u)dx+/rﬁ(v—u)da >0

forallv e K.

Note, for simplicity of notation, the boundary integral [ {(v—u)do stands
for

/FC(Z‘TQ(A)U‘F — iTz(.)u]F) dO’,

where i) WHH(Q) — L™0)(9Q) denotes the trace operator, and iy (VT
is the restriction of i.,yv to T'.

The multi-valued variational inequality (1.4) covers a wide range of elliptic
problems which can be deduced from (1.4) by specifying I', K, and the lower
order terms. To give an idea, let us consider a few examples.

Example 1.2. If I' = 99, then 'y = 0, and Vr, = WHH(Q). If K =
WLH(Q), then (1.4) reduces to the following multi-valued elliptic boundary
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value problem

—div (]Vu|p($)_2Vu + u(x)\Vu]q(w)_QVu> + f(z,u) 30 in Q,
—68;: € fr(z,u) on 0,
where
o

B <|Vu|p(””)_2Vu + ,u(:n)|Vu|q<$)_2Vu) v
A

with v denoting the outward unit normal at T'.

Example 1.3. If Ty = 99, then T’ = 0, and Vp, = Wo'(Q). If K =
WOI’H(Q), then (1.4) becomes the following multi-valued Dirichlet boundary
value problem

—div (yvu\p@)—?vu + u(x)\Vu]q(”)_QVu) + flz,u) 30 inQ,
u=0 on 0f.

Further special cases can be deduced from (1.4) such as a mixed boundary
value problems that arise when |I'| > 0 and |I'g| > 0, and K = V,. In
Section 6 we will see that (1.4) also includes an important class of generalized
variational-hemivariational inequalities.

Our first result is the following existence theorem for (1.4) under a coer-
civity condition.

Theorem 1.4. Let hypotheses (HO), (F1) and (F2) be satisfied and suppose
the following coercivity condition holds:

There exist ug € K and R > ||ug||1,1 such that K N Br(0) # (0 and
(Au+n"+ " u —up) >0, (1.7)

for all w € K with ||ull1,3 = R, for all n* € F(u) and for all {* €
Fr(u).
Then problem (1.4) has at least one solution in the sense of Definition 1.1.

The proof will be given in Section 3, see also Corollary 3.2, which is a direct
consequence of Theorem 1.4. If the coercivity condition (1.7) or appropriate
generalized versions of coercivity are not satisfied then problem (1.4) may
have no solutions. However, in the noncoercive case we still are able to prove
the existence of solutions provided appropriately defined sub-supersolutions
for (1.4) exist. In this paper we establish an sub-supersolution method based
on the following definition of sub- and supersolutions of problem (1.4). For
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functions u,v: @ — R we use the notation u A v = min(u,v),u Vv =
max(u,v), K NK = {fuAv : uy,v € K}, K VK ={uVv : uv € K}
and u N K ={u} NK,uV K ={u} VvV K.

Definition 1.5. A function u € WH(Q) is said to be a (weak) subsolution
of (1.4) if there exist 1 € C(Q), 2 € C(T'), 1 < 11 (x) < p*(x) for all z € Q,
1 <7(z) <p«(z) forallz €T andn e L10(Q), Qs L7O(T) such that
(i) uv K C K;
(i) n(z) € f(z,u(x)) for a.a.x € Q, {(x) € fr(z,u(z)) for a.a.xz € T';
(i)

/ (|w|ﬁ<$>*2w + u(:c)|vg\q@>*2vg) V(v — ) dz
Q

+/77(v—u)dx+/<(v—u)d020
Q- r
forallveun K.

Definition 1.6. A function® € W17(Q) is said to be a (weak) supersolution

of (1.4) if there exist 1 € C(Q2), 72 € C(I'), 1 < 1y (z) < p*(z) for allxz € Q,
1< m(z) < pu(z) for allz €T and 7 € LT1O(Q), ¢ € LT such that
() aAK C K;
(i) n(z) € f(z,u(x)) for a.a.x € Q, {(z) € fr(z,u(x)) for a.a.x € T;
(i)

/ <|Vu|p<$)‘2Vﬂ + ,LL(:U)|VH|‘1($)_2VH) V(v —7)dz
Q

+/n(v—u)dm+/{(v—u)d020
Q r
forallveuwv K.

Remark 1.7. We note that although variational inequalities are generally
nonsymmetric due to the presence of constraints, the notions for sub- and
supersolution defined by Definition 1.5 and Definition 1.6, respectively, do
have a symmetric structure in the following sense: one obtains the definition
for the supersolution w from the definition of the subsolution by replacing
w,n, C in the definition of subsolution by u,n,(, and interchanging V by A.
Symmetric structure is a main feature of the sub-supersolution concepts for
smooth equations, which has been extended here to multi-valued variational
inequalities with variable exponent double-phase operator.
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Just for illustration, let us apply the above definitions to the special case
given by Example 1.2 and assume that f and fr are single-valued, that is

— div ([Vul ™2 Vu 4 (@) Vul?O 20 + fa,u) =0 in O,

(1.8)
Ou + fr(z,u) =0 on 0.

v

Let u be a subsolution according to Definition 1.5. As K = WH(Q) and
WLH(Q) has lattice structure, condition (i) is trivially satisfied. Condition
(i) yields n(x) = f(z,u(z)) for a.a.x € Q and ((z) = fr(z,u(z)) for
a.a.x € I'. For any ¢ € K = WHH(Q) we test (iii) with v = u A ¢ =
u— (u— )" which results in

/ <|Vmp($)*2V@ + ,u(x)!Vg\‘I(z)QVg) V(u— )" da
Q

+Aﬂa%W@—@ﬂu+Aﬁwmmmhwﬁwgo

for all ¢ € WHH(Q). Since the set {(u — )T : ¢ € WHH(Q)} equals
{¢p € WEH(Q) = ¢ > 0}, the last inequality is nothing but the usual notion
of subsolution for the boundary value problem (1.8), that is,

—div | [Vu[""" " Vu + p(x)u(x) V™ *Vu ) + f(r,u) <0 din
d V@) -2y V@) -2y f 0

ou
P < .
oo + fr(z,u) <0 on 0N

Similarly, Definition 1.6 for the supersolution u of (1.8) reduces to
—div (|vmp<f>—2w + M(x)a(x)|VH\4<w>—2Va) + f(z, @) >0 inQ,
;:; + fr(z,w) >0 on Q.

Next, we suppose the following local boundedness conditions on the multi-
valued nonlinearities with respect to the order interval [u,u].

(F3) Let u and u be sub- and supersolutions of (1.4) such that v <% and
suppose the following growth conditions

sup{|n| : n € f(x,s)} < ko(x) fora.a.zcq,
sup{[¢| : ¢ € fr(z,s)} <kr(x) fora.a.xzel,

for all s € [u(z),(z)] and for some kq € L™O)(Q), kp € L™0)(T).
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The sub-supersolution method for (1.4) is established by the following exis-
tence and comparison result.

Theorem 1.8. Let u and uw be an ordered pair of sub- and supersolutions
of (1.4) fulfilling uw <@ and let hypotheses (HO), (F1) and (F3) be satisfied.
Then problem (1.4) has a solution v € K such that u < u <7 a.e.in .

We remark that Theorem 1.8 will be seen as straightforward consequence
of a general existence and comparison principle (see Theorem 4.1) which
will be proved in Section 4, and which at the same time allows us to order-
theoretically and topologically characterize the solution set S of all solutions
of (1.4) lying within the interval [u,u]. We have the following characteriza-
tion of S, see Section 5.

Theorem 1.9.

(i) Under the assumptions of Theorem 1.8, the solutions set S is a com-
pact subset of WH(Q).

(i) If
SANKCK and SVKCK, (1.9)
then
(a) any u € S is both a (weak) subsolution and supersolution of
(1.4), and

(b) S is directed both downward and upward, that is, for all uy,us €
S, there exists wi, w2 € S such that

wy < minf{ug,ue} and we > max{ui,usz}.

(iii) If (1.9) hold then S has smallest and greatest elements, that is, there
are Uy, u* € S such that uy < u < u* for allu e S.

In Section 6, as an application of Theorem 1.8 and Theorem 1.9, we are
going to show that a class of generalized variational-hemivariational inequal-
ities with the double phase operator as the leading operator of the form

ue K 3<AU,U—U>+/jo(-,u,u;v—u)dx
. (1.10)
+/j§(',u7U;v—U)d020 for all v € K,
r

turn out to be a special case of (1.4) only, see Theorem 6.2. In Section 7 we
also study the case when the functions f and fr need not be continuous (so
F and Fr need not be pseudomonotone anymore). The idea in the proof is
the usage of an fixed point argument, see Theorems 2.13 and 7.3. Lastly,
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in Section 8, we construct nontrivial sub- and supersolutions of (1.4) which
can be applied to our results, see Theorem 8.2 and Corollary 8.3.

To the best of our knowledge, our results are new even in the case when
p and ¢ are constants. For double phase problems with variable exponents
there are only few works, we mention the papers of [1] for the variable
exponent Baouendi-Grushin operator, of [16] for single-valued convection
problems and of [40] for obstacle problems involving multi-valued reaction
terms with gradient dependence. Papers dealing with the constant exponent
double phase (1.3) along with multi-valued right-hand sides can be found in
[38] and [39] who studied obstacle problems involving the special case of
Clarke’s generalized gradients. Note that all these works are dealing with
the coercive case.

Finally, we mention some recent results for single-valued double phase
problems without constraints, such as, [13] for eigenvalue problems for double
phase problems, [20] for sign-changing solutions based on the Nehari mani-
fold, [21] for general convection problems, [27] for superlinear double phase
problems, [33] for double phase problems via Morse theory, [35] for multiple
solutions for double phase variational problems and [41] for anisotropic dou-
ble phase problems. As for multi-valued variational inequalities with leading
p-Laplacian type operators we refer to [8] for bounded domains, and [9, 10]
for unbounded domains.

2. PRELIMINARIES

In this section we recall some results about variable exponent Sobolev
space, Musielak-Orlicz Sobolev spaces and properties of the variable expo-
nent double phase operator. The results are mainly taken from the books of
[18] and [22] as well as the papers of [16], [19] and [23].

Let © C RY be a bounded domain with Lipschitz boundary 9 and denote

by M (2) the space of all measurable functions u: Q@ — R. Let C(Q) be a

subset of C(2) defined by
Cr(Q):={heC() : 1 <h(z)foralzecQ}.

For any r € C(2), we define

r—:=minr(z) and 7y :=maxr(zr)
e e

and r’ € O (Q) stands for the conjugate variable exponent to 7, namely,
1 1

(@) (@)

=1 forall z €.
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For r € C,(Q) fixed, the variable exponent Lebesgue space L"()(Q) is
defined by

L'Q) = {u e M(Q) : / lu"®) dz < —I—OO} ,
Q

equipped with the Luxemburg norm

r(z)
ullry = inf{A >0 : / <|1;\’> dr < 1}.
0

It is well-known that L"()(Q) is a separable and reflexive Banach space.
Furthermore, the dual space of L"()(€) is L' ()(Q) and the following Holder
type inequality holds

1 1
[ uvlao < [ T ] Flloio ooy < 2lalliyllellog

r— r

for all u € L")(Q) and for all v € L"O(Q). For ri,rp € C4(Q) with
r1(z) < ro(z) for all x € Q we have the continuous embedding

L20(Q) — L0(Q).

In the same way, for any I' C 0f2, we define boundary variable exponent
Sobolev spaces L')(T') with » € C(T), r(z) > 1 for all z € T and norm
” ! Hr(-),F‘

For any r € C;(Q), we consider the modular function p,.: L'O@Q) - R
given by

pr(y () = / lu["@) dz: for all u € L"O)(). (2.1)
Q

The following proposition states some important relations between the norm
of L")(Q) and the modular function pr( defined in (2.1).

Proposition 2.1. If 7 € C(Q) and u,u, € L"O(Q), then we have the
following assertions:
@) lullyoy =2 <= pry (%) =1 with u#0;
(ii) flullpoy <1 (resp. =1, >1) <= ppy(u) <1 (resp. =1, >1);
i) Juloy <1 —  Julld, < ooy () < Jullg);
(i) ully >1 = lully < pry(w) < llulliys
(vi) HunHr(,) — 400 = pp)(un) = +oo.
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For r € C(Q), we denote by W()(Q) the variable exponent Sobolev
space given by

Wi Q) = {u e I'OQ) : |Vl e LT(')(Q)} .

We know that W) (Q) equipped with the norm

[ullircy = lullre) + IVullyey  for all uw e WHH(Q)

is a separable and reflexive Banach space, where ||Vull,.) := || [Vu| [|,(). We

also consider the subspace VVO1 ’T(’)(Q) of W1r()(Q) defined by
Wol,r(')(Q) _ W”'Hl,r(-)‘

From Poincaré’s inequality we know that we can endow the space WO1 () (Q)
with the equivalent norm

lull 0 = IVl for all uw € Wy (Q).

We suppose now condition (HO) and introduce the nonlinear function
H: Q x[0,00) = [0,00) defined by

H(x,t) := 2@ 4 ()@ for all (z,t) € Q x [0, 00).
Then, the corresponding Musielak-Orlicz space L7(€2) is given by
LH(Q) = {u e M() : pu(u) < +00},
endowed with the norm
lulle = inf {r > 0:pn (2) <1},
where the related modular to H is given by
putw) = [ Ha.Jul) da.
The corresponding Musielak-Orlicz Sobolev space W1*(Q) is defined by
WLH(Q) = {u c L*(Q) : |Vu| € LH(Q)}
equipped with the norm

lulli = Vullz + llull,
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where ||Vul|ly = || [Vu|||3. Moreover, we denote by WOIH(Q) the completion
of C§°(2) in WHH(Q). We equip the space VVO1 H(Q) with the equivalent
norm

llull122,0 = ||Vully for all u e W&’H(Q),

see [16, Proposition 2.18]. We know that the spaces L(£2), W&’H(Q) and
WLH(Q) are reflexive Banach spaces, see [16, Proposition 2.12].

The next proposition shows the relation between the norm || - |4 and the
modular py, see [16, Proposition 2.13].

Proposition 2.2. Let hypotheses (HO) be satisfied. Then the following
holds:
i) If u # 0, then |lully = X if and only if py (%) =
(i) |lu|lg < 1 (resp.> 1, = 1) if and only if py(u) < 1 (resp. >1,=1);
(iif) If [lull% <1, then ||u||q+ < pu(w) < lully;
(iv) If |lull% > 1, then Hqu < PH( ) < lullgy
(v) |lullg — 0 z'f and only if py(u) — O;
(Vi) |lu|lg — +oo if and only if py(u) — +00.
(vii) |lullgg — 1 if and only if py(u) — 1.
(viii) If u, — u in L*(Q), then py(un) — py(u).

We now equip the space W1H*(Q) with the equivalent norm

‘ Vi [P@ vy |4@)
lull s, = mf{)\ >0 : /Q[ ~ w(x ~
u |P(T) w [4(x)
- - <
+‘)\ +u($)‘>\ ]dx_l},

where the modular py is given by
P (u) :/ (]Vu|P(x)+M(;p)|VUICI(x)> da:—i—/ (‘U|p(x)+u(f£)|u’q(r)> da
& Q

for u € WLH(Q).
The next proposition can be found in [16, Proposition 2.14].

Proposition 2.3. Let hypotheses (HO) be satisfied. Then the following
holds:

(i) If y # 0, then [lyll5,, = A if and only if py (%) =
(i) [[yllppy <1 (resp.> 1, = 1) if and only if p(y) < (resp >1,=1);
Gii) IF gl < 1, then 1915, < praly) < Il ;
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() IF lyllp > 1, then lgll%. < pouly) < w2
V) Yl = 0 if and only if pr(y) — 0;
(vi) |lyllp,, = +o0 if and only if py(y) — +oo.
(vii) |lyllp,e — 1 if and only if py(y) — 1.
(viil) If up — u in WEH(Q), then py(un) — py(u).
It turns out that ||-[|4,, is a uniformly convex norm on W17 (Q) and satis-
fies the Radon-Riesz (or Kadec-Klee) property with respect to the modular,
see [16, Propositions 2.15 and 2.19].

Proposition 2.4. Let hypotheses (HO) be satisfied.
(i) The norm || -|5,, on WHH(Q) is uniformly convex.
(ii) For any sequence {un}nen € WHH(Q) such that
u, —u in WHHQ)  and  py(un) = pu(u)
it holds that u, — u in WHH(Q).
(iii) The norm |- |[1,2,0 on Wol’H(Q) is uniformly convex.
(iv) For any sequence {uy}nen C WOIH(Q) such that

Up U N W&’H(Q) and  pr(Vun) — pp(Vu)
it holds that u, — u in Wy ().

Now we introduce the seminormed space

L10(Q) = {u € M(Q) : /Qu(x)mq(w) dz < +oo}

m

and endow it with the seminorm

q(z)
lullg¢),n = inf {7‘ >0: / wu(x) (’:‘) dx < 1} .
Q

The following embeddings are stated in [16, Proposition 2.16].

Proposition 2.5. Let hypotheses (HO) be satisfied and let p*(-), p«(-) given
in (1.5) be the critical exponents to p(-).
(i) L) < L7O©Q), WIH(Q) < W O©@), Wy™(@) = Wy ()
are continuous for all r € C(Q) with 1 < r(z) < p(z) for all z € Q;
(i) WHH(Q) — L"O(Q) is compact for r € C(Q) with 1 < r(z) < p*(z)
for all z € Q;
(iii) The trace operator i,y : WIH(Q) — L"0(09Q) is compact for r €
C(Q) with 1 < r(z) < p«(z) for all z € Q;
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(iv) LH(Q) — Lq )(Q) is continuous;
(v) L4 )(Q) — LH(Q) is continuous;
(vi) WhH(Q) — L*(Q) is compact.

For any s € R we denote st = max{+s,0}, that means s = st — s
and |s| = sT + s~. For any function v: Q@ — R we denote v¥(-) = [v(-)]F.
The spaces WH%(Q) and WO1 H(Q) are closed under max and min, see [16,
Proposition 2.17].

Proposition 2.6. Let hypotheses (HO) be satisfied.
(i) if u € WHH(Q), then +u® € WHH(Q) with V(+u®) = Vuliiysoys
(ii) if up — u in WHH(Q), then +ul — +u® in WHH(Q);
(iii) if u € Wy (), then +u* € W (Q).

Let X = WHH(Q) or X = WolH(Q) and let A: X — X* be the nonlinear
operator defined by

(A(u),v) = / (|Vu|p(x)_2Vu+ ,u(x)|Vu|q(m)_2Vu)-Vvdx (2.2)
Q

for u,v € X with (-,-) being the duality pairing between X and its dual
space X*. The following proposition summarizes the main properties of
A: X — X* see [16, Theorem 3.3 and Proposition 3.4].

Proposition 2.7. Let hypotheses (HO) be satisfied. Then, the operator A
defined by (2.2) is bounded, continuous, strictly monotone and of type (S4),
that is,

up, =u inX and limsup (Auy,u, —u) <0,
n—oo

mmply up, — u in X.

In what follows, to shorten notation, we write ||-|| = [|-||5,, for the norm in
WLH(Q) and ||~ |lo = | - .o for the norm in W&’H(Q). The corresponding
dual spaces are denoted by W1H#(Q)* and VVO1 H(Q)*, respectively. Given a
Banach space X and its dual space X* we denote

K(X*)={PcCX*: P#0, P is closed and convex} .

Let X be a real Banach space with its dual space X*. A function J: X —
R is said to be locally Lipschitz at v € X if there exist a neighborhood N (u)
of u and a constant L, > 0 such that

|J(w) = J(v)] < LylJw —v||x for all w,v € N(u).
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Definition 2.8. Let J: X — R be a locally Lipschitz function and let u,v €
X. The generalized directional derivative J°(u;v) of J at the point u in the
direction v is defined by

J tv) —J
J°(u;v) := limsup (w+tv) (w)
w—ru, t}0 t

The generalized gradient dJ: X — 25" of J: X — R is defined by
OJ(u) :=={&e X" : J°(u;v) > ({,v)x+*xx forallve X} forallue X.
The next proposition collects some basic results, see [12] or [32].

Proposition 2.9. Let J: X — R be locally Lipschitz with Lipschitz constant
L, >0 atue X. Then we have the following:
(i) The function v — J°(u;v) is positively homogeneous, subadditive,
and satisfies

|J°(u;v)| < Ly|lv|lx  for allv € X.

(ii) The function (u,v) — J°(u;v) is upper semicontinuous.

(iii) For each w € X, 0J(u) is a nonempty, convez, and weak® compact
subset of X* with ||£]|x+ < Ly for all £ € 0J(u).

(iv) J°(u;v) = max {{&,v)x*xx | £ € 0J(u)} for allv € X.

(v) The multi-valued function X > u — 0J(u) C X* is upper semicon-
tinuous from X into w*-X*.

Assume p1,p2 € C(2) and (p;)— > 1, (j = 1,2). Let F be a function from
Q x R into 2%. For each measurable u: @ — R, we consider the function
F(u): Q@ — 2R F(u)(z) = F(z,u(z)) and denote F(u) = {v € M(Q) :
v(xz) € F(z,u(x)) for a.a. z € Q}. The following theorem can be found in
[11, Theorem 7.3].

Theorem 2.10. Assume F: Q x R — 2R satisfies the following conditions:

(i) For a.a.z € Q and for all w € R, F(z,u) is closed and nonempty;
(ii) F' is graph measurable;
(iii) For a.a.x € Q, the function u — F(x,u) is Hausdorff-upper semi-
continuous (h-u.s.c. for short);
(iv) There exist a € LP2()(Q) and b > 0 such that

p1(z)

lv| < a(x) + blu|r2@®

for a.a.x € Q and for all v € F(x,u).
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Thus, for eachu € LP*O)(Q), F(u) is a (nonempty) closed subset of LP2() (1)
and the mapping F: u— F(u) is h-u.s.c. from LP*()(Q) to 2L20(@)

Remark 2.11. We have an analogous result to Theorem 2.10, where Q is
replaced by I'. In fact, a straightforward generalization of Theorem 2.10 holds
true with 2 being a measure space on which Lebesgue and Sobolev spaces with
variable exponents are defined.

The following theorem was proved in [25, Theorem 2.2]. We use the
notation Br(0) :={ue X : ||Jul|lx < R}.

Theorem 2.12. Let X be a real reflexive Banach space, let F': D(F) C
X — 2X7 be a mazimal monotone operator, let G: D(G) = X — 2X7 be

a bounded multi-valued pseudomonotone operator and let L € X*. Assume
that there exist ug € X and R > ||uo||x such that D(F) N Br(0) # 0 and

<E+T]—L,U—UO>X*XX >0

for all w € D(F) with ||ul|x = R, for all £ € F(u) and for all n € G(u).
Then the inclusion

F(u)+G(u)> L
has a solution in D(F').

An important tool in extending our results to discontinuous Nemytskij op-
erators is the next fixed point result, see [6, Proposition 2.39] or [7, Theorem
1.1.1].

Theorem 2.13. Let P be a subset of an ordered normed space X, and let
G: P — P be an increasing mapping, that is, x,y € P with x < y implies
Gz < Gy. Then the following holds true:
(i) If the image G(P) has a lower bound in P and increasing sequences
of G(P) converge weakly in P, then G has the smallest fized point
xy given by x, = min{z : Gr < x}.
(ii) If the image G(P) has an upper bound in P and decreasing sequences
of G(P) converge weakly in P, then G has the greatest fixed point x*
given by x* = max{z : * < Gz}.

3. COERCIVE CASE: PROOF OF THEOREM 1.4

In this section, we are going to prove Theorem 1.4. First, recall that
the embedding i, (): WIH(Q) — L"O(Q), u — u, and the trace operator
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bry(y: WHH(Q) — L), u — ulp, are compact due to (F2) and Propo-
sition 2.5(it), (iii). Let i, L1OQ) — WhH(Q)*, and MRS L0O(T) —
WLHH(Q)* be their adjoints. As a consequence of (F1), for any u € M(Q),
the set of measurable selections of f(-,u),

f(u) ={ne M) : n(x) € f(z,u(z)) for a.a.z € O},
is nonempty. Similarly, for any u € M(T'), the set of measurable selections
Of fF('7 'LL),

fr(u) = {n e M() : n(z) € fr(z,u(z)) for a.a.z € '},
is also nonempty. 3 :

Moreover, from (F2), f(u) ¢ L"O(Q) if u € L”(')(Q)~and fr(u) C

L2O(T) if u € L™0(T). Let us consider the mappings f: L"()(Q) —
LO(Q), u — f(u) and F = i) f () WLH(Q) — 2V that is,
F(u) ={ne WL Q)* : n € f(u)}, where H € WHH*(Q)* is defined for each
n e L10(Q) by

{7, v) = / nudz for all v € WHH(Q).
Q

Similarly, we define
Fos £20) > LAOE), s o
W LH () *
Fo— Zm(.)fl“lrg(-): Wl,’H(Q) oW Q)

with Fr(u) = {# € WLH(Q)* : n e fr(u)}, where § € WEH(Q)* is defined
for each n € L"2()(I) by

(0, v) = / nude  for all v € WHH(Q).
r

We have the following crucial property of F and Fr.

Proposition 3.1. Let hypotheses (HO), (F1) and (F2) be satisfied. The
mappings F = i;ﬁl(.)fin(.) and Fr = i:Q(.)frim(,) are pseudomonotone and
bounded from W1H(Q) into KK(WLH(Q)*).

Proof. First, let us note that f(u) € K(L"1)(Q)) for all u € L"O)(Q). In
fact, the convexity of f(u) and the boundedness of f (as a multi-valued
mapping) follow directly from (F1) and (F2). The proof of the closedness
of f(u) is a direct consequence of the fact that f(z,t) is a closed bounded
interval in R for a.a.z € 2 and for all £ € R.
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Next, we show that the graph of F is (sequentially) weakly closed in
WEH(Q) x WEH(Q)*. Assume that {u, ey and {u};},en are sequences in
WLH(Q) and WHH(Q)*, respectively, such that

U, —u in WHH(Q), (3.1)
wh —u* in WHH(Q)*, (3.2)
u, € F(up) foralln e N.

Let us prove that
u* € F(u). (3.4)

Since u} € ijl(.)firl(.)(un), there exists @, € f(irl(.)(un)) = f(uy) such that
uly = i:l(_)(ﬂn) = 1|y (q)- It follows from (3.1) and the compactness of

the embedding 4, () that
Uy — u in LO(Q). (3.5)
Hence, from Theorem 2.10 and the growth condition in hypothesis (F2) it

follows that h*(f(uy), f(u)) — 0, and thus

inf Uy — w* 1y 0.
w*ef(u) H n Hrl()
Consequently, there is a sequence {w* },en C f(u) such that [t —wh [ () —
0. Since f(u) is bounded in L1()(Q), by passing to a subsequence if nec-
essary, we can assume that w — wg in L"10)(Q) for some wg € L™10)(Q).
Moreover, wg € f(u) by the convexity and closedness of f(u). We have

iy —wy i LAO(Q), (3.6)
and from the compactness of 7 ()7

Uy, = iil(A)(ﬂn) - Z':l(.)(wg) = wé\wlﬂ(g) in WI’H(Q)*-

From (3.2), we obtain u* = i:l(.)(wé) € z';'ﬁl(_)f(u) = F(u). Hence, (3.4) is
proved.

As a direct consequence of this property, we see that F(u) is closed in X*.
Furthermore, from the growth condition in (F2), we see that f is bounded
from L™ ()(Q) into 2L"1(9) and thus F is a bounded mapping from W17 (Q)
into KK(W17(Q)*). Therefore, to prove its pseudomonotonicity, we only
need to check that F is generalized pseudomonotone. For this purpose, let
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{tun tnen and {u} }nen be sequences satisfying (3.1)—(3.3) and let {, }nen as
well as w§ be as above. We have, from (3.5) and (3.6),

(g, un) = <i:1(.)(an)7un> = <an7un>L"",1(‘)(Q)7L’I‘1(-)(Q)

*
- <w0> u>LT/1<‘>(Q),LT1<‘>(Q)

= (it () u) = (u”, ).

This limit shows that F is generalized pseudomonotone and thus pseu-
domonotone. It also follows from the arguments above that F is bounded.
The proof of the pseudomonotonicity and boundedness of Fr follows similar
arguments. O

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We are going to apply Theorem 2.12. Since A is con-
tinuous, strictly monotone and bounded on W1#(Q) with domain D(A) =
WHH(Q), it is a (single-valued) bounded and pseudomonotone mapping from
WIH(Q) to 2@ 1t follows from Proposition 3.1 that A+ F 4+ Fp is a
pseudomonotone and bounded mapping from WIH(Q) into 2W" 7@,

We note that 0l is a maximal monotone mapping from W17(Q) to
oW with domain D(dIk) = K. According to Theorem 2.12, under

the coercivity condition (3.7), problem (1.4) has at least one solution. [

A straightforward consequence of Theorem 1.4 is the following result.

Corollary 3.2. Let hypotheses (HO), (F1) and (F2) be satisfied and suppose
that for fized ug € K the following coercivity condition holds

inf (Au+n"+ (" u—ug)| = o0. (3.7)
lully,—ro0 | n*€F(u)
ueK ¢*eFr(u)

Then problem (1.4) has at least one solution.

4. NONCOERCIVE CASE: PROOF OF THEOREM 1.8

In order to prove Theorems 1.8 and 1.9, let us first establish the following
general existence and enclosure theorem for solutions of (1.4) if a finite
number of sub- and supersolutions exist and f has a local growth between
those sub- and supersolutions.



20 SIEGFRIED CARL, VY KHOI LE, AND PATRICK WINKERT

Theorem 4.1. Let hypotheses (HO) and (F1) be satisfied and let u; (i =

1,...,k) be subsolutions and u; (j = 1,...,m) be supersolutions of (1.4)
such that
u=max{y;, : i=1,...,k} <u=min{g; : j=1,...,m} a.einQ,

and w;,VK C K foralli e {1,...,k} andu; NK C K forallj e {1,...,m}.
Suppose there exist 11 € C(Q), 1o € C(T'), 1 < 71(x) < p*(x) for allx € Q,
1 < ma(z) < p«(x) for all x € T such that
sup {Jn] ¢ n € flz.9)} < ko(z) for a0z e,
sup{[¢| : ¢ € fr(z,s)} <kp(x) fora.a.x€eT,
for all s € [u(x),u(z)] and for some kq € LT1O)(Q), kr € L0/(T).
Then, there exists a solution u of (1.4) such that

(4.1)

u<u<u ae. in .

Proof. First, note that by increasing 7 and 7o in Definitions 1.5 and 1.6 for
each u; and @; and in the growth condition (4.1) appropriately, to simplify
the notation we can assume without loss of generality that the functions 7|
and 72 in the definitions of u; (1 < ¢ < k) and @; (1 < j < m) in Definitions
1.5 and 1.6 and in the growth condition 4.1, are the same.

Forie {l,...,k}and j € {1,...,m}, let §;»m,, and Ej, 7; be the functions
associated with u; and u; as in Definitions 1.5 and 1.6. We define the
truncation function fy of f as follows: Let

Y ={zecQ:ux) =y}, NL={zcQ:ax)=u()},
and define

i1
Q; = {xGQ\UQl s u(x) :Ui(l‘)}a
=1

j—1

Q= {er\ UQl : u(x) :uj(a?)}
=1

foralli=2,...,k and for all j =2,..., m. Next, we define

k m
n= nxo, and =3 7;xe,
=1 Jj=1

where x4 is the characteristic function of A C ). From their definitions,
we have 1,7 € L()(Q) and furthermore, n(z) € f(z,u(r)) and 7(x) €

f(z,u(x)) for a.a.z € Q.
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Let fo: Q@ x R — 2% be defined by
{n(z)} ifu<u(z)
Jo(z,u) =< flz,u) ifu(z) <u<u(z) (4.2)
{7(z)} if u>u(z).
Similarly, let
Dy={zel :ux) =u@), T'={zecl:ux)=m1u/())},

and

i1
I; = {wEF\Url : U(ﬂf):%(@}’
=1

j—1
V= {xEF\ UI‘l s u(x) :uj(:r)}
=1

foralli=2,...,k and for all j =2,...,m. We define

k m
¢= ZQXF@- and (= ZZjXFj7
i=1 j=1

where, as above, x4 is the characteristic function of A C I We also have
QS L750(T) and ¢(z) € fr(z,u(x)) and ((z) € fr(z,u(x)) for a.a.z € T
Let for: T’ x R — 2R be defined by
Klx)}  ifu<u(x)
for(z,u) =< fr(z,u) if u(z) <u<u(z) (4.3)
{{(x)} if u>u(x).

Then, fy and for given in (4.2) and (4.3), respectively, satisfy (F1). More-
over, it follows from (4.1) and the definitions of fy and for that

sup{|v| : v € fo(z,u)} < ka(z) + |n(z)| + [7(x)| for a.a.x €,
sup{|v] : v € for(z,u)} < kp(z) + [((z)] + [((z)] fora.a.z €T,
for all u € R, where kq + |n| + |7 € LT1O(Q) and kr + |¢| +|¢] € L20(T).

In particular, fo and for satisfy (F2) with = fr = 0 and a = kq +
Inl + @, ar = kr + |¢] + [¢]. Tt follows from Proposition 3.1 that the

mappings ijl 0 foiﬁ(.) and ijQ(_) fopiT2(.) are bounded and pseudomonotone
from WLH(Q) to K(WLH(0Q)*).

(4.4)



22 SIEGFRIED CARL, VY KHOI LE, AND PATRICK WINKERT

Next, let us define a truncation-regularization function b as follows. For
z € Q and u € R, let

[u —a(x)] 2@ =1 if > T(x)
b(z,u) =<0 if u(z) <u <u(x) (4.5)

—lu(z) — u]Q(”")_l if u < u(x).

Here in what follows, we denote by C' a generic positive constant that may
change from line to line. Since u,@ € W'(Q) and WHH(Q) «— LI0)(Q),
we see that

[b(a, w)| < a1 () + Clul 1™, (4.6)
for a.a.z € Q and for all u € R, where a; € L7 (Q).
This implies that the mapping B: L10)(Q) — L¢()(Q) given by
(B(u),v) = / b(z,u)vdz for all u,v € LIO)(Q)
Q

is continuous and bounded. Moreover, thanks to the compactness of the
embedding ig(.: WLH(Q) — L10)(Q), the mapping bg()Big(y: WLH(Q) —
WIH(Q)* is bounded and completely continuous. As a consequence, the
mapping iZ(.)Biq(,) is a (single-valued) pseudomonotone and bounded map-

ping from W1H(Q) into W17 (Q)*.
Furthermore, there is ao > 0 such that

<i;(-)8iq(-)(“)vu> = (B(u), u) o' ), Lat) ()
= / b(x,u)udx (4.7)
Q
> az/ [uf®@ dz — ¢ for all u € WHH(Q).
Q

Forie{l,....k},j€{l,...,m}, x € Q and u € R, we define

Ti(w,u) = [n,(z) = n(z)|o (M) ’

T (x,u) = [7;(x) —7(2)] [1 -0 <U_U(x)ﬂ ’

uj(z) —u(z)
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where
1, if s <0,
g(s)=q¢1—s, if0<s<1,
0, if s > 1.

Similarly, for i € {1,...,k}, j € {1,...,m}, x € T, and u € R, we define

Ui = 16,a) = (ol (500 ).

0 (o0) = G50) - Gl [1- 0 (50 ).

wj(x) —u(x)

Straightforward calculations show that Tj(-,u), T9(-,u) € L1()(Q) when-
ever u € L™()(Q) and

0 < Ti(x,u) < fu,(x) — ()| and 0 < T(w,u) < |7, — ()

for a.a.z €  and for all u € R. It follows that 7;: u +— Ti(-,u), T7: u —
Tj(-,u) (1 <i< k1< j < m)are bounded and continuous operators
from L™ (Q) to L71()(€). Hence, due to the compactness of the embedding
operator, if_l (.)7;1'71(‘) and ij_l(.)Tj ir, (. are completely continuous and are thus
(single-valued) pseudomonotone mappings from W17 (Q) into W7 (Q)*.
Analogously, U;(-,u), U7 (-,u) € L0)(T") whenever v € L™0)(T) and

0 < Ui(w,u) <[, (2) = ()| and 0 <T/(z,u) <[(; - ((2)

for a.a.z € I and for all w € R. Thus, U;: v+ U;(-,u), U : u s UI(-,u)
(1 <i<k,1<j<m)arebounded and continuous operators from L™()(T")
to L72() (I"). Therefore, by the compactness of the trace operator, z'j2(,)uﬂ;2(.)

and ijQ(.)Z/ljiTz(.) are completely continuous and are (single-valued) pseu-

domonotone mappings from WH*(Q) into WHH(Q)* as well.
Let us consider the following auxiliary variational inequality: Find u € K
and n € L0)(Q), ¢ € L20)(T), such that

n(x) € fo(z,u(zr)) fora.a.z €,

¢(z) € for(z,u(x)) fora.a.z €T, (4.8)
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and

(Au,v—u>+/

Q

n(v—u)dx—l—/ﬁ((v—u)da—i—/b(:c,u)(v—u)d:n

Q

b m
_ZZ:;/QTZ'(CU,U)(’U—U)dx—i—;/ﬂp(m’u)(v_u)dx

k m
_;/FUi(x’u)(v_u)da—i_;/rlﬂ(xvu)(v—u)da

>0 forallvekK.

The inequality above is equivalent to the following variational inequality:
Find? € K, 1= 7;;(.)772‘710) € [iil(.)foin(.)](u), and ¢ = iiz(.)CiTQ(.) €
[i7, () forin,()](w), such that

k m
<Au +n+ C + [ )qu( )]( ) Z[zj—l()'ﬁln()](u) + Z[lj—l()T]zn()Ku)
i=1 j=1
k m
_Z[ () Uity ()] +Z iry (U )v—u>>0 for all v € K.
i=1 j=1

This variational inequality is, in its turn, equivalent to finding u € D(9Ik) =
K, !l € (0Ig)(u), and

=05 i € i () Join )W), ¢ =%\ Cin) € [y forin)](w)
such that

Alu, 1,77, C) i= Au+ 1417+ C + [i7y Big(y)(u)

3

k
= lin o Titim (o)) (w) + D _li5, (T () (w)
Z () Titm () ; (7m0 (4.10)

iz 7_2( u’l7-2( +Z ,7_2( )Z/{ 27-2( ) 0
7j=1

in W1 (Q)*. We observe that 0l is a maximal monotone mapping and

A% ) foin () + i forin) + g Zzﬁ yTiir ()
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m k m
o 7 _ L% = Sk 7z
+ 20T im0 = D inoiinG + 2 oUW ino

j=1 i=1 j=1

is a (multi-valued) pseudomonotone bounded mapping from W17 (Q) to
2w1,7—[(9)* )

Hence, to apply the abstract existence result in Corollary 2.3 of [25], we
only need to check the following coercivity condition: There exists ug € K
such that

inf <A(u,l,ﬁ,<~),u—u0> = 00, (4.11)

im
||| —o0 101k (u)
ueK ey, ) foiry ())(w)
| CE[i7, () foriny ()] (w)

see (4.10).

In fact, let ug be any (fixed) element of K. For any v € K, any [
(0Ik)(u), we have 0 = Ix(ug) — Ix(u) > (l,up — u), i.e., {({,u — ug) > 0.
Hence, to prove (4.11), one only needs to show that

inf <.fl(u, 71, ¢),u — u0> — 00 (4.12)
ﬁe[iil(.)fOi‘rl(ﬂ(“)
C~€[i12(.)f0riT2(A)](u)

as ||ull1, — o0, u € K, where
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Let 7 = i nir, € [i foin](u) and ¢ = i% Cir, € [i%, forin)(u), where

n € folu) and ¢ € for(u). It follows from (4.4) that

(5w = )|
< (Wl + Nl + 17l0) (el + eolly) o
< C (lullyyy +1)
< C(Jull+1)
and
(o= o)
< (Hkr”Té(‘),F + 1€l )0 + \lZ\lfg(.),r) (lellryy,r + N0l my.r) (4.14)

< C (||u||7'2('),1" + 1)
< C([Jull +1).

From (4.6) and (4.7), by applying Holder’s and Young’s inequalities with e
for variable exponents (see e.g.[24]), we get

<[i;(,)l’>’iq(.)](u), U — u0>
> o [ @ do = [ (o C@ ) jwlde =€ as)
Q

On the other hand, we have for any i € {1,...,k},
(17, Toira )] (w), 1 = wo) |
/'E(m,u)(u—uo)dw
Q

< Jlm =], Oy + ol -

Hence,

> \<[¢;(,)mn(.)](u),u - u0>] <C ([l +1) < C(lull +1).  (4.16)
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Similarly,

S| Toinl @) u = )| < € (Jullyy +1) < Cllul +1), (417)

Jj=1

and

3 (il =)

M-

@
Il
—

([ i) 0) = o) (.18

j=
C (lullzy(yr +1) < C(lfull + 1),

IN

Lastly, since A has as a potential functional the following convex functional

p(x) q(z)

p(x) q(z)
) = / [rw M(x)\w] 0.
Q

we see that
(Au,u —ug) > I(u) — I(ug) = I(u) — C. (4.19)

On the other hand, it follows from (HO) that

/|u!q(x)da;2/\u\p(x) dz — |9,
Q Q

where [Q?] is the Lebesgue measure of 2. Hence, it follows from (4.15) that
there is az > 0 such that for all u € WHH(Q)

(inBigt () u = wo ) = a3/ [P @ + @)@ | dz — €
Q

|u[P(®) || 2(%) B (4.20)
ZQS/gz[p@c) O ] dv=@
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Combining the estimates from (4.13) to (4.20), we see that for any u € K,
1 € [i7, () Joir ()] (w) and ¢ € [i7, . forin()](u)

k
<Au+n+§+[ Z o Tiiry () (1)
=1
m k
+ Z[ () T iy () () — Z[iig(,)uiim(.)](u)
j=1 i=1
+ D_li Wi (w) u = UO> (4.21)
j=1
\Vu|1’(=’f V|9
> min{l,a T
{1, 3}/ e
n |u!p @) + () Jul?®) do— Clal+ 1)
pl@) (@) '
Since
p(z) q(z)
lim 1 / [Vl () |Vl
lull1, 200 | HJO p(z) q(x)
+ + plr dz = oo,

see Proposition 3.5 in [16], the estimate in (4.21) implies (4.12). It follows
from Corollary 2.3 in [25] that there exist u,n, and ¢ that satisfy (4.8) and
(4.9).

In the next step, we show that

<u<u a.e.in (4.22)
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for all s € {1,...,k} and for all r € {1,...,m}. In fact, let s € {1,...,k}.
By putting v = u, Vu =u+ (u, —u)™ € K into (4.9), we obtain

(Au. (g =) + [ ey =)o+ [ cla, =" do

k
+/Qb(x,u)(us—u)+d$—;/ﬂﬂ(x,u)(us—u)+dx

m k (4.23)
I, u)(u, —u)t de — i(z,u)(u, —u)t do
+;ATm>u 1 d ;Av<xs 1 d

+Z/Uj(:n,u)(us—u)+d0’20.
=17

Since uy is a subsolution of (1.4), we have from its definition that there are
n, € L1O(Q) and ¢ € L™0)(T) satisfying conditions (i)-(iii) in Definition
1.5 with w, 1, ¢ replaced by ug, 1, QS.

Letting v = ug, — (uy — u)t = u, Au € u, A K in Definition 1.5 (iii) (with
Ug, 1, and gs) yields

— (Aug, (uy —w) ™) — /Qns(us —u)Tdr — /FCS(uS —u)Tdo>0. (4.24)

Adding (4.23) and (4.24) gives us
<AU—A%A%—UV>+/OW4QO%—M+®
[

+ /F (€= ¢ ug —u)"do + /Q b(a, u)(u, — u)" da
k m

- ‘ZL‘UU—U+$ jxuu—u+:L‘
Y [ et = do+ 3 [ ot -

k m
- i\, U u—u+ o 'LUU U —u+ o .
ZZ;/I‘UZ( ) )(75 ) d +]Z;/FU]( s )(—s ) d ZO

First, note that
<Au - Agsa (ﬂs - U)+>

= / K\Vu]p(”)_QVu + u(m)|Vu\q<x)_2Vu>
{zeQ:u (z)2u(z)}
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— (IVu P2V, + (o) |V, |02V, )| - V(w, = w) de <0,

At z € Q such that u, > u(x), since u,(z) < u(zr) < u(x), we have

/QTJ‘(:E, ) (u, — )t dz = / T (2, ) (ug — ) dae = 0,

{zxeQ:u (z)>u(x)}

for all j € {1,...,m}. Furthermore, n(z) € {n(x)}, ie., n(z) = n(z). Also,
for such z, we have T(z,u(z)) = |n_(x) — n(z)| and

/Ti(x,u)(us—u)+dx20 for all i € {1,...,k}.
Q

Therefore,

k
— w. —u) dz — (z,u)(u, —u) " de
/ﬂm n)(, —w)* d ;/ﬂm,xs ) d

< [n=n)w — 0 do— [ Te(s, —0)* da

/ ((n(@) = n, (@) = n(@) = n,(@)]) (2) - u(z)] de
{zxeQ:u (z)>u(x)}
< 0.

Similarly, we have
/ Uz, u)(ug —u)Tdo =0 forallje{l,...,m},
r

/Ui(w,u)(us—u)erazO for alli e {1,...,k},
r

and

k
— u, —u)Tdo — (z,u)(u, —u) " do
/F<< ), —uytd ;/me(s ) d

< (€= =0t do = [ Vi —w*do

-/ ((¢@) = ¢, (@) = 6(@) = ¢, @)]) [y (@) — u(w)] de
{zel :u (x)>u(x)}

<0.
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Combining the above inequalities, we obtain

0< / b(z,u)(u, —u)t dz = / b(x,u)(uy — u)de.
Q {zeQ:u (x)>u(zx)}

From (4.5), if u,(x) > wu(z) then v > wu(x) and b(x,u(xr)) = —[u(r) —
u(z)]?®) =1, Hence,

0< —/ (u(z) = u(@))" u,(z) - u(z)] da.
{zeQ:u, (z)>u(z)}

Since u(z) — u(x) > 0 and uy(r) —u(z) > 0 on the set {z € Q : u (z) >
u(z)}, this inequality implies that this set has measure 0, which means that
u(z) > uy(z) for a.a.x € Q. The second inequality in (4.22) is demonstrated
in the same way.

As a consequence of (4.22), we see that v < u < @ a.e.in Q and thus
their traces on I" also satisfy u < u < @ a.e.on I'. This implies that b(-,u) =
Ti(-,u) = TV(,u) = 0 a.e.in Q, U;(-,u) = UJ(-,u) = 0 a.e.on I for all
i€ {l,...,k}, for all j € {1,...,m} and also fo(x,u(x)) = f(z,u(z)) for
a.a.z € Q and for(x,u(z)) = fr(z,u(z)) for a.a.xz € T'. This shows that u
is a solution of (1.4) which completes the proof of Theorem 4.1. O

The proof of Theorem 1.8 is now an immediate consequence of Theorem
4.1.

Proof of Theorem 1.8. In the particular case where m = n = 1, condition
(4.1) becomes condition (F3) and Theorem 4.1 reduces to Theorem 1.8. [

5. EXTREMAL SOLUTIONS: PROOF OF THEOREM 1.9

In this section we give the proof of Theorem 1.9.

Proof of Theorem 1.9. (i) Since u,u € W"(Q), it follows that the set
{JJullg : w € S} is bounded. Let {u, }nen be a sequence in S and {ny, }neny C
LTO(Q), {¢u}nen € L2O(T) be corresponding sequences that satisfy (1.6)
(for each u = wu,, and n = n,,( = ().

From (F3), {9 }nen is a bounded sequence in L™ )(Q) and {¢, ey is
a bounded sequence in L2()(I'). Using (1.6) with wy, 7n, Cn, and v = v,
a fixed element of K, we see that {py(|Vun|)}nen is a bounded sequence
and thus the set {||Vuy|lyx : n € N} is also bounded. Hence, {up}nen is
a bounded sequence in W% (Q) and there exists a subsequence {uy, }1en C
{tn nen such that u,, — up in WH*(Q) for some ug € K (note that K is
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weakly closed in W1H(Q)). Thus, u,, — up in L*(Q) and in L™0)(Q), and
um|r — ’U,0|F in LTQ(')(F).

By passing to a subsequence if necessary, we can also assume that u,, — ug
a.e.in Q and uy, |r — wo|r a.e.on I'. Because of the boundedness of {1, }nen
in L0(Q) and of {¢}nen in L2O(T), 5, — no in LTO(Q) for some
n € LTO(Q) and ¢, — (o in L2O(T) for some ¢y € L™)(T'). Due to
the compactness of i, () and i), and thus of ij_l(.) and ijQ(.), we have

Ly = G o and @) 3Gy = %, Co in WHH(Q)*. Therefore

/ My (U, —up)de — 0 and / Cny (U, —up)do -0 asl— oo. (5.1)
Q r

From (1.6) with u = u,, and v = up, we see that
lilm inf / <|Vunl|p(m)_2Vunl + u(:z:)|Vum|q(z)_2Vunl> - V(up, —up)dz <0.
—00 Q

We obtain u,, — ug in W1(Q) due to the (S;)-property of the operator
A WEH(Q) — WHH(Q)*, see Proposition 2.7.
Next, let us prove that ug € S. It is evident that

u<ug<u a.e.in Q. (5.2)

Let fo and for be defined by (4.2) and (4.3) in the proof of Theorem 4.1.
Since u < u, < @ a.e.in (), we see that u, and n,, (, satisfy (1§) with fj
and for instead of f and fr. From (5.1) and the fact that ijl(,)foiﬁ(.) and

iiQ(.) fgpz’m(.) are generalized pseudomonotone from W1HH(Q) to WhHH(Q)*
(cf. Proposition 3.1), we have

no € [ijl(.)foin(.)](uo) and (o € [ig(.)forim(.)](uo),
that is,

no(z) € fo(z,uo(x)) = f(x,up(x)) for a.a.x € Q,

Co() € for(z,uo(x)) = fr(z,uo(x)) fora.a.zel,

and

/nnlunl dm—>/nou0 dz, /Cnlunl da—>/§0u0 do.
Q Q T T

Therefore, for all v € K,

/Q (190, P 2Tt 4+ i) [ T, 12T, )+ V(0 = )
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—i—/nnl(v—um)dm—i—/g}”(v—unl)da
Q T

— / (\Vu0|p(x)_2Vug + u(a:)\VuOP(”")_QVuo) V(v —ug)dx
Q

+/Qno(vu())dx+/FCo(vU0)d0'-

Since up, € S, this limit shows that ug and 79, (o satisfy (1.6) which in
view of (5.2) implies that ug € S. We thus obtain the compactness of S in
WLH(Q).

(ii) The proofs for (ii) and (iii) follow the same lines as those for the case
of regular Sobolev spaces, thus their outlines are presented here for the sake
of completeness. Assuming (1.9), we see that if ug € S then ug A K C
K and thus ug is a subsolution of (1.4) in the sense of Definition 1.5. If
ui,ug € S then they are subsolutions of (1.4) and Theorem 4.1 thus implies
the existence of a solution u of (1.4) such that max{ui,us} < u < min{w; :
1 <j<m} =1 Itis clear that u € S. In fact, since uy,us € S, this follows
directly from the definition of S and the inequalities u < u; < max{uy,us} <
u <.

(iii) Since W1HH(Q) is separable (with the norm topology), so is S. Let
{wp }nen be a dense sequence in S. Using the directedness of S, we can
construct inductively a sequence {uy}nen in S such that wy, < u, < upqg
for all n € N. Let

u*(x) = sup{unp(z) : n € N} = li_>m up(z) for x € Q.

As a consequence of the compactness of S, u, — u* in W' (Q) and u* € S.
Since u* > w, a.e.in 2 for all n € N, from the density of {wy,}nen in S, we
see that u* > w a.e.in Q for all u € S. The existence of the smallest element
uy of § is proved analogously. O

6. APPLICATION: GENERALIZED VARIATIONAL-HEMIVARIATIONAL
INEQUALITIES

In this section we are dealing with the generalized variational-hemivariat-
ional inequality (1.10) which is of the form

ue K :<Au,v—u>+/j°(-,u,u;v—u)dx

: (6.1)
+/j§(-,u,u;v—u)dazo for all v € K,
r
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where A is the variable exponent double-phase operator given by (1.1). The
functions j, jr given by

J:OAXRXxR—=R with (x,rs)— j(x,rs),
Jr:I'xRxR—=R with (x,rs)— jr(x,r,s),

are supposed to be locally Lipschitz with respect to s, and j°(x,r, s; 0) and
Jp(x,r, s;0) denote Clarke’s generalized directional derivatives at s in the
direction p for fixed (z,r). In case j and jr are independent of r, (6.1)
represents a variational-hemivariational inequality. However, in the general
case of problem (6.1) the functions s — j(z,s,s) and s — jr(z,s,s) may
be not locally Lipschitz but only partially locally Lipschitz. This enlarges
the class of variational-hemivariational inequalities considerably, and there-
fore we are calling them generalized variational-hemivariational inequalities.
Under hypotheses specified next we are going to show that problem (6.1)
is equivalent to some subclass of multi-valued variational inequalities of the
form (1.4), which in a sense fills a gap in the literature where both problems
are considered independently and separately.
We suppose the following hypotheses on j and jr:

(J1) The functions x + j(z,r,s) and x — jr(z,r,s) are measurable in
and on T, respectively, for all r,s € R. The functions r — j(x,r,s)
and r — jr(z,r,s) are continuous for a.a.z € Q and z € T, re-
spectively, and for all s € R. The functions s — j(z,7,s) and
s — jr(xz,r,s) are locally Lipschitz for a.a.x € Q and = € T, re-
spectively, and for all r € R.

(J2) Let s — 09j(x,r,s) and s — 9Ijr(z,r,s) denote Clarke’s general-
ized gradient of the functions j and jr with respect to the vari-
able s, respectively. Assume the following growth conditions for
s — Jj(z,s,s) and s — djr(x, s, s):

There exist r; € C(Q), ro € C(I') with 1 < ry(z) < p*(z) for
allz € Q, 1 < ry(x) < pu(x) forallz €T, B3>0, Br > 0 and
functions o € L"10)(Q), ar € L2)(T") such that

sup{|n| : n € 0j(z,s,s)} < a(z)+ 5|5’7’1($)—1
for a.a.xz € Q, for all s € R, and
sup {[¢| : ¢ € Djr(x,5,)} < ap(x) + Br|s|>) !

for a.a.x € I', and for all s € R.
(J3) Let s — j°(x,r,s;0) and s — jp(x,r,s;0) denote Clarke’s gen-
eralized directional derivative of the functions s — j(z,7,s) and
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s +— jr(z,r,8) at s, respectively, in the direction o for fixed (z,r).
Suppose that s +— j°(z, s, s;0) and s — ji(z, s, s; 0) are upper semi-
continuous for a.a.x € (), and x € I, respectively, and for all p € R.

Let us define the multi-valued functions f: QxR — 2R and fr: I'xR — 2F
as follows:

flz,s) =0j(x,s,s), fr(z,s)=0jr(z,s,s). (6.2)

For the so defined multi-valued functions the following lemma holds true.

Proposition 6.1. Under the assumptions (J1)—(J3), the multi-valued func-
tions f: QxR — 28 and fr: T xR — 2R defined by (6.2) satisfy hypotheses
(F1)—(F2).

Proof. Hypothesis (F2) follows immediately from (J2). The proof of property
(F1) is just a slight adaption of the proof of [11, Lemma 3.2], and therefore
can be omitted. O

With the multi-valued functions f and fr given by (6.2), respectively, we
consider the following associated multi-valued variational inequality: Find
u € K C Vp, € WH?(Q), such that there exist 1 € C(Q), 72 € CO(T),
1 < 7m(z) < pf(z) for all x € Q, 1 < 7(x) < pu(x) for all z € T and
n e L1O(Q), ¢ € L=O(T) satisfying n(z) € f(z,u(z)) for a.a.z € Q,
((z) € fr(z,u(x)) for a.a.z € I and

/ <|Vu|p($)_2Vu + u(:n)|Vu|q<$)_2Vu) V(v —u)dz
Q
(6.3)
v—u)dr v—u)do
+ [aw=wde+ [ cw-wdr=o0

for all v € K.

We are going to show that the generalized variational-hemivariational in-
equality (6.1) and the related multi-valued variational inequality (6.3) are
indeed equivalent provided K satisfies the following lattice property

KAKCK and KVEKCK. (6.4)

The following equivalence result holds:

Theorem 6.2. Assume hypotheses (HO) and (J1)-(J3), and let the lattice
condition (6.4) for K be satisfied. Then u is a solution of the generalized
variational-hemivariational inequality (6.1) if and only if u is a solution of
the multi-valued variational inequality (6.3) with multi-functions f and fr
given by (6.2).
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Proof. Let u be a solution of (6.3), which due to (6.2) means there exist
ne LT0(Q) and ¢ € L20)(T) satisfying

n(z) € f(x,u(z)) = dj(z,u(x),u(r)) fora.a.xz € Q,
¢(x) € fr(z,u(z)) = djr(z,u(x),u(x)) fora.a.x el

and (6.3). By the definition of 95 and djr we get for any v € K

>n(z) (v—u) a.e.in Q,
Jjp(z,u,usv—u) > ¢(z) (v—u) a.e.onT. (6:5)

By (J1) and (J2) we can ensure that the left-hand sides of (6.5) belong to
LY(Q) and L'(T), respectively, which in view of (6.3) implies (6.1).

To prove the reverse, let u be a solution of (6.1). In order to show that
u is a solution of the multi-valued variational inequality (6.3), we are going
to show that u is both a subsolution and a supersolution of the multi-valued
variational inequality (6.3), which then by Proposition 6.1 and applying
Theorem 1.8 yields the existence of a solution @ of (6.3) satisfying u € [u, u]
and thus u = @ completing the proof.

Let us show first that the solution u of (6.1) is a subsolution of the multi-
valued variational inequality (6.3). Since K has the lattice property (6.4),
we can use in (6.1), in particular, v € u A K, e, v=uAp=u— (u—p)"
with ¢ € K, which yields

<Au,—(u—<p)+>+/ﬂjo (z,u,u; —(u — @)*) da

‘i‘/JI(2 (x,u,u;—(u—@)+) do >0 forall p € K.
r

From Clarke’s calculus we have that o — j°(-,r, s;0) (resp. o0 — jp(-,7,5;0))
is positively homogeneous (see Proposition 2.9 (i)), so the last inequality is
equivalent to

<Au,—(u—g0)+>+/Qj°(:1:,u,u;—1)(u—<p)+dx

+ / JR(@,u,u;—1)(u — )T do >0 forall p € K.
r
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Using again for any v € uA K its representation in the form v = u— (u—¢)™
with ¢ € K, the last inequality yields

(Au,v—u)—l—/—jo(:r,u,u;—l)(v—u)dx
@ (6.6)
—i—/—jfw(m,u,u;—l)(v—u)dazo forall v e u A K.
r

From Clarke’s calculus (see Proposition 2.9 (iv)) we get
jo(xa u(x), u(a:), _1)
= max{—0(x) : 0(x)
x)

x) € 0j(z,u(z),u(x))} (6.7)
= —min{6( 0(x) € 0

j(; u(e), u(x))} = —n(x),
where
n(x) € 9j(x,u(zx),u(r)) forall z € Q. (6.8)

Similarly, we get for jp
Jr(@, u(z), u(x); —1)
= max{—((z) : {(z) € Ijr(z,u(x),u(x))} (6.9)
= —min{((z) : ¢(x) € Ijr(z,u(z),u(x))} = —((z),
with
((z) € Ojr(z,u(x),u(zr)) forall zel. (6.10)

Since x — j°(x,u(x),u(x); —1) as well as z — jp(z,u(x),u(x); —1) are
measurable functions, it follows that x — n(z) and x — ((x) are measurable
in Q and T, respectively, and in view of the growth conditions (J2) on the
Clarke’s gradients, we infer n € L'10)(Q), and ¢ € L>()(T"). Taking (6.7)~
(6.10) into account, from (6.6) we get -

Q
which together with (6.8) and (6.10) proves that u is a subsolution of (6.3).
By similar arguments, one shows that w is also a supersolution of (6.3), which
completes the proof. O

(Au,v—u>+/n(v—u)dx+/§(v—u)da>0 for all v € u A K,
Lo

7. DISCONTINUOUS MULTI-VALUED PROBLEMS

In this section we study discontinuous multi-valued problems. For this
purpose, let j: @ X R xR — R and jr: I' x R Xx R — R be given func-
tions such that both are locally Lipschitz continuous with respect to the
third argument. We denote by s — 9j(x,r,s) and s — Jjr(z,r,s) Clarke’s
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generalized gradient of j and jr with respect to their third variable. Note
that we do not suppose any continuity assumptions on r — j(z,r,s) and
r + jr(z,7,s). This leads to multi-valued functions f: Q x R — 2% and
fr: T x R — 2R given by
f(z,s) =0(x,s,s) and fr(z,s) = 09jr(z,s,s). (7.1)

Based on Proposition 2.9 we know that f: Q x R — K(R) C 28\ {0} and
fr:T xR — KR) c 28\ {0}.

The precise problem is stated as follows: Find v € K ¢ Wh*(Q) and
71 €CQ), meC),1<r(z) <p(z)forallz € Q, 1 < m(x) < pu(x) for
all z € T with n € L™0(Q), ¢ € L72O)(T") such that

n e Fu), ¢ Fru),

<A(u),v—u>—|—/n(v—u)da:—i—/FC(v—u)dUZO

Q

(7.2)

for all v € K, where F and JFr are the multi-valued Nemytskij operators
generated by the multi-valued functions given in (7.1), that is,

F(u) ={n: @ = R : n is measurable in {2 and

n(x) € 0j(z,u(x),u(zx)) for a.a.x € Q},
Fr(u) ={¢: ' = R : ¢ is measurable on I' and

((x) € 9jr(z,u(x),u(x)) for a.a.z € I'}.

Remark 7.1. Note that (7.2) can be equivalently written in the form: n €
F(u), ¢ € Fr(u) and

<A(u) + iz, (g1t )6 v — u> >0 forallvekK.

Definition 7.2. Let Q@ ¢ RN, N > 1, be a nonempty measurable set. A
function f: Q x R™ — R, m > 1, is called superpositionally measurable (or

sup-measurable) if the function © — f(x,ui(x), -, um(x)) is measurable in
Q whenever the component functions u;: @ — R of u = (uy,...,uy) are
measurable.

We suppose the following assumptions on the data.

(H1) Let j and jr be superpositionally measurable, that is, if z — v(x)
and = +— wu(z) are measurable in €2, then & — j(z,v(z),u(z)) is
measurable in Q and if z — v(x) and x — u(z) are measurable in I,
then x — jp(x,v(z),u(z)) is measurable in T'.
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(H2) Let w and @ be sub- and supersolutions of (7.2) such that u < w.
There exist kg € L1)(Q) and kp € LO(T) with 1, € C(Q), = €
CT), 1 < 7(x) < p*(x) for all x € Q, 1 < 7(z) < p«(z) for all
x € I' such that

In| <kq fora.a.zeq,
|| <kpr fora.a.zel,

for all n € 0j(x,r,s), for all { € djr(x,r,s), for all r, s € [u(z),u(x)].

(H3) The functions s +— j(z,r,s) and s — jr(z,r,s) are locally Lipschitz
continuous for all r € R, for a.a.x € ) and for a.a.x € I', respec-
tively. The functions r — j°(r, s;1) and r — jp(r, s, 1) are decreasing
for all s € R for a.a.z € Q and for a.a.x € I, respectively and the
functions r + j°(r,s; —1) and r + jp(r, s, —1) are increasing for all
s €R for a.a.x € Q and for a.a.x € I, respectively.

We have the following existence and enclosure result of extremal solutions
for (7.2).

Theorem 7.3. Let hypotheses (HO0), (H1)—(H3) and the lattice condition
KANKCK and KVKCK

be satisfied. Then there exist the greatest solution u* and the smallest solu-
tion . of problem (7.2) within the ordered interval [u,d].

Proof. First, we point out that the multi-valued functions f and fr defined in
(7.1) are no longer upper semicontinuous and so the corresponding Nemytskij
operators F and JFr are not pseudomonotone in general. Hence, we cannot
apply Theorem 2.12. Instead we will make use of a fixed point argument
based on Theorem 2.13 combined with the existence and comparison results
provided by Theorems 1.8 and 1.9.

Step 1: An Auxiliary problem

First we choose a fixed v € [u, 7] being a supersolution and a fixed w €
[u, u] being a subsolution of (7.2). We define

jv(x73) :j(x7v<m)73)a J%‘(mvs) :jF(xav(m)7s)7
fv(x73> :8j($,1)(1‘),8), fly(xﬂs) :8jp($,?](l'),8)
and

)
)

jlx,w(x),s), jwr(z,s)=jr(z,w(x),s),
0j(z,w(x),s), fwr(z,s)=0jr(zr,w(x),s).

Juw(®
Ju(z

, S
, S
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Here s — fY(x,s), s = fp(z,s), s = fuw(z,s) and s — f, r(x,s) stand for
Clarke’s generalized gradients and from Proposition 2.9 (iii) we know that
these are upper semicontinuous. Furthermore, we denote by F*, Ff, F,, and
Fuw,r the multi-valued Nemytskij operators related to f, ff, fu and fur,
respectively. We introduce the following auxiliary problems:

n e F'(u), ¢ € Fp(u),

. X R A (7.3)
<A(u),v—u>—}—/Qn(v—u)dx—l—/rg(v—u)da20 Vi € K,
ne fw(u), C S ]:w,[‘(u),
(7.4)

(A(u), 0 —u) + /

n(@—u)dx—l—/((f)—u)dazo Vi e K.
Q r
Applying hypothesis (H3) we easily see that u, v are sub- and supersolutions
of (7.3) and w, w are sub- and supersolutions of (7.4). Moreover, due to (H1)
and (H2), the assumptions of Theorems 1.8 and 1.9 are satisfied. Therefore,
there exist the greatest solution v* and the smallest solution v, of (7.3)
within [u,v] and the greatest solution w* and the smallest solution w, of
(7.4) within [w,w]. Furthermore, again by using (H3), we can show that
v* € [u,v] is a supersolution of (7.2) and w, € [w,u] is a subsolution of
(7.2). This can be shown as it was done in [5, Lemma 4.1].

Step 2: Definition of fixed-point operators

We define the following sets:

Vi={ve WLH(Q) : v € [u,7] and v is a supersolution of problem (7.2)},
W= {we WH(Q) : w € [u,u] and w is a subsolution of problem (7.2)}.

Recall that v* € [u,v] is the greatest solution of (7.3) and w, € [w, W] is the
smallest solution of (7.4), we know that the operators

G: V=V, Vov—=0v" =G,
T-W-W, W3ww— w,="Tuv,

are well-defined due to Step 1. As done in [5, Lemma 4.2], using again (H3),
one can show that G: V — V is an increasing operator, that is, v; < v
implies Gv; < Gug. Similarly, T: W — W turns out to be increasing as
well.

Step 3: Fixed-point argument

Using again hypothesis (H3) we are able to show that the range G(V)
of G has an upper bound in V and decreasing sequences of G(V) converge
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weakly in V. The proof is similar to the one in [5, Lemma 4.5] by using
Propositions 2.5 and 2.7. Similarly, we show that the range T'(W) of T has
a lower bound in W and increasing sequences of T'(W) converge weakly in
W. Now we can apply Theorem 2.13 to T: W — W to get a smallest fixed
point and to G: V — V to get a greatest fixed point. By Definition of G,
u € [u,u] is a fixed point of G if and only if u is a solution of (7.2). Similar
can be said about T': W — W. This finishes the proof. O

8. CONSTRUCTION OF SUB-SUPERSOLUTION FOR A MULTI-VALUED
OBSTACLE PROBLEM

As an application of the results of the preceding sections, in this section
we consider the following obstacle problem when Fr = O:

ue K :0€ Au+dlx(u) + F(u) in Wy Q)" (8.1)
where A is the double-phase operator given by (1.1) and K is defined by

K= {u e WIM(Q) : u(z) > ¥(z) a.e.in Q} . (8.2)

Under hypotheses (F1) and (F2) the multi-valued function f: Q@ x R —
2R\ {(}, which generates the operator F, may be represented by means of
single-valued functions f;:  x R = R, ¢ = 1,2, through

f(z,s) =[fi(x,s), fa(z,s)] forall (z,s) € Q xR, (8.3)

where s — fi(x,s) is a (single-valued) lower semicontinuous function, s
fa(z, s) is an (single-valued) upper semicontinuous function, and
x +— fi(z,u(x)) is a measurable function for any measurable function x
u(x). We assume the following hypotheses on the function v representing
the obstacle, and on f;:
(Hy) ¢ € WHH(Q) with trace ¢]sg < 0 on 99 and there exists ¢y > 0
such that

P(x) < ey fora.e.x el
(Hf) There exist k; € L"10)(Q), i = 1,2, such that
fi(z,s) < ki(x) and fao(z,s) > ko(x) forall (z,s) € Q xR.

Remark 8.1. Hypothesis (Hi) implies that K # (). We note that hypothesis
(Hf) not necessarily implies boundedness of the multi-valued function f given
by (8.3), since the f; are only one-sided bounded with respect to s.
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Let u; € WOIH(Q) NL>®(Q), i = 1,2, be the unique (weak) solution of the
Dirichlet problem

Au; =—k; inQ, u=0 on 0. (8.4)
Note that the boundedness of u; can be shown similar to [37], due to the

embedding WolH(Q) — Wol’p(')(Q), see Proposition 2.5(i).
Our existence and comparison result for the obstacle problem is as follows.

Theorem 8.2. Assume hypotheses (HO), (F1), (F2), (Hy), and (Hf). Then
the obstacle problem (8.1), (8.2) has a solution u satisfying ui(x) < u(x) <
ug(z) + M in Q for M > 0 sufficiently large.

Proof. We are going to make use of Theorem 1.8. To this end we are going
to show that u := uy and W := uo + M with M > 0 sufficiently large, are
sub- and supersolutions of (8.1), (8.2), respectively.

Let us first show that u := wu; is in fact a subsolution of (8.1), (8.2)
according to Definition 1.5. Clearly, condition u; V K C K is fulfilled. Let
n(x) = fi(x,u(z)), then n € L")(Q) (note: 1 < ri(x) < p*(x)) and n(z) €
f(z,ui(x)), which is (ii). It remains to verify condition (iii) of Definition 1.5
(note: fr =0), that is,

<Au1,v—u1>—|—/17(v—u1)d:1:20 for all v € u; A K, (8.5)
Q
where

(Auy, v —uq) = / (|Vu1]p(x)_2Vu1 + u(x)|Vu1]q(x)_2Vu1> V(v —up)de.
Q

Since v € uy A K can be represented by v = uy Ao = u; — (u1 — )" for any
¢ € K, inequality (8.5) is equivalent to

(Auy, (u1 — @) ") +/ n(ur —p)tdz <0 forall p € K. (8.6)
Q

Since (u; — @)t € {v € Wy (Q) : v > 0}, inequality (8.6) is fulfilled if u;
satisfies (note: n = f1(-,u1))

(Auq,v) +/ fi(z,up)vde <0 forallve WOIH(Q) with v > 0.
Q
In view of (Hf) and (8.4) we get —ki(x) + fi(z,u1) <0, and

(Auq,v) /f1 x,ur)vde —/Q(—kl(x) + fi(z,u1))vdx <0
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for all v € WOLH (©) with v > 0, which proves (iii) of Definition 1.5, and thus
u = uq 1S a subsolution.

Now let us show that @ = ug+ M is a supersolution according to Definition
1.6 for M > 0 sufficiently large. From (8.4) we see that & = ug + M €
WHH(Q) is the unique solution of the Dirichlet problem

Au=—ky inQ, uw=M on 0, (8.7)
and thus w A K C VVO1 H(Q) Moreover, since ug € L*(Q2), we get from
(He) that @ = ug + M > ¢y > 4, which yields © A K C K satisfying (i) of

Definition 1.6. Set 7j = fo(-, @), then 7 € L"(O)(Q) and w(z) € f(z,u(z)),
which is (ii). It remains to show (iii) of Definition 1.6, that is,

<Au,v—u>+/n(v—u)dx20 forallveuVv K. (8.8)
Q

ForveuV K wehavev=uVep=u+ (p—u)", p € K, and thus (8.8) is
equivalent to

(Au, (o —u)") + / (e —u)tde >0 forall pc K. (8.9)
Q

As ulgo = M >0, it follows that (¢ —u)t € {v € W&’H(Q) : v >0}, hence
inequality (8.9) holds true if the following inequality can be verified:

u,v) + nudx > or all v € ’ with v > 0.
A jode >0 for all v e Wy () with v >0
Q

Taking (Hf) and (8.7) into account, we get 7 — ko = fa(-,u) — k2 > 0 and
thus

(Au,v) + /anda: = /Q (—k2+ fa(-,@))vdax >0

for all v € W&’H(Q) with v > 0, which proves (iii), and thus @ = ug + M is
a supersolution. Since u; € L*(Q), i = 1,2, we obtain by choosing M > 0
even larger if needed that v = uy < ug + M = w. Applying Theorem 1.8
completes the proof. ]

One readily verifies that K given by (8.2) satisfies the lattice condition
KANKCK and KVKCK.

Hence, as a conclusion of Theorem 1.9 we obtain the following characteriza-
tion of the set S of all solutions of (8.1),(8.2) lying within the order interval
[u, @]
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Corollary 8.3. Under the hypotheses of Theorem 8.2, the solution set S of
(8.1), (8.2) is a compact subset of Wol’H(Q) and possesses a smallest and a
greatest solution.
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